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Preface

This volume is an effort to draw together contributions to the main areas in which
Jayanta has worked and continues to work. The papers naturally fall into 5 cate-
gories.

First, sequential estimation was Jayanta’s starting point. Thus, beginning with
that topic, there are two papers, one classical by Hall and Ding leading to a variant
on p-values, and one Bayesian by Berger and Sun extending reference priors to
stopping time problems.

Second, there are 5 papers in the general area of prior specification. Much of
Jayanta’s earlier work involved group families as does Sweeting’s paper here for
instance. There are also two papers dwelling on the link between fuzzy sets and
priors, by Meeden and by Delampady and Angers. Equally daring is the work by
Mukerjee with data dependent priors and the pleasing confluence of several prior
selection criteria found by Ghosh, Santra and Kim. Jayanta himself studied a variety
of prior selection criteria including probability matching priors and reference priors.

Third, between his work on parametric Bayes and nonparametrics, Jayanta took
an interest in model selection. Accordingly, three papers on model selection come
next. Bunea’s work on consistency echoes Jayanta’s work on consistency of the BIC.
Chatterjee and Mukhopadhyay’s work on data adaptive model averaging continues
the direction he started under Jayanta’s guidance. Chakrabarti and Samanta’s work
on the asymptotic optimality of predictive cross validation contrasts nicely with
standard Bayes model selection, via the BIC for instance.

Fourth, there are 5 papers generally on Bayesian nonparametrics. Some are ap-
plied as in Malec and Mueller’s work on semi-parametrics in small area estimation
or Guo, Dey and Holsinger’s work carefully using prior selection for modeling pur-
poses. And some are more theoretical: Choi and Ramamoorthi provide a review,
with some new results, on posterior consistency while James focuses on a class of
priors and van der Vaart and van Zanten focus on the role of Reproducing Kernel
Hilbert spaces in Bayesian nonparametrics with Gaussian process priors.

Finally, Jayanta has most recently turned his attention to high dimensional prob-
lems. On this topic, there are 5 papers from a variety of standpoints. For instance, it
is possible to make unexpected use of the information in the large dimensions them-
selves as in Sen’s work with Kendall’s tau. Others focus on the parametric parts of
a nonparametric model as in Ishwaran and Papana, or in Bhattacharya and Bhat-
tachcarya. A third tack in Clarke and Seo is the focus on selecting the dimensions
for use in emerging model classes. Finally, the work of Bickel, Li and Bengtsson
establishes a general convergence result for computing conditional distributions.

As can be seen, some papers fit comfortably into more than one section and
some only fit into a section if it is interpreted broadly. Even so, we would like to
think that the papers have achieved a nice tradeoff between clustering rather nicely
around the topic of each category and maintaining a reasonable diversity in line
with Jayanta’s work.

Despite his diverse research interests, asymptotics and their applications have
been the main recurring theme of Jayanta’s research since he published his first pa-
per in sequential statistics in 1960 (at the age of 23). So, as a generality, asymptotics
undergirds most of the material in this volume honoring him.

v
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Fortunately, asymptotic thinking pervades statistical inference, even in the most
applied contexts. So, this is hardly a limitation. On the other hand, asymptotics
has a way of being impenetrably abstract. However, all the papers here, are, in
Woodroofe’s memorable phrase, written at a level that would be ‘accessible to a
determined graduate student’. We encourage readers to have a look at least at the
introductions of papers outside their research area, just for pure love of the field
and the joy of intellectual stimulation. We suspect that once some one has read the
introduction, he or she will be ineluctably led to finish reading the whole paper.

As Editors, we have been delighted at the depth and quality of work our con-
tributors submitted. They all make foundational points in the spirit of Jayanta.
We believe each paper will be of interest to researchers, theoretical and applied,
who confront problems that are difficult enough that conventional solutions are
inadequate and closed form solutions are intractable in the several areas covered
here. We are deeply grateful to all contributors for offering their finest work to this
volume.

Of course, no volume such as this could have been possible without the free
and anonymous labor of referees: You folks know who you are, but for the sake
of confidentiality we cannot name you. We especially thank those who provided
extremely prompt reports when we badly needed them. If any of you meet one of
us at a conference, we owe you a drink. Probably two – you helped us immeasurably.

In terms of actually producing this volume, Jennifer Clarke provided invaluable
support. She helped us repeatedly with compiling complete versions of the volume.
In particular, the final, detailed copy-editing was her work; the balance of her
account in the Bank of Karma is astronomical. We can’t thank her enough.

Along the way there were many other people who gave us their time and ex-
pertise. Dipak Dey helped guide us as we prepared initial proposal. Rick Vitale,
the former Editor for the LNMS series, also did a first rate job in explaining the
details of how we had go about this kind of project, if we wanted it to be successful.
Rick then gave the initial approval – thanks, Rick! Anthony Davison, the current
Editor for the LNMS series, worked closely with us to get the volume in final form
and then gave it final approval. We appreciate the burden that you carried for us,
Anthony.

Finally, we are grateful that the IMS put its scarce resources into supporting this
volume. The IMS has a tradition of honoring it’s most illustrious members and, in
our view, Jayanta is most assuredly among them.

It was a pleasure to put this tribute together and we hope that in some small
way we have served the interests of the research world.

Bertrand Clarke
Subhashis Ghosal

November 2007
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J. K. Ghosh’s Contribution to Statistics:

A Brief Outline

Bertrand Clarke1 and Subhashis Ghosal2

University of British Columbia and North Carolina State University

Abstract: Professor Jayanta Kumar Ghosh has contributed massively to var-
ious areas of Statistics over the last five decades. Here, we survey some of
his most important contributions. In roughly chronological order, we discuss
his major results in the areas of sequential analysis, foundations, asymptotics,
and Bayesian inference. It is seen that he progressed from thinking about data
points, to thinking about data summarization, to the limiting cases of data
summarization in as they relate to parameter estimation, and then to more
general aspects of modeling including prior and model selection.
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1. Introduction

Professor Jayanta Kumar Ghosh, or J. K. Ghosh, as he is commonly known,
has been a prominent contributor to the discipline of statistics for five decades.

1Department of Statistics, University of British Columbia, 6356 Agricultural Road, Vancouver,
BC, V6T1Z2, Canada; e-mail: riffraff@stat.ubc.edu

2Department of Statistics, North Carolina State University, 12 Patterson Hall, 2501 Founders
Drive Raleigh, NC 27695, USA; e-mail: ghoshal@stat.ncsu.edu

AMS 2000 subject classifications: Primary 62; secondary 62
Keywords and phrases: Sequential Analysis, Foundations of Statistics, Edgeworth Expansions,

Second Order Efficiency, Bartlett Corrections, Noninformative prior, Semiparametric Inference,
Posterior Convergence, Bayesian Nonparametrics, Model Selection
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2 B. Clarke and S. Ghosal

The spectrum of his contributions encompasses sequential analysis, the founda-
tions of statistics, finite populations, Edgeworth expansions, second order efficiency,
Bartlett corrections, noninformative, and especially matching, priors, semiparamet-
ric inference, posterior limit theorems, Bayesian nonparametrics, model selection
and Bayesian hypothesis testing, high dimensional data analysis as well as some
applied work in reliability theory, statistical quality control, modeling hydrocarbon
discoveries, geological mapping and DNA fingerprinting. By itself covering such
diverse topics in depth is a major career achievement. He has authored over 130
publications including three monographs and several edited volumes. His books,
one entitled Higher Order Asymptotics and published as an IMS monograph and
another entitled Bayesian Nonparametrics, co-authored by R. V. Ramamoorthi and
published by Springer-Verlag, continue to hold respected positions for researchers
in these areas. His recently published third book [34] is a fine graduate text on
Bayesian inference. In addition, his service to the profession, especially as the edi-
tor of Sankhyā has been invaluable.

In spite of the variety of his work, asymptotics has been central to his thinking
across a wide range of problems. Accordingly, in what follows, we outline some of
his work, in roughly chronological order, focussing on those contributions which are
intimately connected to asymptotics. In the course of reviewing his work, we try
to characterize the progression of thinking that naturally connects the topics that
J.K. Ghosh has done so much to develop.

2. Sequential Analysis

J. K. Ghosh started his research career in Sequential Analysis in the early sixties as a
Graduate Student in the Department of Statistics at Calcutta University. Wald had
recently introduced his sequential probability ratio test (SPRT), but its properties
were not well understood in the composite case. This was the first topic to which
Ghosh turned his attention. Through his work, many of the properties of SPRT
and related procedures were established and better understood. For instance, in the
testing context, double minimaxity essentially means simultaneous minimization of
average type I and II error probabilities. In his first published work [26], Ghosh
clarified a result of Wald on the double minimaxity of the SPRT for normal two-
sided alternative hypothesis (with unknown scale) separated from the null by δ.

It is well-known that the power function is monotonic in many common families
for fixed sample sizes. Ghosh established an analog of this result in [27], namely
that the operating characteristic function of the (generalized) SPRT continues to
be monotonic. Also in the sequential context, [28] considered the admissibility of
sequential tests based on a simple identity which later became known as the Ghosh–
Pratt identity. Ghosh compared the SPRT not just with the class of all tests with
finite expected sample size but also within other classes, for instance, the class which
requires at least one observation or which requires no more than a predetermined
number of observations to reach a conclusion.

Following this, Ghosh continued to elucidate more properties of the SPRT,
and its variants, which could be seen as analogs of the corresponding properties
Neyman–Pearson or Bayes tests for fixed sample size. In [29], he proved that for
exponential families, truncated or untruncated Bayesian sequential decision rules’
terminal decisions describe regions in terms of sufficient statistics, and also showed
that for testing problems, truncated generalized SPRT’s form a complete class.

About two decades later, Ghosh returned to sequential problems, along with
various co-authors. In [33], he studied an invariant SPRT to identify two normal
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J. K. Ghosh’s Contribution to Statistics 3

populations with equal variance and obtained bounds for error probabilities. Most
recently, similar bounds for an invariant SPRT with respect to an improper prior
have also been obtained in [50].

Two-stage procedures are closely related to sequential procedures. Recall Stein’s
famous problem of finding a bounded length confidence interval for the normal mean
with unknown variance. Stein proposed a two-stage procedure for doing this: In the
first stage, the sample variance determines how many samples are to be taken in
the second stage. An obvious shortcoming of the procedure is that the second stage
sample variance is not used in the construction of the interval. So, it is natural to
ask whether one can improve Stein’s procedure by using the second stage sample
variance. Surprisingly, it is impossible to better Stein’s procedure as shown in [38].

However, the procedure can be improved in a different, and perhaps more ap-
propriate sense. The confidence coefficient does not in general properly reflect the
true sense of confidence about a parameter after observing data. For instance, if
two observations are obtained from a U(θ, θ +1) family, then the assessment of θ is
very precise when the two observations differ in magnitude by nearly 1, while the
assessment is much less precise if the two observations are close to each other. This
means that classical confidence intervals fail to indicate the true difference in the
level of confidence after observing the sample.

Motivated by this, Kiefer suggested letting the confidence coefficient depend on
the data. After all, in reality, for a given random interval I, we often want to predict
the indicator function 1{θ ∈ I}. Since this object is unknown, it is traditionally
estimated by a constant, the best constant being the expectation Pθ(θ ∈ I), which
becomes fixed (or asymptotically fixed) for many classical intervals. However, from a
prediction theory point of view, it makes more sense to let the predictor of 1{θ ∈ I}
depend on the observed data. The predictor considered in this way is called the
random confidence coefficient associated with the confidence interval I. It is shown
in [39] that the second stage sample variance can be used to boost the random
confidence coefficient of a bounded length confidence interval.

3. Foundations of Statistics

From the examination of individual data points as they relate to the testing prob-
lem, Ghosh shifted his attention to data summarization, focussing on the relation-
ship between sufficiency and invariance. Sufficiency isolates features of the collection
of observations from those of the individual ones which are independent of the fea-
tures of the collection. Invariance, on the other hand, summarizes data by imposing
symmetry constraints. In practice, both sufficiency and invariance restrictions are
applied, but their order of application is an issue of interest.

Consider a statistical model (X, A ,P) where a group of transformations G is
acting on the sample space and attention is limited to invariant procedures. To find
a sufficiency reduction, one needs to find a sufficient sub-σ-field C of the invariant
σ-field I . However, in practice, it is typically easier to invoke invariance on the
data after it has been reduced by sufficiency. Let S be a sufficient σ-field. To justify
the application of invariance restriction after a sufficiency reduction, it is enough
to establish S ∩I is sufficient for I . This problem was addressed by W. J. Hall,
R. A. Wijsman and J. K. Ghosh, independently and roughly simultaneously. Once
they realized they had compatible results, they published a combined paper [65].
Their main result can be described briefly as follows. A statistic T is called almost
invariant if, for every g ∈ G, T (x) = T (gx) a.s. Under conditions that imply that
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4 B. Clarke and S. Ghosal

every almost invariant set is equivalent, up to null sets, to an invariant set, it follows
that S and I are conditionally independent given S ∩ I , and hence S ∩ I is
sufficient for I .

Another notion which relates two sequences of σ-fields in sequential experiments
is that of transitivity, introduced by Bahadur. Two sequences of σ-fields Bn ⊂ An

are said to be transitive if for every Bn+1-measurable function f , E(f |An) is Bn

measurable. In the usual sequential set up, Sn ∩ In is transitive for In, where
the extra index n indicates the sample size. Several implications of this result were
discussed in [65].

In many application areas, sample surveys for instance, discrete models arise,
where the probability is concentrated on a countable set but the models do not
have common support, i.e., the support set is different for different parameter val-
ues. Clearly, such a family is not dominated and the Halmos–Savage theorem on suf-
ficiency does not hold. Nevertheless, as shown in [2], minimal sufficient σ-fields exist
and the Neyman factorization theorem holds good. These results were extended for
pairwise sufficient σ-fields and condition for existence of minimal pairwise sufficient
sigma-field was found in [37].

Another basic question is whether a fixed-dimensional sufficient statistic inde-
pendent of sample size actually exists. In exponential families, it is well known
that fixed-dimensional sufficient statistics exist. Outside of exponential families,
however, sufficient statistics are hard to find. Some distinguished nonregular cases
like U(−θ, θ) provide additional examples. In [54], it is shown that if the support
(a(θ), b(θ)) is shrinking or expanding, as in the support of U(0, θ) for example, then
the density must be of the form g(θ)h(x) to have a real-valued sufficient statistic.
If a(θ) and b(θ) are both increasing, or both decreasing, as in U(θ, θ + 1), then an
R2-valued sufficient statistic can exist only in special cases.

4. Asymptotics

The asymptotic point of view undergirded Ghosh’s thinking, even in problems that
were not primarily focussed on asymptotic properties. In a sense, much of his work
on sequential analysis, Bayesian analysis and Bayesian nonparametrics are also, at
least implicitly, work on asymptotics. In fact, many of the most important asymp-
totic ideas, such as higher order asymptotics and Edgeworth expansions, were pio-
neered by him. Moreover, in terms of how his thinking progressed, asymptotics can
be regarded as the next natural conceptual step after thinking about data points
in sequential analysis, and sufficiency or invariance as a data summarization tech-
nique. That is, once we have gathered and summarized our data, we want to see
where it seems to be leading us.

Ghosh’s asymptotic work can be broadly grouped into seven categories. He
worked on the Bahadur–Ghosh–Kiefer representation for a quantile. He made foun-
dational contributions to establishing the existence of Edgeworth expansions. In
higher order asymptotics, Ghosh examined second order efficiency, Bartlett correc-
tion and contributed to our understanding of how Wald, Rao and likelihood ratio
tests compare. Then he turned his attention to Bahadur efficiency and the vexing
Neyman–Scott problem.

4.1. Bahadur–Ghosh–Kiefer Representation

Bahadur represented a sample quantile as an average of i.i.d. random variables.
To get this representation, Bahadur assumed the existence of two derivatives of

imsart-lnms ver. 2007/09/18 file: JKGresearch.tex date: November 27, 2007



J. K. Ghosh’s Contribution to Statistics 5

the c.d.f.; the second derivative is bounded and the first derivative is positive on a
neighborhood of the p-th population quantile ξp. Then Bahadur showed that the
error in the representation is O(n−3/4(log n)3/4). The order of error in Bahadur’s
representation is nearly sharp, cf. the exact order n−3/4(log n)1/2(log log n)1/4 ob-
tained by Kiefer.

One of the reasons this is important is that the order of error is small enough
to obtain asymptotic normality for the sample quantiles. However, assuming the
existence of two derivatives is somewhat strong. For instance, it rules out the lo-
cation family from the double exponential density. On the other hand, for most
statistical purposes, where only the asymptotic distribution is important, having
an error term of order op(n−1/2) is enough. Therefore it is of interest to weaken
Bahadur’s assumptions at the expense of weakening the conclusion to op(n−1/2).
This is possible, even for a variable point pn depending on n, as shown in [30], using
only the assumption of positive first derivative at ξp.

Actually, the idea of representing a quantile approximately as an average of i.i.d.
observations occurred to Ghosh independently in the mid sixties at the same time
Bahadur was working on the problem. Ghosh was looking at the problem in the
more general multivariate multisample framework in connection with asymptotic
normality of multivariate rank tests. He did not record his proof then since it did
not extend to the multivariate set up at that time.

4.2. Edgeworth Expansions

Edgeworth expansions are natural refinements of asymptotic normality results in
that they give error terms of asymptotically smaller order by including more terms
in addition to the leading normal term. However, for a long time, Edgeworth expan-
sions were only heuristically justified. In the pioneering paper [7], it is shown that
under conditions of finiteness of certain moments and a condition on characteristic
function known as Cramér’s condition is the literature, the r-th order Edgeworth
expansion of a smooth function of sample averages admits error O(n−(r+1)/2). In
particular, it follows that for the sample average, finiteness of the 2r-th moments
is required to justify an Edgeworth expansion of order r. The follow-up paper [8]
relaxes some moment conditions. A thorough and lucid treatment of Edgeworth ex-
pansions and related higher order asymptotics is given in Ghosh’s IMS monograph
[32].

Another angle on Edgeworth expansions comes from the idea of Fisher consis-
tency. Consider an exponential family with density proportional to exp[

∑k
j=1 wj(θ)tj(x)].

In this context, an estimator Tn, which is a function of the k-dimensional sufficient
statistic (

∑n
i=1 t1(Xi), . . . ,

∑n
i=1 tk(Xi)), is Fisher consistent if Tn(w(θ)) = θ. As-

suming sufficient smoothness conditions and linear independence of the component
functions w1(θ), . . . , wk(θ), a Fisher consistent estimator can be written as a smooth
function of sample averages, and hence has an Edgeworth expansion. In [62], this
Edgeworth expansion is compared with that of the MLE, which is another Fisher
consistent estimator. Interestingly, for any bowl shaped loss function, the MLE has
better second order risk properties than any other Fisher consistent estimator. Con-
sequently, this gives a way to discriminate among estimators which are first order
asymptotically equivalent. This property is called second order efficiency and will
be discussed in the next subsection.

Edgeworth-type expansions need not be restricted to asymptotically normal esti-
mators. Other limiting distributions can appear naturally. Recall that log-likelihood
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ratio type statistics are among the most common statistics converging to non-
normal limits such as a chi-square distribution. For locally quadratic functions of
sample averages, such as the log-likelihood ratio, asymptotic expansions have been
obtained in [13]. They have a leading chi-square term. Subsequent terms appear
as coefficients of powers of n−1/2 and are finite linear combinations of chi-square
distributions of degrees of freedoms p, p + 2, p + 4, etc., where p is the degree of
freedom of the leading term. Similar expansions hold even under contiguous alterna-
tives with non-central chi-squares replacing the chi-square leading term as shown in
[14]. The subsequent terms are finite linear combinations of non-central chi-square
distributions with degrees of freedoms p, p + 2, p + 4, and so forth.

4.3. Second Order Efficiency

Second order efficiency (also called third order efficiency by some authors) is the
natural way to compare two asymptotically efficient estimators since they are first
order equivalent. In particular, it was widely believed that the MLE, or some suit-
able variant of it, had, asymptotically, the smallest possible risk up to the second
order. Ghosh, among others like Efron, Chibisov, Pfanzagl, Akahira and Takeuchi,
made pioneering contributions towards rigorous justification of this assertion in
[64]. His main result may be roughly described as follows: Let Tn be an efficient
estimator and consider a modification T ′n = Tn + m(Tn)/n. Then T ′n can be beaten
by θ̂′n = θ̂n + g(θ̂n)/n, a modification of the MLE θ̂n, where the function g depends
on Tn and m. Here, by a better estimator, we mean that

lim
n→∞

n2[Eθ{W (T ′n, θ)} − Eθ{W (θ̂′n, θ)}] ≥ 0,

for all θ ∈ Θ, for a truncated squared error loss W . This paper also contains other
impressive results such as Bhattacharya-type bounds, a Bayesian connection with
second order efficiency and a notion of second order asymptotic sufficiency. Similar
results about second order efficiency of the MLE for Pitman closeness and any
bounded bowl shaped loss function are in [63].

In addition to second order efficiency, there is a notion of second order admis-
sibility. An estimator is second order admissible if there is no estimator which has
uniformly smaller second order risk with strict inequality for at least one point. In
[59], for estimators of the form θ̂n + g(θ̂n)/n, a necessary and sufficient condition
for second order admissibility under squared error loss is obtained.

These second order optimality properties of modified versions of the MLE raise
the issue whether the MLE has optimality properties beyond the second order.
A nice counterexample in [60], however, concludes negatively. On the other hand,
questions on second order admissibility go beyond the MLE to any BAN estima-
tor θ̂n modified to θ̂n + g(θ̂n) + op(n−1). The condition for second order Pitman
admissibility is obtained in [58], and its multiparameter version in [49].

Another natural question in the context of second order admissibility is the fol-
lowing. If two or more statistics are separately second order admissible, for two
different components of a parameter with bias o(n−1), then, is it true that they are
jointly second order admissible? The question has a curious answer given in [16].
For two dimensions, they are jointly second order admissible, but for three or more
dimensions, they are not jointly second order admissible. This result is reminiscent
of Stein’s phenomenon on ordinary admissibility with respect to the squared error
loss for estimating the normal mean. Intuitively, asymptotically, all regular experi-
ments are normal experiments and thus a phenomenon under normality continues
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to hold asymptotically under any regular model. The interesting part of the result
is that the phenomenon shows up in the second order.

4.4. Bartlett Correction

Bartlett introduced a remarkable technique, which bears his name, to improve the
chi-square approximation to the distribution of a log-likelihood ratio statistic. The
idea is embarrassingly simple: rescale the chi-square distribution with the second
order expansion of the mean of the statistic. It is surprising that such a simple
strategy improves the approximation so much.

In the seminal paper [9], a variant on Wilks theorem tuned to the goal of un-
derstanding the Bartlett correction was presented. Recall that Wilks theorem is
the statement that the log-likelihood ratio is asymptotically chi-square. However,
the chi-square is the result of squaring normals. To see how this might apply to
the log-likelihood ratio statistic, let X1, X2, . . . be i.i.d. observations from a para-
metric family governed by θ = (θ1, . . . , θp) and let L(θ) be the log likelihood. For
j = 1, . . . , p, let θ̂j be the MLE of θ under the null hypothesis θ1 = θ1

0, . . . , θ
j = θj

0,
and let Tj = 2n(L(θ̂j−1) − L(θ̂j))1/2sign(θ̂j−1 − θ̂j), where θ̂0 stands for the un-
restricted MLE. Note that squaring Tj gives the usual object in Wilks theorem
with limiting chi-square behavior. However, now, without the square, (T1, . . . , Tp)
is asymptotically normal with error Op(n−3/2) under the grand null hypothesis.
This property of Tj gives rise to the Bartlett correction in the multidimensional
setting.

Another result developed in that paper is a Bayesian version of the Bartlett
correction. This is a Bartlett correction to the posterior distribution, conditional
on the data, obtained by letting the prior tend to the degenerate distribution at the
true parameter value. The relation between the Bartlett correction and the Bayesian
correction gives a deeper understanding of the Bartlett correction phenomenon and
leads to a variety of generalizations.

Following this path, [41] studied the asymptotic equivalence of the frequentist
and Bayesian Bartlett corrections for the likelihood ratio and the conditional like-
lihood ratio statistic (CLR) introduced by Cox and Reid. In particular, the con-
ditions for equivalence are instrumental for giving a simple proof of the existence
of the frequentist Bartlett correction for the CLR statistic. This was extended to
the multivariate case in [40]. A variant on the likelihood ratio called the adjusted
likelihood ratio (ALR) was introduced by McCullagh and Tibshirani. In [45], it was
shown that the ALR statistic has behavior similar to that of the CLR statistic, in
that it admits a Bartlett correction and its power under contiguous alternatives, is
equivalent to that of the CLR up to the order o(n−1/2). In terms of average power,
the agreement continues up to o(n−1).

4.5. Comparison of the Likelihood Ratio, Wald’s and Rao’s Statistics

The problem of comparing the likelihood ratio (LR), Wald’s and Rao’s tests, with
regard to power has received significant attention in the statistics and econometrics
literature. It is well-known that, up to the first order of approximation and under
contiguous alternatives, these three tests have the same local power as dictated
by the noncentral chi-square distribution. Discrimination among them, therefore,
calls for comparison via higher order power. However, while the LR test is locally
unbiased up to a higher order of approximation, the same does not hold in general
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for the other two tests. From this perspective, to make them really comparable,
Ghosh suggested considering locally unbiased versions of Wald’s and Rao’s tests.
This work, done under his supervision, eventually led to an optimum property of
Rao’s test in terms of third order local power. A review of these developments is
available in [31].

In addition, the power properties of the three tests as well as their Bartlett
adjustability, when they are developed on the basis of a quasi-likelihood rather
than a true density-based likelihood was discussed in [48].

4.6. Bahadur–Cochran Deficiency

To compare the asymptotic performance of two tests, one may look at their Bahadur–
Cochran relative efficiency, which is the limit, as δ → 0, of the ratio of the smallest
integers which make the sizes less than δ. For many pairs of reasonable tests, the
ratio turns out to be 1. To compare them at a finer level, it is sensible to look at
their difference, which may be called the Bahadur–Cochran deficiency. The limit
inferior (or superior) of the difference, reflecting the relative advantage of one test
over other, was calculated in [12] for some common test statistics.

4.7. Neyman-Scott Problem and Semiparametric Inference

Ghosh made notable contributions in the Neyman–Scott problem also. In the Neyman–
Scott problem, a new observation Xi is governed by a common parameter θ and
an additional parameter ξi, depending on i, but only the parameter θ is of inter-
est. The problem is notoriously difficult in that common estimators, such as the
MLE, are usually inconsistent. For instance, if Xij are independently normally dis-
tributed with mean µi and variance σ2, i = 1, . . . , n, j = 1, . . . , k, then the MLE
of σ2, (nk)−1

∑n
i=1

∑k
j=1(Xij − X̄i)2, where X̄i = k−1

∑k
j=1 Xij , converges to the

wrong value (1− k−1)σ2. Although it is easy to correct the MLE in this particular
situation, in general identifying the correction is a hard problem.

Ghosh proposed constructing an asymptotically efficient estimator for θ by view-
ing the ξi as random variables arising from an unknown distribution G. The semi-
parametric model resulting from this can then be explored to find efficient esti-
mators for θ. In addition, efficiency in the Neyman–Scott model can be defined in
terms of the semiparametric model so the two models have many interesting links
between them. These links may be exploited and are studied in detail in [4], [5] and
[6].

5. Bayesian Inference

Ghosh was always very fond of Bayesian ideas and, later in his career, he became
more convinced that the Bayesian approach to statistics is more natural and fruitful.
Over the course of his investigations, Ghosh examined each aspect of the Bayesian
formulation, from construction of a prior to model selection, to asymptotic proper-
ties. And again, this can be seen as a continuation from his asymptotic work. After
all, once the asymptotics are developed, we want to see how they can be used in
a complete inference problem and the Bayesian setting provides a unified context.
Indeed, Ghosh’s contributions helped speed the development of several branches of
Bayesian analysis because of his asymptotic orientation.
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Ghosh was always pragmatic and thought that a good statistical method should
have good frequentist properties as well as sensible conditional properties. Moreover,
as in the frequentist case, asymptotics often play a vital role in Bayesian inference
and one of the recurring themes in Ghosh’s work was the quest for frequentist
properties of posterior distributions. As one of the leaders in developing objective
Bayesian methods, he regularly worked to reconcile the two schools of thought.
The paper [57] elaborately reviews issues and developments in objective Bayesian
methodology.

Ghosh’s Bayesian work can be broadly grouped into four categories. He worked
on frequentist matching and other objective priors. He worked on determining the
limiting behavior of posterior distributions in the parametric context. Then, he
turned his attention to richer model classes, examining Bayesian nonparametrics
and model selection.

5.1. Matching and Other Objective Priors

Ghosh was never very keen on the term noninformative to describe priors that are
constructed through some automatic mechanism rather than through a subjective
assessment of odds. His preference was to use these priors as objective or default
priors in the absence of genuine subjective information. To him, such priors can be
obtained by any one of various techniques including matching what a frequentist
might obtain, invariance, entropy-type maximizations (reference priors), approxi-
mation, or anything that seem reasonable.

The idea of a Bayesian choosing a prior so as to match frequentist inferences
was originally introduced by Peers and Welch, but the term “probability matching
prior” was first used by Ghosh and Mukerjee [42] and the approach became popular
after Ghosh’s presentation in the Valencia meeting. The basic idea is quite simple:
choose a prior so that Bayesian notions like credibility approximately agree with the
corresponding frequentist notions like confidence level. However, when asymptotic
normality of the posterior distribution holds (discussed in the next subsection), it
means that the variability according to the posterior distribution of a parameter is
asymptotically equivalent to the sampling fluctuations of the MLE in the frequentist
sense. This implies that Bayes-frequentist matching occurs for any prior under
minimal restrictions. Consequently, to identify a prior uniquely, first order matching
of limits is not enough. Satisfyingly, agreement continues to the next order, but only
if the prior is of a certain form. Thus matching can be used to characterize a prior,
which may then be thought of as objective at least in the sense that it was not
chosen according to the personal views of the experimenter.

Of course, neither Bayesian credibility sets nor frequentist confidence sets are
unique, so when θ is a scalar, it is natural to look at one sided intervals. If W
is a properly centered and normalized version of the parameter, then equating
the posterior probability Pπ(W ≤ t|X1, . . . , Xn) with the frequentist probability
Pθ(W ≤ t) for t and ensuring both sides are 1− α up to o(n−1/2) for each α leads
to a differential equation. The Jeffreys’ prior is the solution to this equation.

A multiparameter version of this frequentist-Bayesian matching was used in [43].
In higher dimensions, the components of W may be defined by successively comput-
ing the regression residual of the current component over the earlier components.
Naturally, this depends on the ordering of the parameters, but the dependence is
not present when the parameters are orthogonal. In these cases, the matching cri-
terion leads to partial differential equations. Curiously, Jeffreys’ prior is a solution
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in some cases, but not in all cases: the location-scale problem is an important ex-
ception. In fact, it is well known that Jeffreys’ prior, which is also the left Haar
measure, may be an inappropriate choice in this case, so the matching criterion
genuinely leads to sensible solutions even in high dimensional cases.

The matching prior is closely related to other important objective priors such
as the reference prior. Reference priors often depend on the role of the parameter;
nuisance parameters are treated differently from parameters of interest. Interest-
ingly, in the two parameter case, a cute observation of Ghosh is that the reverse
reference prior, rather than the reference prior itself, is probability matching. Here,
by reverse reference prior, we mean the reference prior computed by reversing the
roles of the parameter of interest and the nuisance parameter. More details and
discussion of other properties, such as weak minimaxity, may be found in [42].

Although matching posterior probabilities does yield useful insight, highest pos-
terior density (HPD) regions are more efficient credible sets from a Bayesian stand-
point. Accordingly, matching the coverage probability of HPD regions with the cred-
ibility is an alternative that might be more appealing to some Bayesians. When this
matching is done to o(n−1), it leads to differential equations characterizing prior
distributions. These were derived in [44]. In some cases, Jeffreys’ prior solves these
equations and so is a matching prior in the sense of coverage probability as well.
A related paper is [46]. Matching the coverage of one-sided posterior credibility
intervals for parametric functions up to O(n−1) was studied in [17].

Alternatively, instead of characterizing a prior through matching, one might ask
if there is some adjustment to make matching work for any prior satisfying mild
general conditions. Indeed, in [47], it is shown, with examples, that if the center
of the (1− α)-HPD ellipsoid is appropriately shifted by a o(n−1/2) amount, where
the correction is obtained by solving an equation depending on the prior, then the
resulting perturbed HPD ellipsoid’s coverage is 1− α + o(n−1).

Of course, there are many sensible notions of objectivity for a prior other than
matching. Invariance is often the driving force in group models, where a group of
transformation is acting on the parameter space and the parameter of interest is the
maximal invariant parametric function. In [18], a detailed study of various priors
such as the Chang–Eaves prior for group models is given in the light of matching
and the marginalization paradox.

5.2. Limits of Posterior Distributions

One of the most intriguing results in statistics is the Bernstein–von Mises theorem,
which states that the posterior distribution of the parameter centered at the MLE
and scaled by

√
n times the square root of the Fisher information converges to

the standard normal distribution almost surely, as the sample size increases to
infinity. This parallels the frequentist result that

√
n(θ̂ − θtrue) is asymptotically

normal with variance given by the inverse Fisher information. In essence, posterior
normality implies that in an asymptotic sense, at least to first order, any sensible
Bayesian must agree eventually with frequentist notions of variability.

Ghosh worked to extend posterior normality in a variety of directions. One natu-
ral idea is to look at higher order properties so that the usual normal limit is viewed
as merely the first term in an asymptotic expansion. This parallels the sense in
which an Edgeworth expansion is an improvement over the standard central limit
theorem. Johnson pioneered such expansions, but the probability statements in his
expansions are in terms of the true distribution of the sample. Often, a Bayesian
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is more interested in bounds that are uniform on sets with high probability in the
marginal distribution of the sample. In [61], precise conditions were given so that
Johnson’s expansion of posterior distribution holds on a set with marginal proba-
bility 1−O(n−r), where r is the extra number of terms in the expansion, i.e., not
counting the leading normal. It was also shown, by counterexamples, that some of
the earlier published results in the field are incorrect.

Sometimes it is meaningful to condition on a statistic rather than the full data to
obtain the posterior distribution. In particular, since the sample mean is a widely
used summary measure, it is natural to ask if a version of the Bernstein–von Mises
theorem holds when the posterior is computed given only the mean. Provided that
expectation and variance are smooth functions, and the eigenvalues of the covari-
ance matrix are uniformly bounded and bounded away from zero, it is shown in
[15] that a normal limit for the posterior distribution is obtained. The variance of
the limiting distribution can equal the variance of an observation, but in general,
the normal limit can differ from that in the usual Bernstein–von Mises theorem,
unless the sample mean is asymptotically sufficient. The proof is based on an Edge-
worth expansion for the sample mean and a local limit theorem. The idea extends
to independent but non-identically distributed observations.

More broadly, the Bernstein–von Mises phenomenon in a parametric family may
be seen as the convergence of the posterior density of the standardized parameter
to a non-degenerate distribution, where in general, the centering need not be at the
MLE, the scaling need not be

√
n and the limit distribution need not be normal.

Indeed, in some nonregular families such as the uniform distribution on [0, θ] or the
location family of the exponential distribution, centering by the Bayes estimator
and scaling by n yields an exponential limit. This leads to the following question:
For which families will a limit of the posterior distribution exist? When it does
exist, what is the correct centering, scaling and limiting distribution? This problem
is germane to approximating posterior distributions numerically when n is large.

Under the general set up of a parametric family considered by Ibragimov and
Has’minskii in their book, a very elegant characterization was given in [35] and [23]
in terms of the behavior of the limiting (local) likelihood ratio process of the model,
Zn(u) = p(Xn; θ + rnu)/p(Xn; θ), where Xn is the observation at stage n and rn is
the appropriate normalizer for the problem. Usually Xn = (X1, ..., Xn) and n is the
sample size. Let Z(u) stand for the weak limit of Zn(u) and ξ(u) = Z(u)/

∫
Z(v)dv,

a random probability density. Under the natural scaling in the family, the posterior
distribution converges to a limit, after appropriate centering, if and only if ξ(u) =
g(u + W ) for some fixed probability density g and a random variable W , i.e., as a
random element in L1, ξ(·) is a random location shift of a fixed probability density
g. When this holds, g is the limit of the posterior density. Clearly, this is a stringent
representation, so in many nonregular cases the posterior distribution will not have
a limit.

Interestingly, in the regular cases, local asymptotic normality implies that ξ(u) =
g(u+W ), in which g is normal and W is a random normal shift. Thus this yields a
Bernstein–von Mises theorem under an extremely general condition. A similar limit
theorem holds with an exponential limit whenever densities are positively supported
on an interval [a(θ), b(θ)], where the support is either expanding or contracting.

While it is disappointing to find that posterior limits exist only in relatively rare
cases, it does not rule out the possibility of finding useful approximation to the
posterior distributions depending on the sample size n. For change-point problems,
where the the density jumps from a positive value to another positive value at an
unknown location but is otherwise smooth, a useful approximation was obtained in
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[24] by normalizing an approximation to the likelihood ratio process. It turns out
that a certain mixture of n many truncated and shifted exponential densities is a
good approximation.

5.3. Bayesian Nonparametrics

Ghosh’s involvement with Bayesian nonparametrics started in the mid 90’s with the
paper [51] attempting to determine whether the priors used for survival analysis lead
to consistency under censoring. This paper showed that for the Dirichlet process,
the posterior under censoring can be represented as a Pòlya tree process whose par-
tition depends on the data, and then consistency can be obtained from the tail-free
property of Pòlya tree processes. The question is followed up in subsequent papers
[53] and [36]. Since then, Ghosh has continued to be one of the most important
contributors to understanding the asymptotics of Bayesian nonparametrics.

For instance, the search for a noninformative prior for infinite dimensional mod-
els, as an extension to the finite dimensional case, is ongoing. One approach is
to generalize the notion of a uniform distribution. This was proposed in [19] us-
ing uniform distributions on discrete approximations to a space found by maximal
ε-dispersed sets. Even in the parametric setting this approach is fundamental and
leads to Jeffreys’ prior. The approach gives consistency in infinite-dimensional cases
also.

More typically, Ghosh was strongly motivated by the examples of inconsistency
of posterior distributions in infinite dimensional models. While he appreciated those
illuminating examples, he was always hopeful that Bayes’ methods would work if
priors were constructed properly. He was particularly fond of the Kullback–Leibler
property which requires that the true distribution be in the support of the prior
when distances are measured in terms of Kullback–Leibler divergence. That is, the
prior should assign strictly positive probability to every Kullback–Leibler neighbor-
hood around the true distribution.

Because of this, Ghosh thought the Dirichlet process was inappropriate in many
contexts, despite its evident utility, since its discreteness means it fails to have
anything in its Kullback–Leibler support. In [20], it was shown that a prior with
the Kullback–Leibler property, such as a suitable Pòlya tree or a Dirichlet mixture
process, can overcome the inconsistency property of Dirichlet processes for esti-
mating a location parameter. Essentially the same phenomenon appears in linear
regression models as shown in [1]. In that paper, the first extension of a general
posterior consistency theorem to independent non-identically distributed variables
is also developed.

In Bayesian nonparametrics, consistency often combines testing concepts with
sieves. A celebrated result of Schwartz emphasizes the role of tests for the true
density f0 versus the complement of a neighborhood, say V , around it. The basic
idea is to construct tests, by covering V c with many small balls, say Bi’s, and
testing f0 versus Bi for each i using powerful tests. One can then simply look at
the maximum of all tests against each small ball, whose type II error probability
is clearly under control and the type I error probability bounded by the common
exponential bound for error probability multiplied by the number of small balls
required to cover V c. Thus the concept of metric metropy, which is the logarithm
of the number of balls required to cover a set, comes into the picture. Generally
V c is not compact, and it is not possible to cover it by finitely many small balls.
The difficulty can be overcome by using a sieve, which is a sequence of increasing
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subsets of a parameter space that gradually fill out the whole parameter space. One
may ignore the portion of the parameter space outside the sieve as long as that part
has exponentially small prior probability. Now one requires to control the metric
entropy of the sieve to ensure that it does not grow faster than a small multiple of n.
This style of proof gives consistency for density estimation with Dirichlet mixtures
of normal kernels as shown in [21], providing a large sample justification for the
most widely used Bayesian density estimator.

The approach works for density estimation with other priors in place of the
Dirichlet mixtures. In [68], consistency is obtained for the logistic Gaussian prior
for a density, that is, a prior on densities obtained by exponentiating and then
normalizing a Gaussian process.

The importance of entropy for posterior consistency appeared in [21]. There
it is seen that in the nonparametric setting prior positivity at the true density
must be satisfied, but in terms of special neighborhoods given by the Kullback–
Leibler number. Moreover, it must be possible to choose a sieve whose entropy
grows no faster than the rate O(n), while ensuring that the prior probability of the
complement of sieve is exponentially small as n increases. This perception led to
the derivation of the results on posterior convergence rates in [25] in the sense that
the conditions for rates can be viewed as quantitative analogs of the conditions for
consistency.

For instance, instead of just requiring that the prior for a fixed ε neighborhood
in the Kullback–Leibler sense has positive probability, one now needs to show that
the prior probability of the Kullback-Leibler neighborhood of radius εn is at least
e−nε2n , where εn is the intended rate of posterior convergence. In a similar manner,
requiring that the εn- entropy of the sieve be bounded by a multiple of nε2n is also
reminiscent of the condition that the ε-entropy of the sieve should be bounded by a
small multiple of n. Thus, for fixed εn, this reduces to the condition for consistency.

The paper also constructs a prior achieving optimal rates of convergence by
bracketing densities above and below by two functions — choosing a finite collection
of functions to provide upper and lower bounds for any probability density in the
given class, ensuring they approximate any function within the bracket together
with a control over likelihood ratios. This can be viewed as a refinement of the
construction proposed in [19]. Other approaches to optimal rates are also discussed,
most notably, through exponential families generated using a B-spline basis.

Many aspects of Bayesian asymptotics for infinite dimensional models are neatly
summarized in the review [22], and thoroughly discussed in [52], which to date is
the only book dealing with asymptotic results in Bayesian nonparametrics.

5.4. Model Selection and Bayesian Hypothesis Testing

Testing hypotheses is a major area where frequentist and Bayesian procedures often
differ substantially. There is a tendency for frequentist methods to over-reject just
as there is a tendency for Bayes’ methods to under-reject, as in the Lindley paradox.
Results such as the consistency of the Bayesian information criterion (BIC) bridge
the gap somewhat because the BIC approximates Bayes’ factors and is frequentist
consistent for model selection under appropriate conditions in the sense that the
BIC selects the correct model with probability tending to one.

These properties of the BIC are valid only if the dimension of the model p remains
fixed. For many applications, especially for complex data containing numerous vari-
ables commonly arising nowadays, the BIC may fail to adequately approximate the
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Bayes’ factor as well as failing to be consistent, as pointed out by Stone. The main
reason for the failure is ignoring certains terms in an expansion of the Bayes’ factor
which are not negligible when p → ∞. The difficulty could be avoided by paying
proper attention to these terms. In [3], a correction is proposed by introducing two
more terms, one is proportional to p and the other to log p, as well as changing the
meaning of the sample size to the number of replications. The resulting ‘generalized
BIC’ then selects the correct model with increasing high probability. Another gen-
eralization of BIC is developed in [11] which works in a general exponential family.
These generalizations of BIC are powerful tools to overcome the challenges posed
by high-dimensional data problems of contemporary statistics.

In model selection problems, the definition of optimality is often tricky. An ap-
pealing approach is comparison with the oracle, that is, with the best procedure
(for a given loss function) which uses the knowledge of the correct model in making
decisions. A parametric empirical Bayes’ (PEB) approach approximates the Bayes’
factor by deriving the rule in a parametric model but estimating the parameters
in the penalty function by a penalized likelihood criterion with data dependent
penalty. In the paper [66], the relative performance of a PEB, the AIC and the
BIC were thoroughly studied through asymptotics and simulations under both 0-1
and prediction loss. The conclusion is that the BIC performs badly, but PEB rules
perform quite satisfactorily, and so does the AIC. If Bayes’ estimates are used in
making prediction, instead of least squares estimators, a PEB performs better than
the AIC.

One particular difficulty with the Bayes’ factor is that it is undefined when
improper priors are used in individual models. Various remedies are proposed in
the literature, based on the idea of using a part of the information contained in
the data (training portion) to make priors proper and use the remaining portion
in Bayesian analysis with the obtained “proper prior”. Since this typically depends
on the ordering of the data, some kind of averaging, through bootstrap or cross
validation, over different choices of the training portion is desired. A particularly
popular candidate among these Bayes’ factors is obtained by taking a geometric
average. In the paper [67], such Bayes’ factors are studied through asymptotics
as the proportion of the training sample varies, and conditions for consistency are
obtained as the total sample size goes to infinity. It is also concluded that predictive
optimality of the ‘geometric Bayes’ factor’ as it is generally claimed is not entirely
correct.

There are many other significant papers on model selection authored by Ghosh.
In [10], optimality of the AIC in inference about Brownian motion is shown. The
reviews [56] and [55] contain wealth of information about Bayesian model selection.

6. Concluding Remarks

Overall, Ghosh’s work in statistics reveals a progression. He began with individ-
ual data points, proceeded to data summarization, and then to the asymptotics of
inference. Ghosh’s results there were a successful attempt to map out where the
accumulation of data points. In a sense, asymptotic limits are the ultimate data
summarization. Then, putting it all together, Ghosh turned to the Bayesian for-
mulation, examining each of its components, prior, model, posterior, in turn, to
permit a comprehensive and unified study of the statistical problem. Indeed, his
recent work on Bayesian nonparametrics is a further generalization, again a logical
step because it builds on his earlier work by using ever richer model classes.
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In fact, Ghosh worked in many more areas of statistics, apart from what is out-
lined above, as well as working on a variety of applications. These topics include
distribution theory, decision theory, robustness, finite population sampling, reliabil-
ity, quality control, modeling hydrocarbon discovery, geological mapping and DNA
fingerprinting.

Finally, every great researcher has a strategy, a method or a drive, often sum-
marized in a maxim, that guides or motivates their intellectual endeavors. One of
Ghosh’s maxims was the injunction: “Settle the question!” By this he meant formu-
late a question so that answering it gives you something definite for the formulation
of another question. As can be inferred from the progression of his work, his ques-
tioning led him to an ever broader view of the statistical problem, culminating in
a Bayesian treatment of high-dimensional models, nonparametric or not. Ghosh’s
injunction to settle questions has helped, and will continue to help, researchers all
over the world to think deeply about the most important issues.
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depend on the stopping rule used for the sequential experiment. New expres-
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1. Introduction

Bayesian analysis using objective or default priors has received considerable atten-
tion; cf. Datta and Mukerjee [17], Bernardo [6, 7] Berger and Bernardo [4], Berger
[3], Ghosh, Delampady and Samanta [21], and references therein. The latter book,
in particular, contains an excellent discussion of the issues and controversies involv-
ing objective priors, reflecting the many years of leadership of J.K. Ghosh in the
field (along with his many coauthors). See, for example, [13, 20, 22, 23].

A common objective prior is the Jeffreys’ prior [27], which is proportional to the
square root of the determinant of the Fisher information matrix. The Jeffreys’ prior
is quite useful for a single parameter model, but can be seriously deficient for multi-
parameter models; this has led to preference for reference priors in multiparameter
situations (cf. Berger and Bernardo [5], and Bernardo [7]).
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Almost all results on objective priors have been for fixed sample size experiments.
In practice, however, statistical experiments are often conducted sequentially, with
a known stopping rule (cf. Siegmund [30], and Ghosh, Sen and Mukhopadhyay
[24]). Bartholomew [2] and Geisser [19] introduced the notion that objective priors
for a sequential experiment should depend on the expected stopping time. Ye [38]
derived the reference prior for sequential experiments when the expected stopping
time depends on the parameter of interest only. In this paper we generalize Ye’s
result in various directions, and provide some new computational tools for use with
priors that depend on expected stopping times.

The paper is arranged as follows. Section 2 reviews the Fisher information
matrix for sequential experiments with a known stopping rule, derives the Jef-
freys’/reference prior for illustrative one-parameter examples, and then provides an
expression for multiparameter reference priors when the stopping rule satisfies a
certain property. In Section 3, reference priors and matching priors (cf. Datta and
Mukerjee [17]) are derived for Bar-Lev and Reiser’s [1] two-parameter exponential
family. Illustrations are given for normal distributions with several commonly used
stopping times.

Computation of expected stopping times is often difficult, so that utilization of
reference priors for sequential experiments is typically challenging. In Section 4,
an approximation to the reference prior for sequential experiments is introduced
which is exact under some circumstances, seems to be a reasonable approximation
in general, and allows for much simpler computation.

2. Noninformative Priors with a Known Stopping Rule

2.1. Notation and the Jeffreys’-rule Prior

We assume that X1, X2 · · · , is an i.i.d. sequence of random variables with den-
sity f(x | θ) that is regular (Walker [35].) Here θ is a q × 1 vector of unknown
parameters. Let N denote a proper stopping time for the sequential experiment
– see Govindarajulu [25] for a definition, which also is a source for the following
well-known lemma:

Lemma 2.1. Let I(θ) be the Fisher information matrix based on X1. Under the
proper stopping time N , the Fisher information based on (X1, · · · , XN ) is

I∗ = Eθ(N)I(θ).(2.1)

The Jeffreys’-rule prior [27] for θ is defined as the square root of the deter-
minant of the Fisher information matrix. In the fixed sample size case, this is
πJ(θ) ∝ |I(θ)|1/2. For the sequential experiment, it follows from the above lemma
that Jeffreys’ prior is

π∗J(θ) ∝ {Eθ(N)}q/2|I(θ)|1/2 ∝ {Eθ(N)}q/2πJ(θ) .(2.2)

Example 2.1. Let Nr be a random variable with a negative binomial distribution
NB(r, p), where r is a positive integer and p ∈ (0, 1). Let X1, X2, · · · be a sequence
of Bernoulli random variables with success probability p. Nr can be viewed as a
stopping time for this Bernoulli sequence as follows:

Nr = inf{n ≥ 1 : X1 + · · ·+ Xn = r}.

imsart-lnms ver. 2007/09/18 file: SunBerger.tex date: November 19, 2007



Objective Sequential Experimentation 21

The probability of Nr is

P (Nr = k) =
(

k − 1
r − 1

)
pr(1− p)k−r, for k = r, r + 1, · · ·

An easy computation yields Ep(Nr) = r/p. Since the Jeffreys’ rule prior for a
Bernoulli random variable is πJ(p) ∝ 1/

√
p(1− p), it follows from (2.2) that the

Jeffreys’ rule prior for the negative binomial distribution is

π∗J (p) ∝ r

p
πJ (p) ∝ 1

p
√

1− p
.

This, of course, is well known from a direct computation with the negative binomial
distribution, as discussed in Geisser [8] and Bernardo and Smith ([19], Example
5.14, p. 315).

We next consider an example with a continuous stopping time.

Example 2.2. Let {Z(t) : t > 0} be a Brownian motion with constant drift θ and
variance 1 per unit time, so Z(t) ∼ N(θt, t). Let −∞ < a < 0 < b < ∞, and let
Tab denote the random stopping time

Tab = inf{t > 0 : Z(t) ≤ a or Z(t) ≥ b}.(2.3)

It follows from Hall [26] that

Eθ(Tab) =





1
θ

[
b− (b− a)

e2bθ − 1
e2(b−a)θ − 1

]
, if θ 6= 0,

−ab, if θ = 0.

Note that the constant prior is the Jeffreys’ prior based on stopping at a fixed time
(Polson and Roberts [29]; Sivaganesan and Lingam [31] ), from which it follows
that the Jeffreys’ or reference prior for this situation is

π(θ) =
√

Eθ(Tab).

This is of additional interest because of the study in Brown [10], which showed
that the commonly used estimate Z(T )/T , which is the posterior mean under a
constant prior for θ, is inadmissible under estimation with squared error loss. Brown
[10] further suggested that prior distributions which behaved like |θ|−1 as |θ| → ∞
were optimal for this situation. The Jeffreys’/reference prior has behavior |θ|−1/2

as |θ| → ∞, and so is not of this form, but admissibility is very dependent on the
loss function used. Indeed, it can be argued that a weighted-squared error loss is
appropriate for this situation, and the reference prior is likely admissible for an
appropriate weight.

2.2. Reference Priors

Reference priors depend on a grouping and ordering of the parameters; see Berger
and Bernardo [4, 5]. Suppose that θ = (θ(1), · · · , θ(m)) is an m-ordered grouping,
where the dimension of component θ(i) is qi for i = 1, · · · ,m. Datta and Ghosh
[14] considered the special case in which the (fixed sample size) Fisher information
matrix is diagonal, with the diagonal elements being products of functions of the
θ(i). Our first result is a generalization of their result.
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Theorem 2.1. Suppose that the Fisher information matrix corresponding to a
single observation X1 is of the form

I(θ) = diag
( m∏

i=1

G1i(θ(i)), · · · ,

m∏

i=1

Gmi(θ(i))
)
,(2.4)

where Gli is a qi × qi matrix. Assume further that the expected stopping time is of
the form

Eθ(N) =
m∏

i=1

gi(θ(i)).(2.5)

Then the reference prior for θ in the sequential experiment is

π∗R(θ(1), · · · , θ(m)) ∝
m∏

i=1

[gi(θ(i))]qi/2πR(θ(1), · · · , θ(m)),(2.6)

where πR(θ(1), · · · ,θ(m)) is the reference prior based on the single observation X1,
given by

πR(θ(1), · · · , θ(m)) =
m∏

i=1

|Gii(θ(i))|1/2.(2.7)

Proof. The proof is essentially identical to that in Datta [12], noting that, under
(2.5), the sequential Fisher information matrix has the product structure of Datta
and Ghosh [13–15].

This theorem can also be considered to be a generalization of Ye [38], who con-
sidered the case where Eθ(N) depends only on θ(1), the parameter of interest.

Berger and Bernardo [5] suggested that one should always try to use a one-
at-a-time reference prior, where each component of the grouping of parameters
contains only one parameter, and much of the subsequent literature has validated
this suggestion. We thus take it as given here that a one-at-a-time reference prior is
the desired target. The following result is an immediate corollary of Theorem 2.1.

Corollary 2.1. Suppose that the conditions of Theorem 2.1 hold. If qi = 1, for
i = 1, · · · ,m = k, then the resulting one-at-a-time reference prior for θ in the
sequential experiment is

π∗R(θ) ∝
√

Eθ(N)πR(θ1, · · · , θk).

For later purposes, we also note another corollary of Theorem 2.1, which applies
if the dimension of each component of the grouping of parameters has dimension 2.

Corollary 2.2. Suppose that the conditions of Theorem 2.1 hold. If all qj = 2,
then the reference prior for θ in the sequential experiment is

π∗R(θ) ∝ Eθ(N)πR(θ(1), · · · , θ(m)).

3. A Two-Parameter Exponential Family

3.1. The Model and Reference Priors

Bar-Lev and Reiser [1] considered the following density function of the generic
two-parameter exponential family:

f(x | θ1, θ2) = a(x) exp{θ1U1(x)− θ1G
′
2(θ2)U2(x)− ψ(θ1, θ2)},(3.1)

imsart-lnms ver. 2007/09/18 file: SunBerger.tex date: November 19, 2007



Objective Sequential Experimentation 23

where θ1 < 0, θ2 = E{U2(X) | (θ1, θ2)}, Gi(·), (i = 1, 2) are infinitely differentiable
functions satisfying G′′i > 0, and

ψ(θ1, θ2) = −θ1{θ2G
′
2(θ2)−G2(θ2)}+ G1(θ2).

This is a large class of distributions, which includes, for suitable choices of G1, G2,
U1 and U2, many popular statistical models such as the normal, inverse normal,
gamma, and inverse gamma. Table 1, reproduced from Sun [32], indicates how each
distribution arises.

Table 1
Special cases of Bar-Lev and Reiser’s [1] two parameter exponential family, where

h(θ1) = −θ1 + θ1 log(−θ1) + log(Γ(−θ1)).

G1(θ1) G2(θ2) U1(x) U2(x) θ1 θ2

N(µ, σ2) − 1
2

log(−2θ1) θ2
2 x2 x −1/(2σ2) µ

Inverse Gaussian − 1
2

log(−2θ1) 1/θ2 1/x x −α/2
√

α/µ

Gamma h(θ1) − log θ2 − log x x −α µ

Inverse Gamma h(θ1) − log θ2 log x 1/x −α µ

Let X1, X2, · · · be a sequence of random variables from (3.1). The Fisher infor-
mation per observation is

I(θ1, θ2) =
(

G′′1(θ1) 0
0 −θ1G

′′
2(θ2)

)
.

The two parameters θ1 and θ2 are orthogonal in the sense of Cox and Reid [11].
Thus the Jeffreys’ prior for a single observation is

πJ (θ1, θ2) ∝
√
|θ1|

√
G′′1(θ1)G′′2(θ2).(3.2)

When either θ1 or θ2 is the parameter of interest, it is shown in Sun and Ye [33]
that the one-at-a-time reference priors are

πR(θ1, θ2) =
√

G′′1(θ1)G′′2(θ2).(3.3)

The parameter θ2 is the expectation of U2(X1). Bose and Boukai [9] considered
inference about θ2 in sequential experimentation with the following stopping time:

Na = inf
{

n ≥ m0 : Yn < nG′1
(
−a2

n2

)}
, a ≥ 0,(3.4)

where Yn = n−1
∑n

i=1 U1(Xi) − G2{n−1
∑n

i=1 U2(Xi)} and m0 ≥ 2 is an initial
sample size. From Theorem 2 of Bose and Boukai [9], we have

lim
a→∞

Na

a
=

1√
|θ1|

a.s.(3.5)

lim
a→∞

Eθ

(Na

a

)
=

1√
|θ1|

.(3.6)

Bar-Lev and Reiser [1] showed that the distribution of Yn does not depend on
the parameter θ2. So condition (2.5) satisfies when either θ1 or θ2 is the parameter
of interest. The following result is immediate from Theorem 2.1 or Corollary 2.1.
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Fact 3.1. (a) The Jeffreys’ prior for (θ1, θ2) in model (3.1) with the stopping time
(3.4) and when a is large is approximately

π∗J (θ1, θ2) ∝
√

G′′1(θ1)G′′2(θ2).(3.7)

(b) The one-at-a-time reference prior for (θ1, θ2) in model (3.1), when either θ1

or θ2 is the parameter of interest, the stopping time (3.4) is used, and a is large
enough, is approximately

π∗R(θ1, θ2) ∝ 1
|θ1|1/4

√
G′′1(θ1)G′′2(θ2).(3.8)

Example 3.1. Suppose X1, X2, · · · , are a sequence of N(µ, σ2) random variables.
Then θ1 = −1/2σ2, θ2 = µ, G′1(θ1) = −1/2θ1, and Yn =

∑n
i=1(Xi − Xn)2. The

stopping rule (3.4) becomes

Na = inf
{

n ≥ m0 : n−1
n∑

i=1

(Xi −Xn)2 < n2/(2a2)
}

.

So the priors (3.2), (3.3), (3.7), and (3.8) are, respectively,

πJ(µ, σ2) ∝ 1
(σ2)3/2

, πR(µ, σ2) ∝ 1
σ2

, π∗J (µ, σ2) ∝ 1
σ2

, π∗R(µ, σ2) ∝ 1
(σ2)3/4

or equivalently,

πJ(µ, σ) ∝ 1
σ2

, πR(µ, σ) ∝ 1
σ

, π∗J (µ, σ) ∝ 1
σ

, π∗R(µ, σ) ∝ 1√
σ

.

3.2. Probability Matching Priors for a Sequential Experiment

Asymptotic frequentist coverage is an often-used criterion to compare objective
priors; see Welch and Peers [36], Peers [28], Tibshirani [34], Datta and Ghosh [13],
Datta, Ghosh, and Mukerjee [16], and Datta and Mukerjee [17] for discussion and
references. The most common approach is to find a ‘matching prior,’ i.e., a prior
which results in posterior one-sided credible intervals that are also accurate as
frequentist confidence intervals. Another type of matching prior, considered by Sun
and Ye [33], is a prior such that the confidence interval based on the signed squared
root transformation of the log-likelihood ratio is also a Bayesian credible interval.
Almost all of the literature considers the fixed sample case for i.i.d. observations;
exceptions are Ye [38] and Sun [32].

For sequential experiments involving the Bar-Lev and Reiser [1] two-parameter
exponential family, let ln(θ1, θ2) be the log-likelihood function of (θ1, θ2), given
Xn = (X1, · · · , Xn), and let (θ̂n1, θ̂n2) be the maximum likelihood estimator of
(θ1, θ2). Write

Yn = n−1
n∑

i=1

U1(Xi)−G2{n−1
n∑

i=1

U2(Xi)}.

Then, on {Yn ∈ G′1(Θ1)} ∩{n−1
∑n

i=1 U2(Xi) ∈ Θ2}, θ̂n1 is the solution of Yn =
G′1(θ̂n1), and θ̂n2 = n−1

∑n
i=1 U2(Xi). Define

I1(ω1, θ1) = G1(θ1)−G1(ω1)−G′1(ω1)(θ1 − ω1), ω1, θ1 ∈ Θ1,

I2(ω2, θ2) = G2(ω2)−G2(θ2)−G′2(θ2)(ω2 − θ2), ω2, θ2 ∈ Θ2.
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From the convexity of G1 and G2, these two functions are nonnegative. From Sun
[32], the log-likelihood ratio is ln(θ̂n1, θ̂n2)− ln(θ1, θ2) = (Z2

n1 + Z2
n2)/2, where

(
Zn1

Zn2

)
=

( {2nI1(θ̂n1, θ1)}1/2 sgn(θ1 − θ̂n1)

{−2nθ1I2(θ̂n2, θ2)}1/2 sgn(θ2 − θ̂n2)

)

is a generalized signed square root of the log-likelihood ratio.
Let P(θ1,θ2) denote probability over X1, X2, . . ., given (θ1, θ2), and, for a fixed

prior π(θ1, θ2), let Pπ(· | Xn) denote posterior probability given Xn. Suppose we
are considering a stopping time, Na, such that Na → ∞ almost surely as a → ∞.
An asymptotic frequentist matching prior in this sequential setting is a prior π such
that

Pπ(ZNa,1 ≤ c1, ZNa,2 ≤ c2 | XNa
)(3.9)

= P(θ1,θ2)(ZNa,1 ≤ c1, ZNa,2 ≤ c2) + O(a−1),

for all c1 and c2 in P(θ1,θ2)−probability.
Suppose now that the stopping rule satisfies

Na

a
→ τ(θ), in L1.(3.10)

From Sun [32], the unique prior satisfying (3.9), and hence the unique asymptotic
matching prior, is

π∗m(θ1, θ2) ∝
√

τ(θ)G′′1(θ1)G′′2(θ2) .(3.11)

As an immediate example, for the stopping time defined in (3.4), property (3.6)
establishes that (3.10) holds; hence the reference prior given in (3.8) is also the
asymptotic matching prior, a very desirable situation.

Example 3.1 (continued). In deriving the sequential likelihood ratio test to see if
(µ, σ2) = (µ0, σ

2
0), Woodroofe [37] considered the following stopping rule,

Na = min
(
b2a, inf

{
n ≥ b1a :

n∑

i=1

X2
i − n− n log(σ̂2

n) > 2a
})

,(3.12)

where 0 < b1 < b2 < ∞ are two prespecified numbers, σ̂2
n = n−1

∑n
i=1(Xi −Xn)2,

and Xn = n−1
∑n

i=1 Xi. Theorem 8.3 of Woodroofe [37] implies that

a

Na
→





b2, if ρ2(θ) < 1/b2,

ρ2(θ), if 1/b2 < ρ2(θ) < 1/b1,

b1, if ρ2(θ) > 1/b1,

in P(θ1,θ2)−probability, as a →∞, where

ρ2(θ) = G1(θ1)−G1(−0.5)−G′1(−0.5)(θ1 + 0.5)− θ1θ
2
2(3.13)

= {(µ2 + 1)/σ2 + log(σ2)− 1}/2.

Thus (3.11) gives an asymptotic matching prior for this situation. Note, however,
that the expected stopping time is not of the form (2.5), so that we cannot assert
that this prior is also a one-at-a-time reference prior.
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4. Computation

If Eθ[N ] is available in closed form, as in the examples in this paper, computation
with any of the sequential priors can be done using common MCMC techniques.
Hence we only consider here the case in which Eθ[N ] can only be computed nu-
merically.

4.1. Brute Force Computation

All the Jeffreys’, reference, and matching priors that have been discussed for a
sequential experiment are of the form Ψ(Eθ[N ])πF (θ), where Ψ is some operator
and πF is the corresponding prior for the fixed sample size experiment. The posterior
distribution corresponding to this prior is

π∗(θ | XN ) ∝ Ψ(Eθ[N ])πF (θ)
N∏

i=1

f(Xi | θ),(4.1)

where XN = (X1, · · · , XN ) is the data.
The brute force method for simulating from this posterior distribution is the

following Metropolis algorithm:

Step 1. Sample a proposed θ′, from the fixed sample size posterior density of θ,
which is proportional to πF (θ)

∏N
i=1 f(Xi | θ).

Step 2. Numerically estimate Eθ′ [N ]. For instance, one could repeatedly sample N
from its distribution given θ′, by simply repeatedly simulating the sequential
experiment for the given θ′, observing the N that results from each simulation,
and averaging to obtain the estimate ̂Eθ′ [N ].

Step 3. Perform a Metropolis step: sample u ∼ uniform (0, 1) and, with θ denoting
the previous value the parameter, accept θ′ if

u ≤ min

{
1,

Ψ( ̂Eθ[N ])

Ψ( ̂Eθ′ [N ])

}
,

and set θ′ equal to the previous θ otherwise.

If one cannot directly draw from the posterior in Step 1, one could instead
using any MCMC scheme, e.g. Gibbs sampling or Metropolis-Hastings. If doing so,
however, be sure to iterate Step 1 many times before moving on to Step 2. This
is because Step 2 is typically extremely expensive, as it may involve thousands of
simulations of the entire experiment simply to compute one Metropolis acceptance
probability. In situations where one dependent step is much more expensive than
others, it pays to iterate first on the others.

4.2. The Two-Dimensional Case

If using the Jeffreys’ prior in a two-dimensional problem or the reference prior in
the situation of Corollary 2.2, the posterior distribution is of the form

π∗(θ | XN ) ∝ Eθ[N ]πF (θ)
N∏

i=1

f(Xi | θ) .(4.2)
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This allows a remarkable simplification in the computation, by introducing N as a
latent variable.

To avoid confusion, we will label the latent variable as Ñ ; it is a variable with
the same distribution as N , but is independent of N . Write the density of Ñ given θ
as p(Ñ | θ). Then the joint density of (Ñ , θ), given the data XN = (X1, · · · , XN ),
is proportional to

p(Ñ | θ)Ñ πF (θ)
N∏

i=1

f(Xi | θ) .(4.3)

Sampling (Ñ , θ) from this distribution will result in θ from (4.2), as can easily be
seen by marginalizing over Ñ in (4.3).

Here is a Metropolis algorithm for sampling from (4.3).

Step 1. Sample a proposed θ′, from the fixed sample size posterior density of θ,
which is proportional to πF (θ)

∏N
i=1 f(Xi | θ).

Step 2. Sample a proposed Ñ ′ from p(Ñ | θ′). This can always be done by simply
simulating the sequential experiment once, given θ′.

Step 3. Perform a Metropolis step: sample u ∼ uniform (0, 1) and, letting (Ñ , θ)
denote the previous value the parameter, accept (Ñ ′, θ′) if

u ≤ min

{
1,

Ñ

Ñ ′

}
,

and set (Ñ ′, θ′) equal to the previous (Ñ , θ) otherwise. (Note that, if Ñ ′ < Ñ ,
one would always accept the candidate.)

The reason that this is a vastly more efficient algorithm than the brute force
algorithm is that one need only simulate a single draw of Ñ ′ in Step 2, whereas
thousands of draws would be needed in Step 2 of the brute force algorithm to
compute ̂Eθ′ [N ]. Again, of course, Step 1 could be replaced by any convenient
dependent MCMC scheme. Whether one then needs to iterate Step 1 before moving
on to Step 2 will be context dependent.

4.3. Modified Reference Priors

The most desirable prior is the one-at-a-time reference prior given in Corollary 2.1,
resulting in the posterior distribution

π∗(θ | XN ) ∝
√

Eθ[N ] πR(θ)
N∏

i=1

f(Xi | θ) .(4.4)

Unfortunately, the latent variable trick is not available for sampling from this dis-
tribution.

Interestingly, however, it is frequently the case that
√

Eθ[N ] ≈ Eθ[
√

N ] .(4.5)

When this is the case, the latent variable trick can be applied, and the algorithm
from Section 4.2 can be utilized by simply replacing Ñ/Ñ ′ in the Metropolis step

with
√

Ñ/Ñ ′.

imsart-lnms ver. 2007/09/18 file: SunBerger.tex date: November 19, 2007



28 D. Sun and J.O. Berger

In the remainder of the section, we discuss the reason that the approximation
(4.5) often holds. The first is that the sampling distribution of N may be rather
concentrated in a region of large N , in which case the approximation is clearly
good.

Example (Bar-Lev and Reiser [1]) (continued). For the stopping time Na

defined in (3.4), it follows from (3.5) and (3.6) that

lim
a→∞

Eθ(
√

Na/a) = 1/|θ1|1/4.

We then have

lim
a→∞

Eθ

√
Na

a
∝ lim

a→∞

√
Eθ

(Na

a

)
.

Example 2.1 (continued). Let Nr have the negative binomial distribution NB(r, p).
Note that Ep(Nr) = r/p and V arp(Nr) = rp/(1− p)2. As r →∞, we have

√
Nr/r → 1/

√
p in probability

and

Ep(
√

Nr/r) →
√

Ep(Nr/r) ≡ 1/
√

p.

To see the difference between Ep(
√

Nr/r) and
√

Ep(Nr/r) for moderate r, they are
plotted, as a function of p, in Figure 1 for r = 1 and r = 9. For r = 9, the curves
are essentially indistinguishable; even for the minimal r = 1 they are quite close.

It is also interesting to look at the posterior distributions for this example. In
Figure 2, we plot the posterior densities of p for three priors

πJ(p) ∝ 1/
√

p(1− p),
π∗R(p) ∝ 1/

√
p,

πM (p) ∝ Ep(
√

N∗
r /r).

Here πM (p) is an approximate prior. For even the very small r = 2, the posterior
densities under the two priors π∗R and πM are quite close, yet substantially different
from that under πJ . For a moderate r = 10, the posterior densities under π∗R and
πM are almost identical. Note that the posterior densities of p under πJ and π∗R are
Beta (r,Nr − r + 0.5) and Beta (r = 0.5, Nr − r + 0.5), respectively. The posterior
densities of p under πM were computed using 5000 Metropolis samples.

As a final indication of the similarity of the true and approximate reference
priors in this example, and of the value of using the sequential reference priors, we
compare the frequentist coverage probabilities that result from their use in obtaining
confidence intervals for p. Table 2 considers the frequentist coverage of one-sided
5% and 95% Bayesian credible regions, based on the fixed sample size Jeffreys’ prior
πJ , the sequential Jeffreys’/reference prior π∗R and the approximate prior πM for
various combination of r and p. The fixed sample size Jeffreys’ prior performs worse
then the other two, indicating the value of using the sequential versions, while the
reference prior and the approximate prior are almost equally good.
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p^(−1/2)
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r = 10

Fig 1. Negative binomial example: comparison of
√

Ep(Nr/r) and Ep(
√

Nr/r) for r = 1 and
r = 9.

Table 2
Coverage Probability of one-sided 5% (95%) Bayesian credible sets for the negative binomial

Example 2.1, under the three priors πJ (p) = 1/
√

p(1− p), π∗R(p) = 1/(p
√

1− p), and

πM (p) = Ep(
√

N∗
r /r).

r p πJ π∗R πM

2 0.1 .1142(.9738) .0516(.9511) .0487(.9509)
2 0.5 .0002(.9652) .0010(.9381) .0008(.9455)
2 0.9 .0001(.9724) .0003(.9700) .0000(.9729)

8 0.1 .0751(.9642) .0474(.9498) .0465(.9534)
8 0.5 .0552(.9688) .0522(.9536) .0568(.9517)
8 0.9 .0000(.9307) .0001(.9310) .0002(.9339)

30 0.1 .0617(.9571) .0508(.9497) .0516(.9523)
30 0.5 .0556(.9594) .0512(.9495) .0525(.9503)
30 0.9 .0426(.9369) .0438(.9410) .0442(.9368)
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(a). Posterior Densities of p, Given (r, N_r) = (2, 5)

p

pi_J
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(b). Posterior Densities of p, Given (r, N_r) = (10, 25)

p

pi_J
pi*_R
pi_M

Fig 2. Posterior densities of p based on the priors πJ (p) = 1/
√

p(1− p), π∗R(p) = 1/(p
√

1− p),

and πM (p) = Ep(
√

N∗
r /r) for r = 1, 10; (a) (r, Nr) = (2, 5); (b) (r, Nr) = (10, 25).
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÷6�(÷ �7ö�ó$ö�ô�ö ó$úMùRú;ôV��ö�C ^q7 h ( 9Fú;ó
7jý$û,ð�9Rû�R}ö õ#�<öL+&�<õ�i�Z�ó$öLK ���(÷6�&�Pö�CTô��$�,C ødódù.ô�ú;ö�ó$��� C ö�õ�� ö�CTô��$�H÷��7'm�<ód÷6�(ódù[�Hö�C7�?(�ö óO7�� � 1)9
K>ö�ø��,÷J�m��ó��7�
÷6�(÷Ëûdñ�C8�?(0KM�<õ#��ùRö ó@�Õô(��ó�ô4i�ô��dú�� Këö ø$�,÷J��úF�4�,÷

^ 7�� � 1 � � c#h ( 9G, PR:9 � . 3 + 7��`9V� ±&;�½ M "=^ ± 7 h.(�9 ' � � Hjh)($�?(
� . 3 + 7��`9 � �?(6� ±&;�½ < K

;I�$ú���ù<ö ø��M÷ �m��ø@�d�
÷ �����F^���+E���;ø$�TC ö õ��z�hú,ó�������ó�ø��������2'�ö�ô#���4��úf�7iI�$ø+ô�ú;ô�Këö ø$�,÷{ódö�ô
�@�*��ø$ú;ô#���$�F�/C ö�õ�ùRö ó@�Õô�õ�ødùRô�ú,ö ó�ö�CÈùRö ó�5�÷6�<ó�ù[�/��ö�ø$ód÷��4iCø$ó$�F����� . 3 + 7�� 9³KI���Hõ#�7'$����ù[�(÷k���
.43>=+ 7��`9�C ö õD�-5�"6�
÷Jh@?( û$8M�(ù4��ø$���Hö�C´ô������d�9�,úF�1ú;ô#��ô�ú,ö ó$�4i6K��S���$��ó�÷+ö ó ô��$úf�D��'$'$õ�ö2� ù(�Cû
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A�ø�'�'�ö&���éú;ó$�hô���� ÷ KM�ëø@�d�ëô��$�D��e�ø$� õ��7�`õ�ö�ö�ô#�Tö�CZ*-,�����(6n&��@ !/� E *&(6IX#& "!$*&�$i�ó$���/�4�F� = �a��ód÷

= � ( i���úF�4�,÷$ú;ó��
^ 7�� � 1 ��� c�h.(�9 , PR 9 � ±>;�½ M "0^ ± 7�� � 1ic#h ( 9 ' � � H�h ( � ( 7�� � 1)9

� � � � ( 7�� � 1b95� ±&;�½ < K7jý$û2þ-9

R}ö ó$ö ô�ö�ó$ú,ù<ú'ôV� ú;óPh)(S7\C ö õD��� ù(�87�� � 1 ��� 9l9ëúf� ����ú,ó�ô#� ú;ó��
÷�i6�$ø+ôÈô#����ø$ó$úFC ö õ#�1ú'ôV� ö�C5ô�����ó�ø����
÷+ú��hô�õ�ú��$ø+ô�ú,ö óJK>ö�ø��M÷*��'�'m�4� õ6ô�ö��m��ú,ó�÷$ö ø��+ô
û6nAöLKM�7+��(õ4i�ô�ö1ùRö��/'$ø$ô�� ^�i�ó$ö�Z�ó$öLK ���(÷6�&�Aö�C
ô�����÷6�4'@�(ód÷6�(ódù[���Õô�õ�ødùRô�ø$õ#�Hö�C �?(�ú��éõ#�4e�ø$ú,õ#�(÷�i+ö�ó��F� ú'ô(�Èö��$���<õ#+��
÷*+L���,ø���û
�b�éó$öLK ù<ö ó$��úM÷6�<õ5ô��$�D�d'm�(ù<ú�����ù4�����>ö�Cq7]ý$û,ð�9a��ód÷o7jýdû þG9BKÈú;ô��#�?( ; ��i����E���?( , � �.û�A�ú;ó�ù[�

� ½± , �&%T7�� � � �l9O,�ð %?7Õð � � 9I��ód÷)� ½½ , � %T7hð � � 9�i$ô��$úf�I��úF�4�,÷��Èù<ö ó$�hô#� ó�ôIKM�<ú�����ô(��c6��ó�÷ �ú��0Z�ó$öLKÈóºö�ódù[� � , �³��ó�÷ �?(�� õ��-ö��$���<õ#+��
÷Ëû@n³�<ódù7��i�ô��$�-ø$���Fö�C6ö��@�d�(õ�+&�(÷�ú,ó6C ö õ#����ô�ú,ö ó
ú;óüô��dú��Aù4�����Hú��q�Õø$�hô�úF5$�
÷Ëû
ìFí _ í °]°j¯6_:· � « � «�� E � E *3(h��*3IK�`E.*&�?�6 V#&�� � � �?(&721 � �l9 , � � E *&(k#3%/%?721 � �l9��� L>?��� e�� � "�gj@G��' �b���
# E #&IS!/%01D* E ^ UVn:#3%0���6���
X$ö õëô#���,��õ�ö�ø�'6�l�d��e�ø��<ó�ô�úf���/ù7�&�d�,KÈú'ô#��ø$' ô�ö�� ��ó$���F�6���4�M��ód÷J�Õô(���&�7KÈúf�d��ö õ�÷6�<õ�ú;ó$�$i2K��

�7ö+÷+úFC\�-ô����Pù<ö��-�$ú;ó@��ô�ú,ö óf^$� +L���,ø��\7]ý$û2þ-9�Q2X$ö�õ¥ô����Õô�ú;ó��-h ( i&KÈú'ô#� � ( �-6 � ( 7 ��9�i�ô#���D�1ö+÷+úF5$�(÷
^���+E���;ø$��úf�A÷6�75dó��
÷��&�
7jý$û ýG9
^	�-7��>� � 1 � � c#h ( 9O, 
 PR�� � � ±&;�½� M 7;^ ± 7��>� � 1 c�h ( 9l9 � � H�h ( � ( ����%?7��>� � � ( �39 ±>;�½�
 úFC �(
��

^ ± 7���� � �?(�� � 1 � � c#h)(�9 úFC �J,��
K ���<õ#� ^ ± 7�� � 1ic#h ( 9¥úf�6ô#���0� õ�ö ø�'6�l���4e�ø��<ó�ô�ú����$�Õô(���&�7KÈúf�d� ^$� +L���;ø��³C ö õ>ô����Õô�ú;ó�� h%, h ( +��(õ#��ø$�
��� õ��&�<õ +L���,ø��4�³K ���<ó�ô#���-� ó$�����6�d��� ��õ#�S��ù(�$�(÷+ø����(÷P��ô6� ± �)K K)K�� � � SC± � � (� 6 � � � � (�� KÈú;ô��
�4��õ#���&�l�hô�ö�'$'$ú;ó$�S�d�<ô#���7�27 �(
��O9 7\��� ù(�1ô#����ù<ö��/'����7�/�<ó�ô6ö�CB��ó9ú,ó�ô#�<õ#+L���/9.û&;I�dú�������ô�ù(�$�4�
ô�����@G��%=�� "!$*&�OIK�� />�*�@JK ���(óP�Õô�ö�'�'$ú,ó��/�$�&�éó$ö�ôAö+ù<ù<ø$õ�õ��
÷*�4� õ���� û
X$ö õ��*��õ�ö�ø�'6�l�d��e�ø��<ó�ô�úf���aR]N���ö õ�÷6�(õ�ú,ó��$idô�������� Ul*3(+@-��(6!/��W]IK�� />�*�@�� 3 �	�/�E���m�-�1ö�õ��

�hø$ú;ô#������� û
�b���d�döLK{ú;ó�A��(ùRô�ú,ö ó$� %S� ód÷g?�ô��$��ôÈø$�d��ö�C�^üú,óF7jýdû þG9¥ö�õ 7]ý$û ýG9�i2C ö�õM���7+&�<õ(����ù(�dö úMù[�4�>ö�C

ô�����÷6�4'@�(ód÷6�<ó�ù[�%ö�C �?(Aö�óF7�� � 1b9I� ód÷9ôVKëö�'�ö�'dø���� õ �d��e�ø$�<ó�ô�úf���Ë÷6���hú�� ó$�4i&C ö õÈùRö�ó$�Õô�õ�ø�ù.ô�ú,ó��
ùRö ó�5�÷6�<ó�ù[�*��ö ø$ó�÷���� ód÷�ú;ó�ô#�<õ#+E�����S�/�E�b��úF�4�,÷p��÷6�4e�ø$��ô��7���b��ù<ù<ø$õ#��ô��9ùRö�ó65�÷6�(ódù[��ùRö��[=/�
ùRú��<ó�ô#�(û�;I�$úf�S���4��÷���ø$��ô�ö}õ#�(ù<ö��/�/�<ód÷�ô��$� ø$���9ö�C\7jýdû þG9�ö õ�7]ý$û ýG99�&��úFCéú;ô�KM�<õ#�*�P��ö ó$�
5�÷6� ù<ö����dú;ó$��ô�ú,ö óD^���+L���,ø���i´ú Céô#��� ÷6���hú�� ó ù(�$ö2�d�(ój� ód÷�ô��$�*�;ú�Z��4�F�bC ö õ#� ö�CA÷6�7'm�<ód÷��<ódù7�
��õ#����ú��7ú��f��õéô�ö7ô#�$ö&����ùRö ó@�húM÷6�<õ#�(÷�ú,óPA6�(ù.ô�ú;ö�ó�?dû
)�ó��I���&�Õô	+L��õ�ú���ô�ú,ö ó-'@�(õ��1ú;ô#�aC ø$õ�ô����(õ
� ÷:�Õø@�Õô#� �(ó�ô*ö�Cdô#��� KM�<ú�����ô�ú,ó��$Q ! �d�IKM�<ú�����ô#�oKÈú;ô��

��e�ø$� õ�����'$õ�ö&'�ö�õhô�ú;ö�ó$���5ô�ö � ��ó�÷����?(37��`9³C ö õ�����'@�
ùRúF5$�(÷�KM�<ú�����ô�ú,ó���C � ùRô�ö õ�� / N ûBXdö õ
�7ö ô�ú�+L��ô�ú,ö óBi$�d�4�SA��(ùRô�ú,ö ók1�û

� « ì-í�� � ¸´î(»]²´¼��J����¯$°j¸5¶�ï7¯d²´³ ì-í ²��®³5¶�²a` ¶�� í ¸´²5³´ï
nD�<õ#� KM�D� ù.ô �&�¥úFC � ( ; ��i�� ód÷1÷+ú���ùRø@���®ô#���Aø$���Èö�CZ7jýdû þG9o��ód÷D7]ý$û ýG9aC ö�õ¥ö��+ô(��ú,ó$ú;ó$� ^���+E���;ø$�4�
��ód÷�i$�2� ú;ó�+��(õ#��ú,ö óYi+ùRö�ó65�÷6�(ódù[����ö ø$ó�÷��D��ó�÷�ú,ó�ô��(õ�+L���f�(û
X$ö õ9� ó2�P'@��õ�ô�úMùRø��f��õ�ó�ø��F�	+L���;ø��/h)(�i/ô����]E.*&IX,�!/�b�.@f^iUVn&#&%;���f^ 7 h)(�9,���E�P�m�1ù<ö��/'$ø+ô#�(÷

C õ�ö&� 7jýdû þG9Cö�õp7]ý$û ýG9�KÈú;ô��#�d7 ö�õ � � 9�i 1�i � ��ód÷ �?(6ô����éö&�$�d�(õ�+&�(÷9+L���;ø����7i�� ód÷�ø@�hú,ó��9�hö�CZôVKM� õ��
ô��$��ô �(ó$�������4�-ùRö&� 'dø+ô#��ô�ú,ö ó ö�C ^ ± 7 h)(�9.ûoX$ö õ-���(ó��<õ(�����;ú,ó��4� õ���ö ø$ó�÷���õ�úF���7ia�hø�ù(� �hö�CZôVKM� õ��ú�� �E+L��ú��������F�/C õ�ö�� ô��$�J��ø$ô��$ö�õ#�o7\�$�&�d�
÷�ö ópC ö�õ��-ø����&��ú,ó � ý3�/9[ia� ód÷�ô��$�J� !MA6; �hö�CZôVKM� õ��
�'ð�ð6�M'dõ�öL+�úM÷6�4�S��ødù(� ö�ø+ô�'dø+ô�C ö�õ-�P�,úF�1ú;ô��
÷ ���7���(ù.ô�ú;ö�ó ö�C �,ú;ó�����õ-��ö�ø$ód÷�� õ�ú��4�-��ód÷p��õ�ö�ø�'6�
�d��e�ø$�<ó�ô�úf���	�1ö+÷+úF5�ù7��ô�ú,ö ó$�Hö�C>ô#���7��ûBXdö õ9� õ�ö ø$'6�����4e�ø��(ó�ô�úf���a��ö�ø$ód÷�� õ�ú��4�0KÈú;ô��p�Õô(���&�7KD��úF�
ö õ�÷6�<õ�ú;ó$�$i$��'dõ�ö&� õ(��� P �dø$úF�;ôD��õ�ö ø$ó�÷P�hö�CZôVKM� õ��0C ö õd^ ± 7 h)(�9MC õ�ö������(ó$ó$úf�hö�óA� %��=P{ú��,�E+E� úF�F�
��������C õ�ö&� ô��$�S��ø+ô#�$ö õ(�<û
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;Tö�ö��+ô(��ú,ók��óºø$'�'@�(õ�ù<ö ó65�÷6�<ódù7����ö ø$ó�÷TKÈú;ô���ù<ö ó65�÷6�<ódù7�-ù<ö2�7=%ùRú��<ó�ôTFoi@KM�Fó$�7�(÷}ô�ö

�hö&�F+&�i^ 7 h39O,�F C ö õoh-,��h��Ii(ö�õ���e�ødúF+L�����<ó�ô#�F�&i���ö���+�� M 70^q7 h39+9 , M 7 F�9.ûE� �,ú;ôhô����I�������7�dõ#� ���4��÷��ô�öºô#���*��e�ødúF+L�����<ó�ô '$õ�ö&�����7� P �7"$ù[�7'$ôFú;ó�ô#���g��õ�ö�ø�'6�l�d��e�ø��<ó�ô�úf���*ù4�����*KÈú;ô�� �0, ��� P{ö�C
�hö&�F+�ú,ó��ShOH�� 7 h39'H
� � H = � ( M 7 F�95��% �?( , N K ���<õ#�4� ( 6 � � �?( � ód÷��i7 h39 6 = � M 70^ ± 7 h39+9&% �?(�û
A�ô#� õhô�ú;ó���C õ�ö&� ��ô�õ�ú����@��ö��,ø+ô�ú,ö ógh ( i&� ód÷%ùRö&�/'$ø+ô�ú,ó��	�i7 h ( 9
� ód÷�� 7 h ( ��
 9oC ö õ���ö��/�0�d�������

 i@��óüúF�/'$õ�öL+��
÷g��ö��,ø+ô�ú,ö óüú��

h 6 h ( H h ( H�� 7 h ( 9 H � � H = � ( M 7 F�95��% � (
ð � � �i7 h ( 9 H
� 7 h ( ��
 95��% 
 K

�b�,5dód÷1ô#�$��ô>ôVK>öFö õ*ô#�$õ#�7�Pú;ô��(õ#��ô�ú,ö ó$� '$õ�öL+�úM÷6� ��ö�ö+÷*��ù<ù<ø$õ#��ù[��û�7\� ���(ó �O,�� � i2K���ö ó����
ó��7�
÷c��ö���+��S^ ± 7�� (� � 1 � � c#h39A,QF®û 9 �³�'ô#�<õ�ó$��ô�úF+&�7����i	��ô�õ�ú���� �l��ód÷6� �(õ�õ�ö õ���'�'$õ�ö&��ù(� K>ö�õ�Z6�
e�ødú'ô#�S����ô�úf�VC ��ù.ô�ö�õ�ú���� û

� «���_:¸5¶ ì-í ²��®³5¶�²a` ¶ ì-í ¶�� `�»j¶�²/î(ï
�b��ódöLK �4+E���;ø@��ô���ô�����ô�õ�ø$��ùRö ó�5�÷6�<ó�ù[�Fù<ö2�7=%ùRú��<ó�ô C ö õ³� ùRö ó�5�÷6�<ó�ù[�9��ö ø$ód÷�ö�õAú,ó�ô#�<õ#+L���
÷6�Rô#�<õ#�7ú,ó��
÷9����ø$��ú,ó��j7jýdû þG9�i�K ���Rô#���<õ´ö õ´ó$ö�ô � ( ú��B'$õ�ö�'�ö õ�ô�ú,ö ó$����ô�ö4�Fû�NY�<ô��h��³�m����ó�ø$'�'@�(õ
ùRö ó�5�÷6�<ó�ù[�9��ö ø$ód÷�÷6�<ô��(õ��1ú,ó��(÷����9ô#���S�/�Rô#�$ö+÷�ö�C´ô#���S'$õ#�7+�ú,ö ø$� ���(ùRô�ú,ö óJC ö õ³�1ódö��1ú;ó@���
ùRö ó�5�÷6�<ó�ù[��ù<ö��[=%ùRú��<ó�ô0F®ûo;I����e�ø����Õô�ú;ö�ó úf�7QaK �$��ô7ú��Fô��$� ô�õ�ø��üùRö�ó65�÷6�(ódù[�üùRö��[=%ùRú��<ó�ô�q
�b��ó��7�
÷�ô�öc�7+L���,ø$��ô���i�C ö õJ� ú�+��(ó5F � ód÷ h�i�� � 7 h39 6 . 3 7�h 
��h � 9g��ód÷ ÷��Rô��(õ��1ú,ó��
� (� 6 ú;ó�C 3 � � 7 h39.û
�³��ó$ö�ô#�(÷ ú,ó A��
ù.ô�ú;ö�ó 3 i��h � ú���ô#���b��ö��,ø+ô�ú,ö ó ô�öchDH�� 7 h399, � � H = � ( M 7 F�95��% �?( 6

� 7 ��� � ( � �?( � F�9.ûYA�ú,ódù[����úf��÷6�
ùRõ#�4�&�hú,ó�� ú,óbh�i�ô#���/�F�7CZô���ú,÷��-úf��ú;ódù<õ�������ú;ó$� ú,óbh�i���ód÷k���<ó�ù[�
h�
 �h � ú;a h3H�� 7 h39 
 � 7 ��� � ( � �?( � F�9.û
;I�$úf� ����ôhô#�<õ/�7+&�<ó�ô7úf� �4e�ø$���>ô�ö�ô������7+&�<ó�ôD7 � H
h �?(�9&% = �?(A/ � H = � M 70^ ± 7�� � 1ic#h39l9 � = � ( M 7 F�95��% = �?(�ûY;I���(õ��7C ö õ#��iËùRö�ód÷+ú;ô�ú,ö ó$ú,ó���ö ó 7�� � $F9
��ód÷����(ódù[�Hö ó � ( i�KM���$�E+��
7 %+û,ð�9 ���)7 h39 , .434.73G7 h 
��hL@ � � $O9 , .43 R:9 � ±>;�½ M 70^ ± 7�� � $Ac�h39+9IH � ( ±>;�½ M 7 F�9l9� ±>;�½( < K
ñ�C6ô��dú���ù<ö����dú;ó$��ô�ú,ö óo^���+E���;ø$�-KM�<õ#�-��ö ó@�*5�÷��6P�ô��$��ôHúf�4iËú C � (�; �rP�ô��$�7õ#�4��ø��;ô9K>ö�ø��,÷
�@� F�úM÷6�(ó�ô�ú,ù4�����F� ú;óPh�û
;I���9ô�õ�ø��%ù<ö ó65�÷��<ódù7� ùRö��[=%ù<úF�(ó�ô9C ö�õ���óC7 �4e�ø$��� �`ô#� úF�/9HùRö�ó65�÷6�(ódù[�9ú,ó�ô��<õ#+L���
�@�����(÷�ö ó

7jý$û2þ-9
���E�-�m�Pö&�+ô#� ú;ó��
÷��hú��1úF�f��õ#��� û&Xdö õM��ó9ú,ó�ô#�<õ#+L���mKÈú'ô#�%ó$ö��1ú,ó$����ùRö�ó65�÷6�(ódù[�Pù<ö��[=%ùRú��<ó�ô
Fai+ô#���Hô�õ�ø���ùRö�ó65�÷6�(ódù[��ù<ö2�7=%ùRú��<ó�ôAú��! (� 6�ú,ó6C53" #��7 h39MK ���<õ#�

 � 7 h39 6$� , ±�S � 1 ;�½ 7 h39 H%� , ±'& � 1 ;�½ 7 h39 K7 %+û2þ-9
X$ö õ�ô��$��� õ�ö ø$'6�����4e�ø��(ó�ô�úf���Y�1ö+÷+úF5�ù7��ô�ú,ö ó�7]ý$û ýG9�i 7 %$û;ð:9Èó��4�(÷��Pô�öJ�@�-�1ö�÷$ú 5$�
÷TK ���(ó � ,�	�7û

( « ì-í�� � ¸´î(¯+î
» í ²´¯d°*)T¸ �<�6í _
î�+ í _D� �<� _ í "C» � ¯+î(» í ²5ï
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Abstract: We revisit the question of priors that achieve approximate match-
ing of Bayesian and frequentist predictive probabilities. Such priors may be
thought of as providing frequentist calibration of Bayesian prediction or sim-
ply as devices for producing frequentist prediction regions. Here we analyse
the O(n−1) term in the expansion of the coverage probability of a Bayesian
prediction region, as derived in [4]. Unlike the situation for parametric match-
ing, asymptotic predictive matching priors may depend on the level α. We
investigate uniformly predictive matching priors (UPMPs); that is, priors for
which this O(n−1) term is zero for all α. It was shown in [4] that, in the
case of quantile matching and a scalar parameter, if such a prior exists then
it must be Jeffreys’ prior. In the present article we investigate UPMPs in the
multiparameter case and present some general results about the form, and
uniqueness or otherwise, of UPMPs for both quantile and highest predictive
density matching.
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1. Introduction

Prior distributions that match posterior predictive probabilities with the corre-
sponding frequentist probabilities are attractive when a major goal of a statistical
analysis is the construction of prediction regions. Such priors provide calibration
of Bayesian prediction or may be viewed as a Bayesian mechanism for producing
frequentist prediction intervals.

It is known that exact predictive probability matching is possible in cases in
which there exists a suitable transformation group associated with the model. The
general group structure for parametric models starts with a group of transforma-
tions on the sample space under which the statistical problem is invariant. This
group of transformations then gives rise to a group G of transformations on the
parameter space. From an ‘objective Bayes’ point of view, it makes sense to choose
a prior distribution that is (relatively) invariant under this group. In particular,
this will ensure that initial transformation of the data will make no difference to
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Predictive matching priors 47

predictive inferences. The two fundamental invariant measures on the group G are
the left and right Haar measures. The left (right) Haar measure is the unique left-
(right-)translation invariant measure on G, up to a positive multiplicative constant.
These measures give rise to invariant left and right Haar priors on the parameter
space. In the decision-theoretic development, under suitable conditions it turns out
that the right Haar prior gives rise to optimal invariant decision rules for invariant
decision problems; see, for example, [1]. The left Haar prior, however, which coin-
cides with Jeffreys’ invariant prior, often gives inadmissible rules in multiparameter
cases. These facts provide strong motivation for the use of the right Haar prior. In
relation to predictive inference, following earlier work in [10] and [11] this intuition
was further reinforced in [13], where it was shown that if such a group structure
exists then the associated right Haar prior gives rise to exact predictive matching
for all invariant prediction regions. Thus the predictive matching problem is solved
for models that possess a suitable group structure when the prediction region is
invariant.

When exact matching is not possible one can instead resort to asymptotic ap-
proximation and investigate approximate predictive matching. This question was
explored in [4] for the case of n independent and identically distributed (i.i.d.) ob-
servations. For regular parametric families the difference between the frequentist
and posterior predictive probabilities is O(n−1) and a concise expression for this
difference was obtained in [4] by using the auxiliary prior device introduced by P.
J. Bickel and J. K. Ghosh in [3]. This technical device has proved to be extremely
valuable for the theoretical comparison of Bayesian and frequentist inference state-
ments, or simply as a Bayesian device for obtaining frequentist results. It has been
particularly useful for deriving probability matching priors (see, for example, [8],
[9] and the review in [5]) and for studying properties of sequential tests ([16]).

In order to find an approximate predictive probability matching prior, one sets
the O(n−1) discrepancy to zero and attempts to solve the resulting partial differen-
tial equation (PDE); a number of examples are given in [4]. We briefly review the
main results in [4] in Section 2. Two main issues arise from this analysis. Firstly,
the PDE for a predictive matching prior may be difficult to solve analytically. The
second, and more fundamental, issue is that, except in special cases, the resulting
matching prior will depend on the desired predictive probability level α. If there
does exist a prior that gives rise to predictive probability matching for all α then
we shall refer to it as a uniformly predictive matching prior (UPMP). Of course, in
the case of a transformation model and an invariant prediction region we already
know from [13] that the right Haar prior must be a solution of the PDE. It is in-
structive to demonstrate this directly and this is done in the Appendix for quantile
matching. Since the definition of the right Haar prior depends on a specific group
of transformations on the parameter space, we need to study the effect of param-
eter transformation on the quantities appearing in the PDE. For this reason, it is
natural to regard Fisher’s information, g, as a Riemannian metric tensor so that
transformational properties of g and the other quantities that appear in the PDE
can be studied.

In the case of quantile matching and a single real parameter, it has already been
shown in [4] that if there exists a UPMP then it must be Jeffreys’ invariant prior.
This result therefore extends the exact Haar prior result for transformation models
to the most general models for which approximate uniform matching is possible.
However, it is clear from examples discussed in [4] and from the general theory for
transformation models in [13] that this result will not hold in the multiparameter
case. For example, the unique UPMP for the normal model with unknown mean and
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48 T. J. Sweeting

variance is the right Haar prior, or Jeffreys’ independence prior, whereas Jeffreys’
prior is the left Haar prior.

The main purpose of the present article is to investigate the general form of
UPMPs whenever they exist. In particular, we explore the uniqueness or otherwise
of the right Haar prior as a UPMP for quantile matching in the case of a transfor-
mation model. Although UPMPs can exist outside of transformation models, such
situations would seem to occur rarely. The main results are given in Section 3 and 4.
In Section 3 we explore the form of the UPMP for quantile matching. In addition to
confirming that the right Haar prior is a UPMP in suitable transformation models,
as discussed above, we obtain the general form of the UPMP whenever one exists
and show that this prior is unique. In particular, it follows that for transformation
models there are no priors other than the right Haar prior that give approximate
uniform predictive quantile matching. In Section 4 we consider probability match-
ing based on highest predictive density regions, which are particularly relevant for
multivariate data. The scalar parameter case is clear-cut and was essentially treated
in [4], where it was shown that if there exists a UPMP then it is unique. However,
unlike quantile matching, this UPMP is not necessarily Jeffreys’ prior. The situ-
ation is less straightforward in the multiparameter case. We show that, under a
certain condition, if there exists a UPMP then it is unique. If this condition is not
satisfied then either there will be no UPMP or there will exist an infinite number
of UPMPs. This section provides predictive versions of results for highest posterior
density regions obtained by J. K. Ghosh and R. Mukerjee in [8] and [9]. We end
with some discussion in Section 5.

2. Review of predictive probability matching priors

We begin by introducing the notation and reviewing the main results in [4] on pre-
dictive probability matching priors. We consider only the case of i.i.d. observations
in this article, but the results would be expected to hold more generally under
suitable conditions. Suppose then that X1, X2, . . . is a sequence of independent ob-
servations having the same distribution as the (possibly vector-valued) continuous
random variable X with density f(·; θ), where θ = (θ1, . . . , θp) ∈ Ω is an unknown
parameter and Ω is an open subset of <p. Consider the problem of predicting the
next observation, Xn+1, based on the first n observations, d = (X1, X2, . . . Xn).
We assume regularity conditions on f and π, as detailed in [4]. In particular, the
support of X is assumed to be independent of θ.

Consider first the case of univariate X. Let q(π, α, d) denote the 1−α quantile of
the posterior predictive distribution of Xn+1 under the prior π. That is, q(π, α, d)
satisfies the equation

(2.1) Pπ(Xn+1 > q(π, α, d)|d) = α .

Let q(θ, α) be the 1− α quantile of f(·; θ); that is

(2.2)
∫ ∞

q(θ,α)

f(u; θ)du = α .

Write ∂t = ∂/∂θt and let ft(u; θ) = ∂tf(u; θ). Define

(2.3) µt(θ, α) =
∫ ∞

q(θ,α)

ft(u; θ)du .
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Predictive matching priors 49

Finally, let g(θ) be the per observation Fisher information matrix, which we assume
to be non-singular for all θ ∈ Ω, and let gst and gst be the (s, t)th elements of g
and g−1 respectively.

Using the approach of [3] and [7] in which an auxiliary prior is introduced and
finally allowed to converge weakly to the degenerate measure at θ, it follows from
equations (3.3) and (3.4) in [4] that

(2.4) Pθ(Xn+1 > q(π, α, d)) = α− ∂s{gst(θ)µt(θ, α)π(θ)}
nπ(θ)

+ o(n−1) .

Here and elsewhere we use the summation convention. We will say that π is a level-α
predictive probability matching prior if it satisfies the equation

(2.5) ∂s{gst(θ)µt(θ, α)π(θ)} = 0 .

From (2.4), such a prior π matches the Bayesian and frequentist predictive proba-
bilities to o(n−1). Clearly, in general a solution of (2.5) will depend on the particular
level α chosen. This is demonstrated in [4] for the specific example in which the
observations are from a N(θ, θ) distribution. Recalling the discussion in Section 1,
we refer to a prior for which (2.5) holds for all α as a uniformly predictive matching
prior (UPMP). In the case p = 1, it was shown in [4] that if there exists a UPMP
then this prior must be Jeffreys’ prior. As noted in [4], when no UPMP exists
then the formula on the left-hand side of (2.5) may still be useful for comparing
alternative priors.

Moving to the multiparameter case, examples in [4] illustrate that the above
result on Jeffreys’ prior no longer holds. An illustration of this is Example 2 in
[4], which is the location-scale model f(x; θ) = θ−1

2 f∗(θ−1
2 (x − θ1)). In this case

there exists a UPMP given by π(θ) ∝ θ−1
2 , which is the right Haar prior for this

model under the location-scale transformation group, whereas Jeffreys’ prior is the
left-invariant prior π(θ) ∝ θ−2

2 under this group.
In the case where X is possibly vector-valued, the coverage properties of highest

predictive density regions are investigated in [4]. This investigation mirrors that in
[8] and [9] for highest posterior density regions. Let m(θ, α) be such that

∫

A

f(u; θ)du = α ,

where A = A(θ, α) = {u : f(u; θ) ≥ m(θ, α)} and define

ξj(θ, α) =
∫

A

fj(u; θ)du .

Let H(π, α, d) be the level-α highest predictive density region under the prior π.
Then, as for quantile matching, it follows from the results in Section 5 of [4] that

Pθ(Xn+1 ∈ H(π, α, d)) = α− ∂s{gst(θ)ξt(θ, α)π(θ)}
nπ(θ)

+ o(n−1) .

Thus π is a level-α predictive probability matching prior if and only if it satisfies
the equation

(2.6) ∂s{gst(θ)ξt(θ, α)π(θ)} = 0 .

Once again we see that in general the solution π will depend on the level α. Examples
are given in [4] in which there are no priors that satisfy (2.6) for all α. Moreover,
even in the case p = 1, if there does exist a unique prior satisfying (2.6) for all α
then it is not necessarily Jeffreys’ prior.
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50 T. J. Sweeting

3. UPMPs: quantile matching

As discussed in Section 2 we know that when p = 1 and a UPMP exists for quantile
matching as in (2.1), then it must be Jeffreys’ prior. However, it need not be Jeffreys’
prior when p > 1. Under a suitable group structure on the model, the results in [13]
imply that the associated right Haar prior gives exact predictive matching, since
the prediction region here is invariant. Thus in these cases the right Haar prior
must also be a solution of equation (2.5). It is instructive to demonstrate directly
that this is indeed the case.

First note from the product rule that equation (2.5) is equivalent to

(3.1) gst(θ)µt(θ, α)∂sλ(θ) + ∂s{gst(θ)µt(θ, α)} = 0 ,

where λ(θ) = log π(θ). Suppose that there exists a group G of bijective transforma-
tions on the sample space under which the statistical problem is invariant. Further
assume, as in [13], that G = Ω, a locally compact topological group. In this case
the distribution of X under θ is the same as that of θX under e, the identity ele-
ment of the group, with θ regarded as an element of the transformation group G.
Then there exist unique (up to a multiplicative constant) left-invariant and right-
invariant Haar measures on G, giving left and right Haar priors on the parameter
space. In the following we denote the right Haar prior density on Ω by πH . The
proof of the following theorem is given in the Appendix.

Theorem 3.1. Under the above group structure the right Haar prior satisfies equa-
tion (3.1).

Two questions naturally arise. First, if the above group structure exists then
can there be UPMPs other than the right Haar prior? The answer to this question
turns out to be ‘no’, as follows from Theorem 3.2 below. Second, if the above group
structure does not exist can there still be a UPMP? The answer to this question is
‘yes’. An example in the case p = 1 is given in Section 3 of [4] for which there is no
suitable group structure but there is still a unique UPMP, which must of course be
Jeffreys’ prior.

We now establish the general form of the UPMP whenever it exists and show that
it is unique. This is a multiparameter version of Theorem 1 in [4]. Let F (x; θ) be the
distribution function of X, l(x; θ) = log f(x; θ) and write Fs(x; θ) = ∂sF (x; θ), ls(x; θ) =
∂s log f(x; θ). Define the functions

(3.2) hr = gst

∫
(Fslr − Frls)

∂lt
∂x

dx ,

where the integration is over the (common) support of F (x; θ). Finally write λJ =
log πJ , where πJ(θ) ∝ |g(θ)|1/2 is Jeffreys’ prior.

Theorem 3.2. Suppose that there exists a UPMP, π, for quantile matching. Then
π is the unique UPMP and the partial derivatives of λ = log π are given by

(3.3) ∂rλ(θ) = ∂rλ
J (θ) + hr(θ) .

Proof. We begin by expressing g(θ) in terms of the functions µt(θ; α) defined at
(2.3). By differentiation of equation (2.2) with respect to α we see that−f(q; θ)∂q/∂α =
1, while differentiation of equation (2.3) gives

(3.4) ∂µj(θ, α)/∂α = −fj(q; θ)∂q/∂α = lj(q; θ) ,

imsart-lnms ver. 2007/09/18 file: Sweeting.tex date: November 20, 2007



Predictive matching priors 51

on substitution of ∂q/∂α from the previous relation. It follows that

(3.5) gij(θ) =
∫

li(q; θ)lj(q; θ)f(q; θ)dq =
∫ 1

0

(
∂µi(θ, α)

∂α

)(
∂µj(θ, α)

∂α

)
dα .

Suppose that there exists a UPMP π. Differentiation of equation (3.1) with
respect to α and multiplication by ∂µr/∂α gives the equation

gst ∂µt

∂α

∂µr

∂α
∂sλ +

∂µr

∂α
∂s

{
gst ∂µt

∂α

}
= 0 .

Since this relation must hold for all 0 < α < 1, integration over 0 < α < 1 gives

(3.6) gst

{∫ 1

0

∂µt

∂α

∂µr

∂α
dα

}
∂sλ +

∫ 1

0

∂µr

∂α
∂s(gst ∂µt

∂α
)dα = 0 .

But from (3.5) the left-hand side of (3.6) is gstgtr∂sλ = δs
r∂sλ = ∂rλ, where δs

r is
the Kronecker delta function. Also, since ∂s(gstgtr) = ∂s(δs

r) = 0, the product rule
gives

0 = gst

∫ 1

0

∂s

(
∂µr

∂α

)
∂µt

∂α
dα +

∫ 1

0

∂µr

∂α
∂s

(
gst ∂µt

∂α

)
dα

so that (3.6) becomes

∂rλ = gst

∫ 1

0

∂s

(
∂µr

∂α

)
∂µt

∂α
dα .

This expression gives the partial derivatives of λ = log π and, furthermore, estab-
lishes that π is the unique UPMP. We now show that this expression is equivalent
to (3.3).

We first obtain the partial derivatives of λJ . From a standard result for the
derivative of a matrix determinant, we have

∂rλ
J =

1
2
∂r log |g| =

1
2
gst∂rgst

=
1
2
gst∂r

∫ 1

0

(
∂µs

∂α

)(
∂µt

∂α

)
dα = gst

∫ 1

0

∂r

(
∂µs

∂α

) (
∂µt

∂α

)
dα ,

again using (3.5). The difference between the rth partial derivatives of λ and λJ is
therefore

(3.7) ∂rλ− ∂rλ
J = gst

∫ 1

0

∂

∂α
(∂rµs − ∂sµr)

∂µt

∂α
dα .

Differentiation of (2.2) with respect to θr gives, writing q = q(θ, α), qrf(q; θ) +
µr(θ, α) = 0, from which we obtain

∂rµs(θ, α) =
∫ ∞

q

frs(u; θ)du− fs(q; θ)qr =
∫ ∞

q

frs(u; θ)du− ls(q; θ)µr(θ, α) .

Furthermore, we have

∂

∂α
{ls(q; θ)µr(θ, α)} =

∂q

∂α

∂ls(q; θ)
∂q

µr(θ, α) + ls(q; θ)lr(q; θ) .
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It now follows from these two relations that

∂

∂α
(∂rµs − ∂sµr) =

∂q

∂α

(
∂lr(q; θ)

∂q
µs − ∂ls(q; θ)

∂q
µr

)
.

Substituting into equation (3.7) gives

(3.8) hr = gst

∫ (
Fs

∂lr
∂q

− Fr
∂ls
∂q

)
ltdq

on the change of variables from α to q, using equation (3.4) and on noting that
µs(θ, α(q, θ)) = −Fs(q; θ). Next note that the indefinite integral

∫
Fs(q; θ)

∂lr(q; θ)
∂q

dq = Fs(q; θ)lr(q; θ)−
∫

ls(q; θ)lr(q; θ)dq

from which it follows by an integration by parts that (3.8) is equivalent to (3.2), as
required.

In the case p = 1 we have hr = 0 so the unique UPMP is Jeffreys’ prior, as given
in Theorem 1 of [4]. For the location-scale model f(x; θ) = θ−1

2 f∗(θ−1
2 (x − θ1))

discussed in Section 1, it can be verified that the solution to (3.3) is π(θ) ∝ θ−1
2 ,

which is the right Haar prior for this model under the location-scale transformation
group. In general a necessary condition for there to be a UPMP is that hr be a
derivative field. The condition is not sufficient, however, as Jeffreys’ prior always
satisfies equation (3.3) in the case p = 1 but we know from [4] that Jeffreys’ prior is
not necessarily a UPMP. When p > 1 the condition that hr be a derivative field is
a very strong one when the model is not transformational. We have been unable to
construct a two-dimensional example that is not transformational and that satisfies
this condition. Even given a model satisfying this condition, the resulting prior may
still not satisfy (2.5) for all α. Thus it would seem that UPMPs rarely exist outside
of transformation models. The major point of Theorem 3.2, however, is to show
that if a UPMP does exist then it is unique.

Note that, whether or not a UPMP exists, when hr is a derivative field then
(3.2) defines a unique prior π which, from the proof of the Theorem 3.2, satisfies
the equation

∫ 1

0

(
∂µr

∂α

) (
∂ε
∂α

)
dα = 0, where ε(θ, α) is the O(n−1) error term (2.4).

Assuming that ∂µr/∂α is well behaved at α = 0 and α = 1, integration by parts
shows that this is equivalent to

∫ 1

0

∂2µr

∂α2
ε dα = 0

for all θ and r. These relations give some sort of average prediction error, but it is
unclear what precise interpretation can be given to them.

Finally, when there exists a suitable group structure as discussed earlier then we
know that ∂iλ must be ∂iλ

H . Furthermore, since Jeffreys’ prior is the left Haar
prior, it follows that hi(θ) = ∂i log ∆(θ−1), where ∆ is the modulus of Ω and θ−1

is the group inverse of θ.

4. UPMPs: highest predictive density region matching

We consider now the case where X is possibly vector-valued. The question of the
existence of UPMPs for highest predictive density regions in this case is not so
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straightforward as the quantile matching case discussed in Section 3. In particular,
if there exists a suitable group structure, as in Section 3, since the prediction region
H(π, α, d) defined in Section 1 is not invariant under transformation of X (unless
the group is affine), the associated right Haar prior is not necessarily a UPMP. We
also know that when a UPMP does exist it may not be unique. This was illustrated
in Example 4 in [4] of the bivariate normal model with unknown covariance matrix;
we will return to this example in Example 1 below.

The scalar parameter case is straightforward, however. For each α the prior

π(θ) ∝ g(θ){ξ1(θ, α)}−1

is the unique solution to (2.6). It follows that there exists a UPMP prior if and only
if ξ1(θ, α) = Q(θ)R(α), as was noted in [4] where examples are given in which this
condition does and does not hold. Unlike the case of quantile matching, however,
the unique solution when it exists is not necessarily Jeffreys’ prior. For example,
in [4] it is shown that a unique UPMP exists for the N(θ, θ) model but this is not
Jeffreys’ prior.

The multiparameter case is more difficult. The simplest situation is when ξt(θ, α)
is of the form

(4.1) ξt(θ, α) = Qt(θ)R(α) .

Then every UPMP will be a solution of the Lagrange PDE

(4.2) ∂s{gst(θ)Qt(θ)π(θ)} = 0 .

This equation may have no solutions or an infinite number of solutions.

Example 1. Consider the bivariate normal model with zero means and unknown
standard deviations σ1, σ2 and correlation coefficient ρ. Let Σ be the covariance
matrix of X. We work with the orthogonal parameterisation

T−1 =
(

θ1 0
θ2θ3 θ2

)
,

where Σ = TT ′ and T is the left Cholesky square root of Σ. It can then be shown
that the information matrix is

g(θ) = diag(2θ−2
1 , 2θ−2

2 , θ−2
1 θ2

2) .

Furthermore, by transforming to Z = T−1X, it can be shown that

m(θ, α) = θ1θ2(1−α)/(2π), ξ1(θ, α) = θ−1
1 R(α), ξ2(θ, α) = θ−1

2 R(α), ξ3(θ, α) = 0 ,

where R(α) = −(1−α) log(1−α). Thus ξt(θ, α) is of the form (4.1). Therefore the
UPMP priors are all the solutions of the PDE (4.2) with Q1(θ) = θ−1

1 , Q2(θ) = θ−1
2

and Q3(θ) = 0. The general solution is found to be

π(θ) ∝ θ−2
1 h(θ−1

2 θ1, θ3) ,

where h is an arbitrary positive function. Notice that the leading term θ−2
1 is

|g(θ)|1/2, so Jeffreys’ prior is a UPMP. In terms of (σ1, σ2, ρ) we have

θ1 = σ−1
1 , θ2 = σ−1

2 (1− ρ2)−1/2, θ3 = −ρσ−1
1 σ2
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with Jacobian of transformation σ−3
1 σ−1

2 (1 − ρ2)−3/2. With suitable re-expression
of h we find that

(4.3) π(σ1, σ2, ρ) ∝ πJ(σ1, σ2, ρ)H(σ−1
1 σ2, (1− ρ2)1/2) ,

where πJ(σ1, σ2, ρ) ∝ σ−1
1 σ−1

2 (1 − ρ2)−3/2 is Jeffreys’ prior and H is an arbitrary
positive function. This is a very wide class of priors. In particular, taking h(x, y) =
xayb, we see that all priors of the form πJ(σ1, σ2, ρ)(σ−1

1 σ2)a(1− ρ2)b are UPMPs.
Taking a = 1, b = 1/2 we obtain σ−2

1 (1 − ρ2)−1, which can be shown to be the
right Haar prior arising from the group of transformations T−1X on the sample
space, where T is a lower triangular matrix with positive diagonal elements. This
group is isomorphic to Ω and since in this case the region A is invariant it follows
from [13] that this prior must be a UPMP. Similarly, all right Haar priors arising
from transformations of the form T−1MX, with M a fixed non-singular matrix,
are included in (4.3).

We now return to the general analysis of equation (2.6). In Theorem 4.1 below,
when we say that the functions ξt(θ, α) are linearly independent we shall mean that
they are linear independent as functions of α for fixed θ.

Theorem 4.1. Suppose that the functions ξt(θ, α) are linearly independent and
that there exists a UPMP, π, for highest predictive density region matching. Then
π is the unique UPMP and the partial derivatives of λ = log π are given by

(4.4) ∂jλ = −brigij

∫ 1

0

∂ξr

∂α
∂s

(
gst ∂ξt

∂α

)
dα ,

where (bri(θ)) is the inverse of the non-singular matrix function (bij(θ)) with (i, j)th
element

(4.5) bij(θ) =
∫ 1

0

(
∂ξi(θ, α)

∂α

)(
∂ξj(θ, α)

∂α

)
dα .

Proof. We begin by showing that the matrix (bij(θ)) is non-singular for all θ ∈ Ω
if and only if the functions ξt(θ, α) are linearly independent. From the definition
(4.5), we see that in general (bij(θ)) is positive semidefinite and is therefore singular
for all θ ∈ Ω if and only if, for each θ, there exist functions xt(θ), not all zero, for
which bij(θ)xi(θ)xj(θ) = 0. This is equivalent to the condition

∫ 1

0

(
∂xt(θ)ξt(θ, α)

∂α

)2

dα = 0 ,

which in turn holds if and only if ∂(xt(θ)ξt(θ, α))/∂α = 0 for all θ and α. Since
ξt(θ, 1) = 0 it follows that a necessary and sufficient condition for the singularity
of (bij(θ)) is the existence of xt(θ), not all zero, such that xt(θ)ξt(θ, α) = 0 for all
θ and α. That is, the functions ξt(θ, α) are linearly dependent.

We now apply the product rule to (2.6) to give equation (3.1) with µt replaced
by ξt. Exactly as in the proof of Theorem 3.2, we differentiate this equation with
respect to α, multiply by ∂ξr/∂α and integrate over 0 < α < 1 to give

gstbtr∂sλ +
∫ 1

0

∂ξr

∂α
∂s

(
gst ∂ξt

∂α

)
dα = 0 .

Finally, under the condition of the theorem the matrix (bij(θ)) is non-singular
and equation (4.4) follows on multiplying both sides of the above expression by
brigij .
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In the case p = 1 we know that a UPMP exists if and only if ξ1(θ, α) = Q(θ)R(α),
in which case

b11(θ) = {Q(θ)}2
∫ 1

0

{R(α)}2dα .

Equation (4.4) then becomes dλ/dθ = d log(g−1θ)/dθ, giving π(θ) ∝ {Q(θ)}−1g(θ)
in agreement with the earlier discussion. In the multiparameter case, unlike The-
orem 3.2, there does not appear to be any simple further development of (4.4).
Returning to the univariate location-scale model f(x; θ) = θ−1

2 f∗(θ−1
2 (x − θ1)), it

can be verified that the functions ξt(θ, α) are linearly independent and, as in Sec-
tion 3, that the right Haar prior π(θ) ∝ θ−1

2 under the location-scale transformation
group is the solution to (4.4). When p > 1 the condition that the right-hand side of
(4.4) be a derivative field is very strong when the model is not transformational and
we have been unable to find a two-dimensional example that is not a transformation
model satisfying this condition. Again, as in Section 3, even for such an example the
resulting prior may still not satisfy (2.6) for all α. Thus it would seem that unique
UPMPs rarely exist outside of transformation models. As with Theorem 3.2, the
major point of Theorem 4.1 is to show that, under the conditions of the Theorem,
if a UPMP does exist then it is unique.

Note that when p > 1 Theorem 4.1 does not apply to the case (4.1) since the
functions ξt(θ, α) are linearly dependent and hence the matrix (bij(θ)) is singular.
A more general sufficient condition for linear dependence of the ξt(θ, α) is

(4.6) ξt(θ, α) = Ut(θ)S(θ, α) .

Note that this is also a necessary condition for linear dependence in the case p = 2.
Suppose that (4.6) holds and that there exists a UPMP π. Then from equation

(2.6) we see that

gstUt∂sλ + gstUt∂s log S + ∂s(gstUt) = 0

for all α, which implies that the function gst(θ)Ut(θ)∂s log S(θ, α) must be free
from α. Since no boundary conditions are imposed on the solutions to the resulting
Lagrangian PDE, it follows that π must be one of an infinite number of solutions.
Thus, under condition (4.6), either there is no UPMP or there is an infinite number
of UPMPs. Note that (4.1) is a special case of (4.6).

It might appear at first sight that it is also possible to have an infinite number
of UPMPs in the case of quantile matching, which would contradict the result of
Theorem 1. However, using a parallel argument to that given above, we see that the
structure (4.6) for µt(θ, α) cannot occur, as this would imply singularity of Fisher’s
information matrix.

Finally, the case

(4.7) ξt(θ, α) = Qt(θ)Rt(α) ,

which is a generalisation of the simple case (4.1), is of some interest. It is easily
seen that in this case the linear independence of the functions ξt(θ, α) is equivalent
to the linear independence of the functions Rt(α). Furthermore, the matrix (bij(θ))
will be non-singular for all θ if and only if the matrix with (i, j)th element

aij =
∫ 1

0

(
∂Ri

∂α

)(
∂Rj

∂α

)
dα
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is positive definite. This turns out to be the case for the location-scale models
discussed earlier.

Example 2. Consider the multivariate location model with density f(x; θ) =
f∗(x1−θ1, . . . , xp−θp). The region A here is invariant under the group of transfor-
mations x+ a, a ∈ Rp and it follows from [13] that the right Haar prior is an exact
UPMP. Here the right Haar prior is also Jeffreys’ prior, both being constant. We
now investigate conditions under which this is the unique UPMP. As in [4], we find
that m(θ, α) = m(α), free from θ, and ξt(θ, α) = Rt(α), which is of the form (4.7)
with Qt(θ) = 1 for all t. It follows from the above discussion that Jeffreys’ prior is
the unique UPMP if and only if the functions Rt(α) are linearly independent. In
that case, since both gst and ξt are free from θ, the right-hand side of (4.4) is zero
and, again, the unique UPMP is the uniform prior.

For many standard models, however, the functions Rt(α) will be linearly de-
pendent. Suppose, for example, that f∗ is elliptically symmetric, so that f∗(z) =
H(z′Cz) for some positive definite matrix C. Then it can be checked that Rt(α) =
QtR(α), which is of the form (4.1) with Qt free from θ. The functions Rt(α) are
clearly linearly dependent and hence, since we know that there exists at least
one UPMP, there will be an infinite number of UPMPs. For example, in the
case where f∗ is spherically symmetric, we have Qt = Q and the Lagrange PDE
(4.2) becomes

∑
s ∂sλ = 0. The solutions of this equation are of the form π(θ) ∝

exp{h(θ2−θ1, . . . θp−θ1)}, where h is an arbitrary function. In particular, all priors
of the form π(θ) ∝ exp(

∑
i aiθi) with

∑
i ai = 0 will be uniformly matching in this

case.
A similar analysis may be carried out for the multiparameter location-scale model

with different location parameters, as described in [4]. Whether or not the scale pa-
rameters are assumed to be equal, there is an appropriate group of transformations
for which the corresponding right Haar prior will be a UPMP. In either case ξt(θ, α)
is again of the form (4.7) so that whether or not the right Haar prior is the unique
UPMP will depend on the linear independence or otherwise of the functions Rt(α).

When the model has no suitable group structure, we conjecture that the functions
ξr(θ, α) will always be linearly independent. To see the plausibility of this, note that
the ξr(θ, α) are linearly dependent if and only if there exist functions xt(θ), not all
zero, such that

∫
A
{xt(θ)lt(x; θ)}f(x; θ)dx = 0 for all θ and α. Since the density

f(x; θ) cannot be standardised by transformation, the only way that this would
seem to be possible is if xt(θ)lt(x; θ) = 0 for all theta. However, it is easily seen
by partial differentiation w.r.t θs that this condition leads to g being singular. This
analysis therefore suggests that if the model is not transformational then there will
either be no UPMP or a unique UPMP, which is then given by (4.4).

5. Discussion

Although it is known that exact matching of invariant prediction regions is achieved
by the right Haar prior under a suitable group structure on the model, we have
seen in Section 3 that there can be other priors that achieve approximate uniform
predictive quantile matching, and that uniformly matching priors can exist when
there is no suitable group structure, although these are rare. In common with other
work on probability matching priors, predictive matching priors arise as solutions
to a particular PDE, which in general can be very difficult to solve. However, in the

imsart-lnms ver. 2007/09/18 file: Sweeting.tex date: November 20, 2007



Predictive matching priors 57

case of uniform quantile matching, if a UPMP exists then it is unique and explicit
formulae for its partial derivatives are available from Theorem 3.2.

Except in special cases, derivation of the UPMP for quantile matching via equa-
tion (3.3), or even verifying that the derivatives in (3.3) are consistent, will be
intractable. An attractive alternative would be to use a data-dependent approxi-
mation of the UPMP based on a local prior of the form

∂rλ(θ, θ0) = ∂rλ
J (θ) + hr(θ0) .

See [14] for a derivation of data-dependent matching priors for marginal posterior
distributions. Furthermore, since a data-dependent prior of this form will always
exist, there may be cases for which it will be uniformly matching even when there
is no α-free solution of (2.5). Although the posterior distribution arising from such
a prior would not always have a strict Bayesian interpretation, use of the corre-
sponding predictive distribution could provide a useful mechanism for constructing
frequentist prediction regions with good coverage properties. It would be of inter-
est to conduct simulation experiments in order to assess the predictive coverage
afforded by such priors.

The case of highest predictive density regions is more complex. As discussed
in Section 4, this will either be the unique solution or else there will be infinitely
many solutions, depending on the linear independence or otherwise of the functions
ξr(θ, α). Thus in any particular example it is necessary to examine carefully the
structure of the functions ξr(θ, α). If the statistical model has a suitable group
structure then this task is usually eased. One could also investigate local priors
when the matrix (bij(θ)) is invertible.

In the case of univariate observations, the results provide some guidance on the
choice of objective prior if the main goal is to carry out Bayesian prediction and
low predictive coverage probability bias is desired. In relation to the determination
of an objective prior, for multivariate data the situation is less clear. When the
functions ξr(θ, α) are linearly dependent, as often occurs in transformation models,
there will usually be an infinite number of UPMPs. Thus other considerations will
need to be invoked in order to narrow down the choice of prior. For example, one
might consider priors that are simultaneously predictive and posterior probability
matching, reference priors ([2]) or priors that are minimax under suitable decision
rules; in particular, for minimax prediction loss see, for example, [12] and [15].

Appendix: Proof of Theorem 3.1

Proof. Let a ∈ Ω and consider the transformation φ = aθ. Let J(θ, a) = ∂φ/∂a be
the Jacobian matrix of this transformation for fixed θ. Then the right Haar prior is
πH(θ) ∝ |J(θ, e)|−1, where |J(θ, a)| is the determinant of J(θ, a); see, for example,
[1].

Write φ̃r
s(θ, a) = ∂φr(θ, a)/∂as and define φ̃r

s(θ) = φ̃r
s(θ, e), where e is the identity

element of the group, so that πH(θ) ∝ |(φ̃r
s(θ))|−1. Finally, let (as

r(θ)) be the matrix
inverse of (φ̃r

s(θ)). A standard result for the derivative of a matrix determinant then
gives

(5.1) ∂sλ
H(θ) = −au

r (θ)∂sφ̃
r
u(θ) ,

where λH(θ) = log πH(θ).
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Define φr
s(θ, a) = ∂sφr = ∂φr/∂θs, with matrix inverse θs

r(θ, a) = ∂θs/∂φr.
Since the definition of the right Haar prior depends on a specific group of transfor-
mations on the parameter space, it is natural to regard Fisher’s information as a
Riemannian metric tensor associated with the differentiable manifold of probability
densities f(·; θ), θ ∈ Ω. This facilitates the study of the transformational properties
of the quanitities gst(θ) and µt(θ, α) appearing in the PDE (3.1). First, from the
invariance of the problem under G and the contravariant tensorial property of gst,
we have ḡij(φ) = gst(θ)φi

sφ
j
t , where ḡij is the inverse Fisher information in the φ-

parameterisation. Again using the invariance properties, it is seen that µ̄j(φ, α) =
µk(θ, α)θk

j , where µ̄j(φ, α) is the function (2.3) in the φ-parameterisation. Now write
us(θ, α) = gst(θ)µt(θ, α) and ūs(φ, α) = ḡst(φ)µ̄t(φ, α). Then

ūi(φ, α) = gst(θ)µk(θ, α)φi
sφ

j
tθ

k
j

= gst(θ)µk(θ, α)φi
sδ

k
t = us(θ, α)φi

s ,(5.2)

where δk
t is the Kronecker delta function.

Now differentiate both sides of (5.2) with respect to ar to give

(5.3) ∂sū
i(φ, α)φ̃r

s(θ, a) = us(θ, α)∂φi
s(θ, a)/∂ar = us(θ, a)∂sφ

i
r(θ, a) .

Finally, setting a = e and multiplying both sides of (5.3) by ar
i (θ) gives

(5.4) ∂su
i(θ, α)ar

i (θ)φ̃
s
r(θ) = us(θ, α)ar

i (θ)∂sφ̃
i
r(θ) .

Since (as
r(θ)) is the matrix inverse of (φ̃r

s(θ)), the left-hand side of (5.4) is ∂su
i(θ, α)δs

i =
∂su

s(θ, α), whereas the right-hand side is −us(θ, α)∂sλ
H(θ) from (5.1). It follows

that the right Haar prior πH is a solution of equation (3.1) and hence of equation
(2.5).
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velop higher order asymptotics with a view to characterizing members thereof
that allow the existence of possibly data-dependent probability matching pri-
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ular, for the usual empirical likelihood, positive results are obtained. This is
in contrast with what happens if only data-free priors are entertained.
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1. Introduction

Although empirical and related likelihoods have received significant attention (see
[11, 14] and the references therein), their study from a Bayesian perspective began
only in recent years. Lazar [10] pioneered an investigation on the validity of the
empirical likelihood for posterior inference and examined, mostly by simulation,
the frequentist properties of posterior empirical likelihood intervals. In another
significant development, Schennach [18] proposed a Bayesian exponentially tilted
empirical likelihood arising as a nonparametric limit of a Bayesian procedure which
places a kind of noninformative prior on the space of distributions. Starting from
a general class of empirical-type likelihoods for the population mean, Fang and
Mukerjee [7] characterized its members which admit probability matching priors in
the sense of allowing posterior credible sets with approximate frequentist validity.
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Along the line of what is traditionally done in parametric inference based on the
true likelihood, Fang and Mukerjee [7] entertained only priors that are free from the
data. They observed, among other things, that none of the standard empirical-type
likelihoods that have been proposed and widely studied in the literature, includ-
ing the usual empirical likelihood, admits a probability matching prior even with
margin of error o(n−1/2), where n is the sample size. This is somewhat disappoint-
ing and, given the popularity of these likelihoods, prompts one to investigate the
consequences of working with possibly data-dependent priors with the hope that
this may yield more positive results. The present article aims at exploring this issue
with reference to the same general class as in [7]. Satisfyingly, it is seen that at least
for the usual empirical likelihood, positive results then emerge even with margin of
error o(n−1).

Probability matching priors have been studied extensively in parametric infer-
ence - see, for example, [6], [9], [12], and [20]. A key difference with the parametric
case is that here we are not working with the true density-based likelihood and,
as such, a shrinkage argument, suggested originally by J. K. Ghosh to the present
author, that simplifies the frequentist calculations there ([6], Ch. 1) is no longer
applicable. As a result, one has to employ a direct Edgeworth expansion based on
approximate cumulants.

While the present work seems to be the first attempt towards exploring the
higher-order asymptotics on data-dependent priors with empirical-type likelihoods,
such priors have received considerable attention in recent years in parametric infer-
ence via the true density-based likelihood. A brief indication of this literature may
interest the reader. A key reference in this regard is [21], where it was found that
for certain mixture models, no data-free improper prior yields a proper posterior
and no data-free proper prior entails frequentist validity of posterior quantiles with
margin of error O(n−1), while both problems are solved by a data-dependent prior.
Furthermore, such data-dependent priors were shown to approximate data-free pri-
ors, in addition to enjoying desirable properties like asymptotic minimaxity. Prior
to [21], data-dependent priors were considered, among others, by [15] and [17] in the
context of mixture models with an unknown number of components. Sweeting [19]
investigated the crucial role played by data-dependent probability matching priors
when the sample size is stochastic, as happens, for instance, with censoring or a
stopping rule. Reid et al. [16] reviewed and discussed a notion of strong matching
which requires data-dependent priors.

In the context of parametric inference, Clarke and Yuan [4] studied partial infor-
mation reference priors obtained through the maximization of conditional Shannon
mutual information. These priors are often data-dependent in the sense of involv-
ing statistics that are associated with nuisance parameters and capture helpful side
information. The information theoretic interpretation for these priors was also dis-
cussed at length by [4]. Clarke ([3], Subsection 7.2) discussed data-dependent priors
in the light of the Freedman–Purves Theorem [8], which often forms the basis of the
argument put forward by orthodox Bayesians against such priors on the grounds
of incoherence. He argued that the implications of this theorem are narrower than
commonly appreciated, suggested a remedy in the form of a criterion of information
boundedness, and observed that the data-dependent priors in [4], [16], and [21] are,
indeed, information bounded.

The interested reader may refer to the papers cited in the last two paragraphs
for further references on data-dependent priors in parametric inference.
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2. A General Class of Empirical-Type Likelihoods: Posterior Quantiles

Let X1, . . . , Xn be independent scalar-valued random variables from an unknown
common distribution with an unknown mean θ. The parameter space for θ is the
real line or an open interval thereof. The Xi are supposed to be absolutely con-
tinuous and the first four population moments are assumed to exist [2]. These
assumptions justify an Edgeworth expansion used later. Let X̄ = n−1

∑n
i=1 Xi,

ms = n−1
∑n

i=1(Xi − X̄)s, s = 2, 3, . . ., g3 = m3/m
3/2
2 , g4 = m4/m2

2 and
y = y(θ) = (n/m2)1/2(θ−X̄). Write φ(·) for the standard univariate normal density.

As in [7], we consider a general class of empirical-type likelihoods of the form

L(θ) ∝ φ(y)[1 + n−1/2{a1(g3)y + a3(g3)y3}
+n−1{b0(g3, g4) + b2(g3, g4)y2 + b4(g3, g4)y4 + b6(g3, g4)y6}(1)
+op(n−1)],

where the ai(·) are polynomials in g3 and the bi(·) are polynomials in g3 and g4, the
coefficients therein being constants free from n. These polynomials depend on the
particular likelihood. Note that L(θ) depends on θ through y = y(θ) but does not
involve any other population parameter, and that y is the standard pivotal quantity
for inference on θ when the population variance is unknown. Furthermore, the terms
of order n−1/2 and n−1 in (1) aim at taking care of the unknown skewness and
kurtosis of the population via their sample analogs g3 and g4 respectively. Indeed,
the class (1) is very wide and, as discussed later in Section 4, covers all major
empirical-type likelihoods proposed in the literature.

With reference to any likelihood in the class (1), we consider a possibly data-
dependent prior of the form

(2) π(θ) = exp{ψ(θ, m2, g3)},

where ψ(·) is a smooth function with functional form free from n. We aim at char-
acterizing the ai(·) and bi(·) in (1) so as to allow the existence of a prior of the
form (2) that entails frequentist validity of the posterior quantiles of θ, with mar-
gin of error o(n−1/2) or o(n−1). The class (2) can be motivated as follows. For any
empirical-type likelihood as in (1) and a data-free prior, up to the first order of
approximation, the quantity (θ − X̄)m−1/2

2 represents a standardized version of θ
in the posterior setup; see [7]. This prompts one to consider a data-dependent prior
of the form

(3) π(θ) = exp{(θ − X̄)m−1/2
2 χ(g3)},

where the multiplier χ(g3) is a smooth function of g3, with functional form free of
n, that aims at taking care of the population skewness (an attempt to take care of
the population kurtosis would involve a more elaborate data dependent prior and
a discussion of this is deferred till Section 5). Clearly, the prior in (3) is equivalent
to

(4) π(θ) = exp{θm−1/2
2 χ(g3)},

because they both lead to the same posterior. The exponent in (4) is a smooth
function of θ, m2 and g3, and the class (2) incorporates all priors that share this
feature.
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Let ψi(t1, t2, t3) = ∂ψ(t1, t2, t3)/∂ti, ψij(t1, t2, t3) = ∂2ψ(t1, t2, t3)/∂ti∂tj , ψi =
ψi(X̄, m2, g3) and ψij = ψij(X̄,m2, g3), i, j = 1, 2, 3. Then, analogously to the
parametric case ([6], Ch. 2), the posterior density of y = y(θ), with reference to (1)
and under π(·) as in (2), can be expressed as

π∗(y|X) = φ(y)[1 + n−1/2(R1y + R3y
3)

+n−1{R2(y2 − 1) + R4(y4 − 3) + R6(y6 − 15)}] + op(n−1)(5)

where X = (X1, . . . , Xn) and

R1 = a1(g3) + m
1/2
2 ψ1,

R2 = b2(g3, g4) + m
1/2
2 a1(g3)ψ1 +

1
2
m2(ψ11 + ψ2

1),

R3 = a3(g3),(6)

R4 = b4(g3, g4) + m
1/2
2 a3(g3)ψ1,

R6 = b6(g3, g4).

The propriety of the posterior is assumed here. Let

u1 = R1 + R3(z2 + 2),

u2 = 2u1zR3 − 1
2
u2

1z + R2z + R4(z3 + 3z) + R6(z5 + 5z3 + 15z),(7)

where z is the (1− α)th quantile of a standard normal variate. As in [7], recalling
that y = (n/m2)1/2(θ − X̄), then it follows from (5) that the (1 − α)th posterior
quantile of θ can be approximated by

(8) θ
(1−α)
1 (π,X) = X̄ + (m2/n)1/2(z + n−1/2u1),

or

(9) θ
(1−α)
2 (π, X) = X̄ + (m2/n)1/2(z + n−1/2u1 + n−1u2),

with posterior coverage error op(n−1/2) or op(n−1) respectively.

3. Frequentist Coverage

3.1. Calculation of Frequentist Coverage

We next study the frequentist coverage of the interval (−∞, θ
(1−α)
2 (π,X)]. The steps

are similar to those in [7] but more involved because of possible data-dependence
of the prior; for instance, additional terms appear in the expressions for W1 and k2

in (15) and (21) below.
With P representing the frequentist probability, by (9) and the definition of y,

the frequentist coverage is given by

(10) P{θ ≤ θ
(1−α)
2 (π,X)} = P (y ≤ z + n−1/2u1 + n−1u2).

In order to obtain an expression for the above with margin of error o(n−1), we need
stochastic expansions for y, u1 and u2. To this end, let E denote expectation for
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fixed θ and write σ2 = E(Xi − θ)2, Zi = (Xi − θ)/σ, βs = E(Zs
i ), 1 ≤ s ≤ 4, and

As = n−1/2
∑n

i=1(Z
s
i − βs), s = 1, 2, 3. Then, as in [7],

(11) y = −A1 +
1
2
n−1/2A1A2 − n−1(

1
2
A3

1 +
3
8
A1A

2
2) + op(n−1).

Turning next to u1 and u2, we note from (7) that the randomness of these quantities
is only due to the Ri. For each i, let Ri0 be obtained from Ri in (6) replacing X̄,
m2, g3 and g4 therein by the corresponding population parameters θ, σ2, β3 and
β4 respectively, i.e.,

R10 = a1(β3) + σψ
(0)
1 ,

R20 = b2(β3, β4) + σa1(β3)ψ
(0)
1 +

1
2
σ2[ψ(0)

11 + {ψ(0)
1 }2],

R30 = a3(β3),(12)

R40 = b4(β3, β4) + σa3(β3)ψ
(0)
1 ,

R60 = b6(β3, β4),

where ψ
(0)
i = ψi(θ, σ2, β3), ψ

(0)
ij = ψij(θ, σ2, β3), i, j = 1, 2, 3. Since

(13) X̄ = θ + n−1/2σA1, m2 = σ2(1 + n−1/2A2) + op(n−1/2),

and

(14) g3 = β3 + n−1/2(A3 − 3A1 − 3
2
β3A2) + op(n−1/2), g4 = β4 + op(1),

from (6) we get Ri = Ri0 + n−1/2Wi + op(n−1/2), i = 1, 3, and Ri = Ri0 + op(1),
i = 2, 4, 6, where

W1 = σ2ψ
(0)
11 A1 + σ{1

2
ψ

(0)
1 + σ2ψ

(0)
12 }A2

+{a′1(β3) + σψ
(0)
13 }(A3 − 3A1 − 3

2
β3A2),(15)

W3 = a′3(β3)(A3 − 3A1 − 3
2
β3A2),(16)

and a′i(·) is the derivative of ai(·). From (7), it is now evident that

u1 = u10 + n−1/2{W1 + W3(z2 + 2)}+ op(n−1/2), u2 = u20 + op(1),

where the leading terms

(17) u10 = R10 + R30(z2 + 2),

and

(18) u20 = 2u10zR30 − 1
2
u2

10z + R20z + R40(z3 + 3z) + R60(z5 + 5z3 + 15z),

are simply counterparts of (7) with the Ri there replaced by the Ri0.
From (10) and the stochastic expansions for u1 and u2 as indicated above,

(19) P{θ ≤ θ
(1−α)
2 (π,X)} = P (ỹ ≤ z + n−1/2u10 + n−1u20) + o(n−1),
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where ỹ = y−n−1{W1 +W3(z2 +2)}. By (11), (15) and (16), the first four approx-
imate cumulants of ỹ are given by

K1n = n−1/2k1 + o(n−1),
K2n = 1 + n−1k2 + o(n−1),
K3n = n−1/2k3 + o(n−1),
K4n = n−1k4 + o(n−1),

where

(20) k1 =
1
2
β3, k3 = 2β3, k4 = 12 + 12β2

3 − 2β4,

and

k2 = 3 +
7
4
β2

3 + 2{a′1(β3) + a′3(β3)(z2 + 2) + σψ
(0)
13 }(β4 − 3− 3

2
β2

3)

+2σ2ψ
(0)
11 + 2β3σ{1

2
ψ

(0)
1 + σ2ψ

(0)
12 }.(21)

The fact that W1 and W3 are linear in the Ai facilitates the derivation of (20) and
(21). From (19), consideration of an Edgeworth expansion for ỹ now yields

(22) P{θ ≤ θ
(1−α)
2 (π, X)} = 1− α + (n−1/2∆1 + n−1∆2)φ(z) + o(n−1),

with

(23) ∆1 = u10 − k1 − 1
6
k3(z2 − 1),

and

∆2 = u20 − 1
2
u2

10z + zu10{k1 +
1
6
k3(z2 − 3)} − 1

2
(k2 + k2

1)z

−(
1
24

k4 +
1
6
k1k3)(z3 − 3z)− 1

72
k2
3(z

5 − 10z3 + 15z).(24)

3.2. Probability Matching Conditions

The frequentist coverage in (22) equals 1 − α + o(n−1/2) if and only if ∆1 = 0
identically in z and the population parameters. Since by (12), (17), (20) and (23),

∆1 = a1(β3) + 2a3(β3) + σψ
(0)
1 − 1

6
β3 + {a3(β3)− 1

3
β3}z2,

recalling the definition of ψ
(0)
1 , it is clear that the above happens if and only if

(25) a3(β3) =
1
3
β3 and ψ(θ, σ2, β3) = h(σ2, β3)− θσ−1{a1(β3) +

1
2
β3},

h(·) being any smooth function of σ2 and β3. Note that the first condition in (25)
is on the empirical-type likelihood whereas the second condition concerns the prior.
Indeed, with ψ(·) as in (25), it is easily seen from (2) that the specific choice of h(·)
has no influence on the posterior. Hence, hereafter, we take h(σ2, β3) = 0, i.e.,

(26) π(θ) = exp[−θm
−1/2
2 {a1(g3) +

1
2
g3}],
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by (2) and (25), and continue with (25) to obtain further conditions that arise when
one wishes to work with margin of error o(n−1). Observe that the prior in (26) is
actually of the form (4) that motivated the class (2) of priors. From (12), (17),
(18), (20), (21) and (24), after considerable algebra, it can be seen that under (25),
∆2 = C1z + C3z

3 + C5z
5, where

C1 = b2(β3, β4) + 3b4(β3, β4) + 15b6(β3, β4)− 1
2
{a1(β3)}2 − β3a1(β3)

+
1
24

β2
3 −

5
12

β4 +
1
2
,

C3 = b4(β3, β4) + 5b6(β3, β4)− 1
3
β3a1(β3) +

2
9
β2

3 −
1
4
β4 +

1
2
,

C5 = b6(β3, β4)− 1
18

β2
3 .

Thus, under (25), the frequentist coverage in (22) equals 1−α+ o(n−1) for every z
and every possible θ, σ2, β3 and β4 if and only if C1, C3 and C5 vanish identically
in the population parameters, i.e., if and only if

b2(β3, β4) =
1
2
{a1(β3)}2 +

5
8
β2

3 −
1
3
β4 + 1,

b4(β3, β4) =
1
3
β3a1(β3)− 1

2
β2

3 +
1
4
β4 − 1

2
,(27)

b6(β3, β4) =
1
18

β2
3 .

The conditions in (27) are again on the likelihood.

4. Implications

We now examine some major subclasses of empirical-type likelihoods in the light
of the conditions obtained in the last section. These are (i) likelihoods arising from
empirical discrepancy statistics ([5], Section 1) and hence from Cressie–Read dis-
crepancy statistics [1], (ii) generalized empirical likelihoods [13], and (iii) generalized
empirical exponential family likelihoods ([5], Section 4). As noted in [7] all these
belong to the general class (1). Moreover, it can be shown that the forms of the
ai(·) and bi(·) for the subclasses (i)-(iii) are as in Table 1. In this table, τ3, τ4, γ3, γ4

and µ are constants that depend on the particular likelihood. The usual empirical
likelihood belongs to each of (i)-(iii) with

a1(g3) = 0, a3(g3) =
1
3
g3

b0(g3, g4) = b2(g3, g4) = 0,(28)

b4(g3, g4) =
1
4
g4 − 1

2
(g2

3 + 1), b6(g3, g4) =
1
18

g2
3 ,

while Schennach’s Bayesian exponentially tilted empirical likelihood [18] belongs
to (iii) with µ = 1

8 . From (25) and Table 1, it is clear that each likelihood in the
subclass (iii) admits, with margin of error o(n−1/2), a data-dependent probability
matching prior of the form (2) for posterior quantiles. Since each of these likelihoods
has a1(g3) = 0, by (26), such a prior is given by

(29) π(θ) = exp(−1
2
θm

−1/2
2 g3).
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Table 1
Forms of the ai(·) and bi(·) for the subclasses (i)-(iii)

Subclass a1(g3) a3(g3) b0(g3, g4) b2(g3, g4) b4(g3, g4) b6(g3, g4)

(i) 0 τ3g3 0 0 τ4g4 − 9
2
τ2
3 (g2

3 + 1) 1
2
τ2
3 g2

3

(ii) 0 γ3g3 0 0 γ4g4 − 9
2
γ2
3g2

3 − 3γ3 + 1
2

1
2
γ2
3g2

3

(iii) 0 1
3
g3 0 0 µg4 − (µ + 1

4
)(g2

3 + 1) 1
18

g2
3

Table 2
Simulation results on the frequentist coverage of (−∞, θ

(1−α)
1 (π, X)] for generalized empirical

exponential family likelihoods, with π(θ) as in (29).

Sample size Sample size
Distribution 1− α 8 12 16 20 1− α 8 12 16 20
Normal(0,1) .95 .912 .928 .933 .938 .10 .138 .123 .119 .114

.90 .863 .877 .884 .886 .05 .088 .074 .069 .064
Uniform(0,1) .95 .934 .944 .946 .949 .10 .112 .106 .102 .102

.90 .887 .896 .897 .898 .05 .067 .056 .051 .051
Beta(1,2) .95 .910 .928 .936 .938 .10 .110 .108 .106 .104

.90 .861 .880 .888 .890 .05 .061 .055 .055 .054
Exponential(1) .95 .850 .878 .898 .906 .10 .111 .113 .111 .111

.90 .798 .827 .845 .854 .05 .063 .064 .063 .061
Rayleigh(1) .95 .900 .918 .928 .931 .10 .119 .113 .111 .108

.90 .849 .868 .878 .880 .05 .070 .064 .060 .056

From Table 1, it is also clear that none of the likelihoods in the subclasses (i)-(iii)
meets the first condition in (27) because a1(·) = b2(·) = 0 for any such likelihood.
Thus, even with possibly data-dependent priors of the form (2), none of them allows
frequentist validity of posterior quantiles with margin of error o(n−1). In Section 5,
it will be seen that at least for the usual empirical likelihood this difficulty can be
resolved by considering more elaborate data-dependent priors.

Before addressing this issue, we present some simulation results to indicate the
finite sample implications of the aforesaid probability matching property of the prior
(29) for the subclass (iii) of generalized empirical exponential family likelihoods.
Since this matching holds with margin of error o(n−1/2), it makes sense to study
the simulated coverage of the interval (−∞, θ

(1−α)
1 (π, X)] in this context, where

θ
(1−α)
1 (π, X) approximates the (1−α)th posterior quantile of θ with coverage error

op(n−1/2); see (8). For any likelihood in (iii), it can be seen from (6), (7), (8)
and Table 1 that θ

(1−α)
1 (π,X) = X̄ + (m2/n)1/2{z + 1

6n−1/2g3(2z2 + 1)}, under
(29). The simulation results, each based on 10000 simulations are presented in
Table 2. Five distributions for the population along with four choices of 1 − α,
namely 1− α=0.95, 0.90, 0.10 and 0.05, are considered. In all cases, except for the
exponential distribution in the right tail, the convergence to the desired frequentist
coverage turns out to be reasonably fast. Thus the asymptotic results, even with
margin of error o(n−1/2), are well-reflected in finite samples.

5. More Elaborate Data-Dependent Priors

Observe that the prior in (26) is equivalent to

(30) π(θ) = exp[−(θ − X̄)m−1/2
2 {a1(g3) +

1
2
g3}],
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in the sense that they both lead to the same posterior; cf. (3) and (4). This motivates
us to consider possibly data-dependent priors of the form

(31) π(θ) = exp{(θ − X̄)m−1/2
2 χ(g3) +

1
2
(θ − X̄)2m−1

2 λ(g3, g4)},

where χ(·) and λ(·) are smooth functions. Since (31) can possibly involve X̄ and g4

in addition to m2 and g3, it is more elaborate than (2). The introduction of λ(·) in
(31) aims at taking care of the population kurtosis.

With reference to any empirical-type likelihood in the general class (1), if one
considers the posterior quantiles of θ under (31), then algebra similar to but heavier
than that in Sections 2 and 3 reveals the following:

(a) Frequentist validity of the posterior quantiles holds with margin of error
o(n−1/2) if and only if

(32) a3(β3) =
1
3
β3 and χ(β3) = −{a1(β3) +

1
2
β3}.

(b) Frequentist validity of the posterior quantiles holds with margin of error
o(n−1) if and only if in addition

b4(β3, β4) =
1
3
β3a1(β3)− 1

2
β2

3 +
1
4
β4 − 1

2
,

b6(β3, β4) =
1
18

β2
3 ,(33)

λ(β3, β4) = {a1(β3)}2 − 2b2(β3, β4) +
5
4
β2

3 −
2
3
β4 + 2.

A comparison between (25), (27) and (32), (33) shows that the last condition
in (33) is new and this helps. The first condition in (32) as well as the first two
conditions in (33) are on the empirical-type likelihood. From Table 1, it can be
seen that any likelihood in the subclasses (i)-(iii) meets these three conditions if
and only if the associated ai(·) and bi(·) are given by (28), which corresponds to
the usual empirical likelihood. Furthermore, if (28) holds then the last conditions
in (32) and (33) yield χ(β3) = − 1

2β3 and λ(β3, β4) = 5
4β2

3 − 2
3β4 + 2, so that by

(31), the data-dependent prior

(34) π(θ) = exp{−1
2
(θ − X̄)m−1/2

2 g3 +
1
2
(θ − X̄)2m−1

2 (
5
4
g2
3 −

2
3
g4 + 2)},

ensures frequentist validity of the posterior quantiles with margin of error o(n−1).
A comparison between the prior just obtained and the one shown in (29) is in

order. The one in (29) leads to probability matching to a lower order of accuracy
but at the same time enjoys the merit of being much simpler. Moreover, as the
simulation results reveal, it performs quite well in finite samples. Thus a choice
between the two is essentially a matter of taste. If one wishes to work with a simple
prior then the one in (29) is recommended. On the other hand, if a premium is put
on higher order accuracy from asymptotic considerations, then the one obtained in
this section appears to be more attractive.

The connection with a result in [7] is worth noting at this stage. They worked
with data-free priors and showed that a likelihood in the general class (1) admits a
probability matching prior, with margin of error o(n−1), for posterior quantiles if
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and only if

a1(β3) = −1
2
β3, a3(β3) =

1
3
β3, b2(β3, β4) =

3
4
β2

3 −
1
3
β4 + 1,

b4(β3, β4) =
1
4
β4 − 2

3
β2

3 −
1
2
, b6(β3, β4) =

1
18

β2
3 .

With the ai(·) and bi(·) as above, the conditions in (32) and (33) are met if and
only if χ(β3) = λ(β3, β4) = 0. In conjunction with (31), one thus gets the flat prior
and this agrees with the findings in [7].

6. Concluding Remarks

The results in Subsection 3.2 show that if a3(β3) = 1
3β3 then the prior in (26)

ensures frequentist validity of posterior quantiles with margin of error o(n−1/2).
It is satisfying to note that under the present assumption on the existence of the
first four population moments, this margin of error is actually O(n−1); vide (22).
Similarly, if the existence of the first five population moments is assumed, then
under the prior in (34), the frequentist validity of posterior quantiles arising from
the usual empirical likelihood holds actually with margin of error O(n−3/2).

By (13) and (14), the data-dependent probability matching prior in (34) satisfies
π(θ) = 1 + op(1) . The same holds for the prior in (30) which is equivalent to the
probability matching prior in (26) in the sense of yielding the same posterior. Thus
these data-dependent priors approximate the flat prior which is a natural data-free
prior in the present context; cf. [7] and a well-known result for fully parametric
location models ([6], Ch. 2).

There is scope for extending the present results in several directions. For exam-
ple, if instead of posterior quantiles, interest lies in the highest posterior density
regions, then the findings in [7] show that none of the standard empirical-type like-
lihoods proposed in the literature, including the usual empirical likelihood, admits
a data-free probability matching prior in a higher order asymptotic sense. A nat-
ural question is whether consideration of data-dependent priors, such as those of
the form (31), can yield more positive results. Another important issue concerns
the role of data-dependent priors in the multivariate case with vector θ. Then the
algebra will be rather complicated because the empirical-type likelihoods as well
as the data-dependent priors will involve multivariate pure and mixed moments in
place of m2, g3 and g4, and one would need to consider multivariate Edgeworth
expansions for the frequentist calculations. It is hoped that the present work will
generate interest in these directions.
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Abstract: This paper develops some objective priors for certain parameters of
the bivariate normal distribution. The parameters considered are the regression
coefficient, the generalized variance, and the ratio of the conditional variance of
one variable given the other to the marginal variance of the other variable. The
criterion used is the asymptotic matching of coverage probabilities of Bayesian
credible intervals with the corresponding frequentist coverage probabilities.
The paper uses various matching criteria, namely, quantile matching, matching
of distribution functions, highest posterior density matching, and matching via
inversion of test statistics. One particular prior is found which meets all the
matching criteria individually for all the parameters of interest.
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1. Introduction

Bayesian methods are becoming increasingly popular in the theory and practice of
statistics. It is needless to say that other than the likelihood, the key component in
any Bayesian analysis is the selection of priors. With sufficient information from past
experience, expert opinion or previously collected data, subjective priors are ideal,
and indeed should be used for inferential purposes. However, often even without
adequate prior information, one can use Bayesian techniques efficiently with some
‘default’ or ‘objective’ priors. Not too surprisingly, the catalog of such priors, over
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the years, has also become prohibitively large, and one needs to set some specific
‘objectivity’ criterion for the solution of such priors.

One such criterion which has found some appeal to both frequentists and Bayesians
is the so-called ‘probability matching’ criterion. Simply put, this amounts to the
requirement that the coverage probability of a Bayesian credible region is asymp-
totically equivalent to the coverage probability of the frequentist confidence region
up to a certain order. An excellent monograph on this topic is due to Datta and
Mukerjee [5] which provides a thorough and comprehensive discussion of various
probability matching criteria. Other review papers include [6], [7] and [9].

Again, as one might expect, there are several probability matching criteria. The
matching is accomplished through either (a) posterior quantiles, (b) distribution
functions, (c) highest posterior density (HPD) regions, or (d) inversion of certain
test statistics. However, priors based on (a), (b), (c), or (d) need not always be
identical. Specifically, it may so happen that there does not exist any prior satisfying
all four criteria.

In this article, we consider the bivariate normal distribution where the parame-
ters of interest are the (i) regression coefficient, (ii) the generalized variance, i.e. the
determinant of the variance-covariance matrix, and (iii) the ratio of the conditional
variance of one variable given the other divided by the marginal variance of the
other variable. We have been able to find a prior which meets all four matching
criteria for every one of these parameters.

As is well known, matching priors are obtained by solving certain differential
equations. In Section 2 of this paper, we have introduced an orthogonal reparam-
eterization ([3], [8]) of the bivariate normal parameters which greatly simplifies
these equations, resulting thereby in easily accessible solutions. Here, we have also
introduced a quantile matching prior which works for all the parameters given in
(i)-(iii). Section 3 establishes the distribution matching property of the prior found
in Section 2, once again for all three parameters of interest. Section 4 establishes
the HPD matching property of such priors, while Section 5 confirms matching by
inversion of the likelihood ratio statistic. The propriety of the posteriors and some
numerical computations are given in Section 6, while some final remarks are made
in Section 7.

2. The Orthogonal Reparameterization

Let (X1i, X2i), i = 1, . . . , n, be independent and identically distributed random
variables having a bivariate normal distribution with means µ1 and µ2, variances
σ1

2(> 0) and σ2
2(> 0), and correlation coefficient ρ(|ρ| < 1). We use the transfor-

mation (see, e.g., [1], [4] or [10])

(2.1) β = ρσ2/σ1, θ = σ1σ2(1 − ρ2)
1/2

and η = σ2(1 − ρ2)
1/2

/σ1.

With this reparameterization, the bivariate normal distribution can be rewritten as

(2.2)

f(X1, X2) = (2πθ)
−1

exp

{

− 1

2

{

(

X2 − µ2 − β (X1 − µ1)
)2

θη
+

η(X1 − µ1)
2

θ

}

}

where β is the regression coefficient of X2 on X1, θ2 = σ1
2σ2

2(1 − ρ2) is the
determinant of the variance-covariance matrix, and η2 = V (X2|X1)/V (X1).
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With the above reparameterization, the Fisher Information matrix reduces to

(2.3) I(µ1, µ2, β, θ, η) =

(

A 0
0 Diag(η−2, θ−2, η−2)

)

,

where

A =

(

β2

θη + η
θ − β

θη

− β
θη

1
θη

)

.

This establishes immediately the mutual orthogonality of (µ1, µ2), β, θ and η in
the sense of [3] and [8]. Such orthogonality is often referred to as ‘Fisher Orthogo-
nality’.

Since the parameters of interest are orthogonal to (µ1, µ2), and it is customary
to use a uniform (<2) prior on (µ1, µ2), we shall consider only priors of the form

(2.4) π0(µ1, µ2, β, θ, η) ∝ π(β, θ, η),

and find π such that the matching criteria given in (a)-(d) are all satisfied for β, θ
and η, each individually. This we are going to explore in the next three sections.

Here we also state a lemma which is used repeatedly in the sequel. The proof is
based on the independence of X2 − µ2 − β(X1 − µ1) and X1 − µ1 along with the
fact that X2 − µ2 − β(X1 − µ1) ∼ N(0, θη) and X1 − µ1 ∼ N(0, θ/η).

Lemma 2.1. For the bivariate normal density given in (2.2),

(2.5) E(∂ log f/∂β)3 = 0, E[(∂ log f/∂β)(∂2 log f/∂β2)] = 0;

(2.6)

E(∂3 log f/∂β3) = 0, E(∂3 log f/∂β2∂θ) = (θη2)
−1

, E(∂3 log f/∂β2∂η) = η−3;

(2.7) E(∂3 log f/∂β∂θ2) = 0, E(∂3 log f/∂β∂η2) = 0;

(2.8) E(∂ log f/∂θ)3 = 2/θ3, E[(∂ log f/∂θ)(∂2 log f/∂θ2)] = −2/θ3;

(2.9)

E(∂3 log f/∂θ3) = 4/θ3, E(∂3 log f/∂θ2∂η) = 0, E(∂3 log f/∂θ∂η2) = (θη2)
−1

;

(2.10)
E(∂ log f/∂η)3 = 0, E[(∂ log f/∂η)(∂2 log f/∂η2)] = −η−3, E(∂3 log f/∂η3) = 3η−3.

We consider in this section quantile matching priors, i.e., priors which ensure
approximate frequentist validity of one-sided Bayesian credible intervals based on
posterior quantiles of a one-dimensional interest parameter. The pioneering research
in this area is due to Welch and Peers [14] and Peers [11], while the recent stimulus
comes from Stein [12] and Tibshirani [13]. Specifically, one considers here priors
π(·) for which the relation

(2.11) Pθ{θ1 ≤ θ1
1−α(π,X)} = 1 − α + o(n−

r

2 )

holds for r = 1 or 2 and for each α (0 < α < 1). In the above, θ = (θ1, . . . , θp)
T

is the
unknown parameter, θ1 is the one-dimensional parameter of interest, θ1

1−α(π,X)
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is the (1 − α)th posterior quantile of θ1 based on the prior π and data X =

(X1, . . . , Xn)
T
, while P (·|θ) denotes the conditional probability given θ, the usual

frequentist probability. A prior satisfying (2.11) with r = 1 is called a first order
probability matching prior, while one with r = 2 is called a second order probabil-
ity matching prior. Clearly, second order probability matching priors constitute a
subclass of first order probability matching priors.

A second order quantile matching prior which works for β, θ and η is given by
π(µ1, µ2, β, θ, η) ∝ (θη)

−1
. Back to the original parameterization, ((µ1, µ2, σ1, σ2, ρ)),

this reduces to the prior

(2.12) π(µ1, µ2, σ1, σ2, ρ) = σ1
−2(1 − ρ2)

−1
.

This prior has been identified in [2] as the right-Haar prior as well as the one-at-a-
time reference prior for any arbitrary ordering of these parameters. Indeed, this prior
provides exact rather than just asymptotic matching for a variety of parameters of
interest including the ones considered here. Moreover, as shown in this paper, when

β is the parameter of interest, any prior of the form σ1
−(3−a)(1 − ρ2)

−1
, a > 0, for

(µ1, µ2, σ1, σ2, ρ) achieves exact matching, while when θ is the parameter of interest,

both the priors σ1
−2(1 − ρ2)

−1
and σ1

−1σ2
−1(1 − ρ2)

−3/2
achieve exact matching.

However, Berger and Sun [1] have not explored other matching criteria. While
the quantile matching property is quite desirable for construction of one-sided cred-
ible intervals, the HPD matching or matching via inversion of test statistics seems
more appropriate for the construction of two-sided credible intervals. It is also true
that priors which satisfy a particular matching criterion, for example, the quantile
matching criterion, satisfies other matching criteria. As mentioned in the introduc-
tion, we will explore various other matching criteria in the subsequent sections. In
this way, we will lend further justification to one of the matching priors of [2] - the
one that we have developed here, as well.

3. Matching Via Distribution Functions

In this section, we target priors π which achieve matching via distribution func-
tions of some standardized variables. More specifically, when θ1 is the parameter of
interest, (θ2, . . . , θp)

T
is the vector of nuisance parameters, θ̂1 is the MLE of θ1 with

n−
1

2 I11
(

I = ((Ijj′)), I−1 = ((Ijj′

))
)

as its asymptotic variance, we consider the

random variable y =
√

n(θ1 − θ̂1)/(I
11)

1/2
. Specifically, if P π denotes the posterior

of y given the data X, what we want to achieve is the asymptotic matching

(3.1) E[P π(y ≤ w|X)|θ] = P (y ≤ w|θ) + o(n−1).

Under orthogonality of θ1 with (θ2, . . . , θp), it follows from (3.2.5) to (3.2.7) of [5]

that such a prior π is of the form I
1/2
11 g(θ2, . . . , θp), where in addition one needs to

satisfy the two differential equations

A1 =
∂2

∂θ1
2

(

I11π(θ)) − 2
∂

∂θ1
(I11π(θ)) −

p
∑

s=2

p
∑

v=2

∂

∂θs

{

E
( ∂3 log f

∂θ1
2∂θs

)

I11Isvπ(θ)

}

−
p
∑

s=2

p
∑

v=2

∂

∂θ1

{

E
( ∂3 log f

∂θ1∂θs∂θv

)

I11Isvπ(θ)

}

= 0

(3.2)
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and

(3.3) A2 =

p
∑

s=2

p
∑

v=2

∂

∂θs

{

E
( ∂3 log f

∂θ1
2∂θs

)

I11Isvπ(θ)

}

= 0.

In the given problem, when β is the parameter of interest, (3.3) reduces to

(3.4)
∂

∂β

(

η2

{

θ2E
(∂3 log f

∂β2∂θ

)

+ η2E
(∂3 log f

∂β2∂η

)

}

π(β, θ, η)

)

= 0.

By (2.6) of Lemma 2.1, (3.4) simplifies to ∂/∂β{(θ + η)π(β, θ, η)} = 0 which holds
trivially for any prior π(β, θ, η) which does not depend on β, including the prior

π(β, θ, η) ∝ (θη)
−1

, the one found in Section 2. Again, with β as the parameter
of interest, for any prior π(β, θ, η) which does not depend on β, (3.2) simplifies to

∂/∂θ{(θη2)
−1

η2θ2π(β, θ, η)} + ∂/∂η{η−3η2η2π(β, θ, η)} = 0, i.e.,

∂

∂θ
[θ π(β, θ, η)] +

∂

∂η
[η π(β, θ, η)] = 0.

Once again π(β, θ, η) ∝ (θη)
−1

will satisfy (3.3). To verify that a prior π(β, θ, η)
which does not depend on β satisfies (3.2) with θ1 = β, we need to verify that

(3.5)
∂

∂β

(

η2

{

E
(∂3 log f

∂β∂θ2

)

θ2 + E
(∂3 log f

∂β∂η2

)

η2

}

)

= 0,

which reduces to

η2θ2 ∂

∂β
E
(∂3 log f

∂β∂θ2

)

+ η4 ∂

∂β
E
(∂3 log f

∂β∂η2

)

= 0.

From (2.7) of Lemma 2.1, E
(

∂3 log f/∂β∂θ2
)

= E
(

∂3 log f/∂β∂η2
)

= 0, so that
(3.2) holds trivially for such a prior. Hence matching via distributions is achieved
with any prior of the form π(µ1, µ2, β, θ, η) ∝ h(θ, η), and in particular h(θ, η) ∝
(θη)

−1

Next, when θ is the parameter of interest, to find a prior satisfying (3.1) one
needs to first solve

∂2

∂θ2

(

θ2π(·)
)

− 2
∂

∂θ

(

θ2 ∂π(·)
∂θ

)

− ∂

∂θ

(

θ4E
(∂3 log f

∂θ3

)

π(·)
)

− ∂

∂θ

(

θ4E
(∂3 log f

∂θ3

)

π(·)
)

= 0.

(3.6)

Hence, (3.6) simplifies to

∂2

∂θ2

(

θ2π(·)
)

− 2
∂

∂θ

(

θ2 ∂π(·)
∂θ

)

− 12
∂

∂θ

(

θπ(·)
)

= 0.

Any prior π(·) ∝ θ−1g(β, η) will satisfy this equation. Such a prior also satisfies

(3.7)
∂

∂θ

(

θ4E
(∂3 log f

∂θ3

)

π(·)
)

= 0.
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Finally when η is the parameter of interest, again, for finding a prior satisfying
(3.1), one needs to solve

∂2

∂η2

{

η2π(·)
}

− 2
∂

∂η

{

η2 ∂π(·)
∂η

}

− ∂

∂θ

{

E(
∂3 log f

∂θ∂η2
)η2θ2π

}

− ∂

∂η

{

E(
∂3 log f

∂η∂β2
)η2η2π

}

= 0

(3.8)

and

(3.9)
∂

∂η

(

η4E
(∂3 log f

∂η3

)

π(·)
)

= 0.

Again, by Lemma 2.1, the prior π(β, θ, η) = θ−1η−1 satisfies the matching prop-
erty.

4. Highest Posterior Density (HPD) Matching Priors

We now turn our attention to HPD matching priors for each one of the parameters
β, θ and η. In general, if θ̃ is the parameter (real or vector-valued) of interest, then
a HPD region is of the form {θ̃ : π(θ̃|X) ≥ k}, where π(θ̃|X) is the posterior of
θ̃ under the prior π and data X. We will consider priors which ensure that HPD
regions with credibility level 1 − α also have asymptotically the same frequentist
coverage probability, the error of approximation being o(n−1).

We first consider a HPD region for β. In view of the orthogonality result derived
in Section 2, such a prior π0(µ1, µ2, β, θ, η) ∝ π(β, θ, η) must satisfy (see [5], (4.4.1))

∂

∂θ

(

η2θ2E
(∂3 log f

∂β2∂θ

)

π

)

+
∂

∂η

(

η4E
(∂3 log f

∂β2∂η

)

π

)

+
∂

∂β

(

η4E
(∂3 log f

∂β3

)

π

)

− ∂2

∂β2

(

η2π

)

= 0.

(4.1)

Again, by Lemma 2.1, (4.1) reduces to

(4.2)
∂

∂θ
(θπ(·)) +

∂

∂η
(ηπ(·)) − ∂2

∂β2
(η2π(·)) = 0.

Clearly the prior π(β, θ, η) ∝ (θη)
−1

satisfies (4.2).
Next consider θ as the parameter of interest. Now one needs to solve

∂

∂β

(

η2θ2E
(∂3 log f

∂θ2∂β

)

π

)

+
∂

∂η

(

θ2η2E
(∂3 log f

∂θ2∂η

)

π

)

+
∂

∂θ

(

θ4E
(∂3 log f

∂θ3

)

π

)

− ∂2

∂θ2

(

θ2π

)

= 0.

(4.3)

By (2.8) and (2.9) of Lemma 2.1, (4.3) simplifies to

(4.4) −2
∂

∂θ
(θπ) − ∂2

∂θ2
(θπ) = 0,

which is satisfied by the prior π(β, θ, η) ∝ (θη)
−1

.
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Finally, when η is the parameter of interest, we need to solve

∂

∂β

(

η4E
(∂3 log f

∂η2∂β

)

π

)

+
∂

∂θ

(

η2θ2E
(∂3 log f

∂η2∂θ

)

π

)

+
∂

∂η

(

η4E
(∂3logf

∂η3

)

π

)

− ∂2

∂η2

(

η2π

)

= 0.

(4.5)

From Lemma 2.1, (4.5) reduces to

(4.6)
∂

∂θ
(θπ) +

∂

∂η
(ηπ) − ∂2

∂η2
(η2π) = 0.

Again π(β, θ, η) ∝ (θη)
−1

will do.

5. Matching Priors Via Inversion of Test Statistics

One traditional way to derive frequentist confidence intervals is inversion of certain
test statistics. The most popular such test is the likelihood ratio test. But tests
based on Rao’s score statistic or the Wald statistic are also of importance, and are
first order equivalent (i.e., up to o(n−1/2)) to the likelihood ratio tests. We consider
here only the likelihood ratio test.

We begin with the general case when θ1 is the parameter of interest, while
θ2, . . . , θp are the nuisance parameters. Let θ = (θ1, . . . , θp), and let l(θ) denote
the usual log-likelihood. The corresponding profile log-likelihood for θ1 is given
by l∗(θ1) = l(θ1, θ̂2(θ1), . . . , θ̂p(θ1)), where θ̂j(θ1) is the MLE of θj given θ1(j =
2, . . . , p). Then the likelihood ratio statistic for θ1 is given by

(5.1) MLR
∗(θ1, X) = 2[l(θ̂) − l∗(θ1)].

Then from Yin and Ghosh [15] (also from [5], (5.2.18)), a likelihood ratio match-
ing prior π is obtained by solving

p
∑

s=2

p
∑

u=2

∂

∂u

{

I−1
11 IsuE(

∂3 log f

∂θ2
1∂θs

)

}

+

∂

∂θ1

(

I−1
11

{

∂π

∂θ1
− π

(

θ)(I−1
11 E(

∂ log f

∂θ1

∂2 log f

∂θ2
1

) −
p
∑

s=2

p
∑

u=2

IsuE(
∂3 log f

∂θ1∂θu∂θs
))

})

= 0.

(5.2)

In the present case when β is the parameter of interest, (5.2) reduces to

∂

∂θ

(

η2θ2(θη2)
−1

π(θ)

)

+
∂

∂η

(

η4η−3π(θ)

)

+
∂

∂β

(

η2

{

∂π

∂β

− π

{

η2E
((∂ log f

∂β

)(∂2 log f

∂β2

))

− θ2E
(∂3 log f

∂β∂θ2

)

− η2E
(∂3 log f

∂β∂θ2

)

}}

)

= 0.

(5.3)

From Lemma 2.1, (5.3) reduces to

∂

∂θ
(θπ) +

∂

∂η
(ηπ) + η2 ∂

∂β
(
∂π

∂β
) = 0,
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i.e.,

∂

∂θ
(θπ) +

∂

∂η
(ηπ) + η2 ∂2π

∂β2
= 0.

Again π ∝ (θη)
−1

provides a solution.
Next, if θ is the parameter of interest, the LR matching prior π for θ is obtained

by solving the differential equation

∂

∂β

{

η2θ2.0.π(θ)

}

+
∂

∂η

{

η2θ2.0.π(θ)

}

+
∂

∂θ

(

θ2

{

∂π

∂θ

− π

{

θ2E
((∂ log f

∂θ

)(∂2 log f

∂θ2

))

− η2
(

E
(∂3 log f

∂β2∂θ

)

+ E
(∂3 log f

∂η2∂θ

))

}}

)

= 0.

(5.4)

Again from Lemma 2.1, (5.4) reduces to

∂

∂θ
[θ2{∂π

∂θ
+

2

θ
π + π

2

θ
}] = 0,

i.e.,
∂

∂θ
[θ2 ∂π

∂θ
+ 4θπ] = 0

which holds for π ∝ (θη)
−1

.
Finally, when η is the parameter of interest, the LR matching prior is obtained

by solving

∂

∂β

{

π{η4η−3.0}
}

+
∂

∂θ

{

η2θ2 1

θη2
π

}

+
∂

∂η

(

η2

{

∂π

∂η
− π

{

η2E
((∂ log f

∂η

)(∂2 log f

∂η2

))

− η2 θ/η

θη2
− 0

}}

)

= 0.

(5.5)

Once again, using Lemma 2.1, (5.5) reduces to

∂

∂θ
(θπ) +

∂

∂η
[η2(

∂π

∂η
) − π(η2(−2

η
)] = 0,

and the prior π ∝ (θη)
−1

provides a solution.

6. Posteriors and Numerically Computed Coverage

The prior π(µ1, µ2, β, θ, η) ∝ (θη)
−1

is improper. In this section, we write down
the marginal posteriors for β, θ and η, and discuss methods for finding the HPD
intervals for each one of these parameters. The analytical findings of Section 4 are
strengthened with some numerical coverage probability computations.

The marginal posterior of β is given by

π(β|X1,X2) ∝
∫

∞

o

ηn−2

(

η2 +
S22 + β2S11 − 2βS12

S11

)

−(n−1)

dη.
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Putting η = z[S22 + β2S11 − 2βS12/S11]
−1/2 in the above integral, one gets after

simplification,

(6.1) π(β|X1,X2) ∝
(

1 +
(β − S12/S11)

2

S22.1

)

−
n−1

2

,

where S22.1 = S22 − S12
2/S11. This posterior is a t-distribution with location pa-

rameter S12/S11, scale parameter {S22.1/(n − 2)}1/2
and degrees of freedom n− 2.

The posterior of θ is given by

(6.2) π(θ|X1,X2) ∝ θ−(n−1) exp(−S11
1/2S22.1

1/2/θ)I[θ>0],

so that θ−1 has a Gamma distribution with shape parameter n − 2 and scale pa-
rameter (S11S22.1)

−
1

2 .
Finally, the marginal posterior of η is given by

π(η|X1,X2) ∝η−1/2(
S22.1

η
+ ηS11)

−(n−3/2)

∝ ηn−2(η2 +
S22.1

S11
)−(n−3/2).

(6.3)

The construction of HPD credible intervals is fairly simple. The posterior of β
being a univariate-t (thus symmetric and unimodal), from (6.1), the 100(1 − α)%

HPD credible interval for β is given by S12/S11±{S22.1/(n − 2)}1/2
tn−2;α/2, where

tn−2;α/2 denotes the upper 100(α/2)% point of a Student’s t-distribution with n−2
degrees of freedom.

Observing that the posterior of θ is log-concave, the 100(1−α)% region for θ is
given by [θ1, θ2], where θ1 and θ2 satisfy

(6.4) θ1
−(n−1) exp(−S11

1/2S22.1
1/2/θ1) = θ2

−(n−1) exp(−S11
1/2S22.1

1/2/θ2)

and

(6.5)

∫ θ2

θ1

θ−(n−1) exp(−S11
1/2S22.1

1/2/θ)(S11S22.1)
n−2

2 dθ = 1 − α.

It is important to note that if w = θ−1, then the posterior pdf of w is given by

π(w|X1,X2) ∝ wn−3 exp(−wS
1/2
11 S

1/2
22.1).

Noting the log-concavity of this pdf as well, the HPD region [w1, w2] for w is
obtained by solving

(6.6) w1
n−3 exp(−w1S11

1/2S22.1
1/2) = w2

n−3 exp(−w2S11
1/2S22.1

1/2)

and

(6.7)

∫ w2

w1

wn−3

Γ(n − 2)
exp(−wS11

1/2S22.1
1/2)(S11S22.1)

n−2

2 dw = 1 − α.

Clearly the solution [w1, w2] of (6.6) and (6.7) is different from the solution [θ−1
2 , θ−1

1 ]
of (6.4) and (6.5).
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Table 1
Frequentist coverage probabilities of 95% HPD intervals for β, θ and η when σ2

1
= 1 and σ2

2
= 1

ρ n β θ η

0.25 4 0.952 0.947 0.949
8 0.946 0.955 0.950
12 0.954 0.952 0.948
16 0.952 0.954 0.950
20 0.945 0.948 0.950

0.50 4 0.950 0.952 0.949
8 0.944 0.952 0.948
12 0.954 0.953 0.944
16 0.946 0.950 0.949
20 0.952 0.948 0.949

0.75 4 0.955 0.952 0.953
8 0.953 0.948 0.949
12 0.950 0.946 0.947
16 0.948 0.946 0.951
20 0.956 0.946 0.951

Finally observing that the posterior of η in (6.3) is log-concave, the 100(1−α)%
HPD interval [η1, η2] for η is obtained by solving

ηn−2
1 (η2

1 +
S22.1

S11
)−(n−3/2) = ηn−2

2 (η2
2 +

S22.1

S11
)−(n−3/2),

where

c

∫ η2

η1

ηn−2(η2 +
S22.1

S11
)−(n−3/2) dη = 1 − α,

c being the normalizing constant.
Now we evaluate the frequentist coverage probability by investigating the HPD

credible interval of the marginal posterior densities of β, θ and η under our proba-
bility matching prior for several ρ and n. That is to say, the frequentist coverage of
a 100(1−α)% HPD interval should be close to 1−α. This is done numerically. The
results were fairly insensitive to the choice of σ1 and σ2. Table 1 gives numerical
values of the frequentist coverage probabilites of 95% HPD intervals for β, θ and η
for σ1 = σ2 = 1.

The computation of these numerical values is based on simulation. In particular,
for fixed (µ1, µ2, σ

2
1 , σ2

2 , ρ) and n, we take 5, 000 independent random samples of
(X1,X2) from the bivariate normal model. In our simulation study, we take µ1 =
µ2 = 0 without loss of generality. Under the prior π, the frequentist coverage
probability can be estimated by the relative frequency of HPD intervals containing
the true parameter value. An inspection of Table 1 reveals that the agreement
between the frequentist and posterior coverage probabilities of HPD intervals is
quite good for the probability matching prior even if n is small.

7. Summary

The paper considers several probability matching criteria, and develops a prior that
meets all the matching criteria individually for several parameters of the bivariate
normal distribution including the regression coefficient and the generalized variance.
Future work will address development of matching priors when the parameter of
interest is the correlation coefficient. Possible multivariate extensions will also be
considered.
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Abstract: In the subjective Bayesian approach uncertainty is described by a
prior distribution chosen by the statistician. Fuzzy set theory is another way
to representing uncertainty. Here we give a decision theoretic approach which
allows a Bayesian to convert their prior distribution into a fuzzy set member-
ship function. This yields a formal relationship between these two different
methods of expressing uncertainty.
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1. Introduction

For a subjective Bayesian uncertainty about the unknown parameter or state of na-
ture can be expressed through a prior distribution. If θ denotes a typical parameter
value and Θ the set of all possible parameter values then the prior distribution over
Θ summarizes their knowledge and beliefs about the parameter.

Fuzzy set theory, introduced in Zadeh [7], is another approach to representing
uncertainty. A fuzzy set A, a subset of Θ, is characterized by its membership func-
tion. This is a function defined on Θ whose range is contained in the unit interval.
At a point θ the value of the membership function is a measure of how much we
think θ belongs to the set A. Statisticians have been slow to embrace fuzzy set
theory. Taheri [6] gives a review of applications of fuzzy set theory concepts to
statistical methodology. Bayesians have shown less interest in fuzzy ideas than fre-
quentists. Singpurwalla and Booker [5] have proposed a model which incorporates
fuzzy membership functions into a subjective Bayesian setup. However, they do not
give membership functions a probabilistic interpretation. In the imprecise or vague
approach to Bayesian statistics a decision maker selects a family of possible prior
distributions to represent their prior beliefs. de Cooman [2] presents an uncertainty
model for vague probability assessments that is closely related to Zadeh’s approach
[7].
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The concept of confidence intervals is a frequentist approach to expressing un-
certainty about an unknown parameter given data. It has long been recognized that
naive users have difficulty interpreting confidence intervals. They have a tendency
to give a probabilistic interpretation to the observed confidence interval.

It has also long been known that for discrete data conventional confidence in-
tervals, which we will also call ‘crisp’ confidence intervals, using a term from fuzzy
set theory, can preform poorly. A recent article [1] reviews the problems with crisp
confidence intervals for binomial models. Because of the inherent flaws in crisp con-
fidence intervals for discrete problems a new confidence interval notion has been
suggested called fuzzy confidence intervals [3]. Given the data a fuzzy confidence
interval is just the membership function of the set of plausible or reasonable values
for θ. One way to think about such membership functions is that they are gen-
eralizations of randomized intervals where no randomization is ever implemented.
They argued that fuzzy confidence intervals overcome the difficulties of the usual
crisp intervals for discrete probability models.

In terms of frequency of coverage discrete data Bayesian credible intervals will
suffer from the same problem that conventional intervals do. This should be of
concern to objective Bayesians who want their intervals to have good frequentist
properties. One way to approach this problem is to find a method that allows them
to use their posterior to get a sensible fuzzy interval instead of the usual Bayesian
credible interval.

Here we consider a no data statistical decision problem where the set of possible
decisions is the class of all membership functions defined on Θ. We then define a
family of loss functions. These functions measure the loss incurred when a probabil-
ity distribution is replaced by a fuzzy membership function. For any loss function
in the family and a given prior distribution we solve the resulting no data decision
problem. This gives a method for converting a prior or posterior into a fuzzy mem-
bership function. For a given fuzzy membership function we also study the problem
of identifying the family of prior distributions whose common solution to the no
data decision problem is this function. This sets up a formal relationship between
the two theories.

2. Fuzzy Set Theory

We will only use some of the basic concepts and terminology of fuzzy set theory,
which can be found in the most elementary of introductions to the subject [4].

A fuzzy set A in a space Θ is characterized by its membership function, which is
a map IA : Θ → [0, 1]. The value IA(θ) is the ‘degree of membership’ of the point θ
in the fuzzy set A or the “degree of compatibility . . . with the concept represented
by the fuzzy set”. See ([4], p. 75). The idea is that we are uncertain about whether
θ is in or out of the set A. The value IA(θ) represents how much we think θ is in
the fuzzy set A. The closer IA(θ) is to 1.0, the more we think θ is in A. The closer
IA(θ) is to 0.0, the more we think θ is not in A.

A fuzzy set whose membership function only takes on the values zero or one is
called crisp. For a crisp set, the membership function IA is the same thing as the
indicator function of an ordinary set A. Thus ‘crisp’ is just the fuzzy set theory
way of saying ‘ordinary’, and ‘membership function’ is the fuzzy set theory way of
saying ‘indicator function’. The complement of a fuzzy set A having membership
function IA is the fuzzy set B having membership function IB = 1− IA.

If IA is the membership function of a fuzzy set A, the γ-cut of A ([4], Section 5.1)
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is the crisp set
γIA = {θ : IA(θ) ≥ γ}.

Clearly, knowing all the γ-cuts for 0 ≤ γ ≤ 1 tells us everything there is to know
about the fuzzy set A. The 1-cut is also called the core of A, denoted core(A) and
the set

supp(A) =
⋃
γ>0

γIA = {θ : IA(θ) > 0}

is called the support of A ([4], p. 100). A fuzzy set is said to be convex if each γ-cut
is convex ([4], pp. 104–105).

3. A Decision Problem

For simplicity we assume that Θ is an interval of real numbers and the prior π is a
continuous probability density function defined on it.

Let A be the class of all measurable membership functions defined on Θ. Then
A is the space of possible decisions or actions with a typical member denoted by A.
Given a prior density π on Θ we want to find the membership function or fuzzy set
A which best represents π. We do this by defining a loss function and then solving
the no data decision problem.

Our loss function will depend on four known parameters which are specified by
the statistician. They are a1 ≥ 0, a2 ≥ 0, b1 ≥ 0 and b2 ≥ 0 where at least one of
the ai’s and at least one of the bi’s must be strictly positive. Then the loss incurred
when action A is taken and θ is the true state of nature is given by

(1) L(A, θ) = a1{1− IA(θ)}+
a2

2
{1− IA(θ)}2 +

∫
Θ

{
b1IA(θ) +

b2

2
(IA(θ))2

}
dθ.

To understand this loss function remember that we want to find the fuzzy set
or membership function A which best represents the set of sensible or reasonable
parameter values under our prior π. Hence if θ is the true parameter point we want
IA(θ) to be close to 1. This explains the presence of the first two terms in equation
1. But on the other hand we do not want the fuzzy set to be too large. This is
controlled by the last term in the equation which is a measure of the overall size of
the fuzzy set.

We now find the solution for this no data decision problem.

Theorem 1. Let π(θ) be a prior density on Θ. Then for the loss function of
equation (1) the fuzzy set membership A which satisfies∫

Θ

L(A, θ)π(θ) dθ = inf
A′∈A

∫
Θ

L(A′, θ)π(θ) dθ

is given by

(2) IA(θ) =


0 for 0 ≤ π(θ) < b1/(a1 + a2)
(a1+a2)π(θ)−b1

a2π(θ)+b2
for b1/(a1 + a2) ≤ π(θ) ≤ (b1 + b2)/a1

1 for π(θ) > (b1 + b2)/a1.

Proof. Note that we can write∫
Θ

L(A′, θ)π(θ) dθ =
∫

Θ

{
a1{1− IA(θ)}+

a2

2
{1− IA(θ)}2

}
π(θ)+

b1IA(θ) +
b2

2
(IA(θ))2

}
dθ
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so that to find the solution it is enough to minimize the integrand of the previous
equation for each fixed value of θ. But for a fixed θ the integrand is just a quadratic
function of IA′(θ) and a simple calculus argument completes the proof.

The theorem remains true when a1 = 0 if we assume dividing by zero yields
infinity.

Note that the solution is unchanged if the loss function is multiplied by a positive
number. Without loss of generality we could set one of the four parameters defining
the loss function equal to one but having four parameters will be convenient in the
following discussion.

As with any decision problem the solution depends strongly on the loss function.
We believe our family of loss functions is flexible and captures some of the important
aspects of the problem. Finding a good fuzzy set to summarize our information
about a parameter is much like finding a good credible set. We want it to include
the likely values but without it getting to large. The loss function in equation (1)
is essentially the sum of two quadratic functions. The first part is quadratic in
non-membership in the set of likely values while the second part is quadratic in
a measure of the size of the set. If we just include the linear terms in each part
then the optimal solution will always be a crisp set. It is necessary to include the
quadratic terms to get a true fuzzy set as a solution.

We see from equation (2) that the optimal membership function is related to the
prior π in a sensible fashion. The solution is 1 where the prior is large, 0 where the
prior is small and a rescaling between the two cases. Note that for a given bounded
π if b1 is chosen large enough then the solution to our decision problem is the
membership function which is identically zero. On the other hand if π is bounded
away from zero and a1 is chosen large enough then the solution to our decision
problem is the membership function which is identically one.

4. Relating Priors and Fuzzy Sets

We have considered the problem of converting a prior distribution into a fuzzy
membership function. In some situations it could be of interest to be able to move
in the other direction. That is, transform the uncertainty expressed in a fuzzy
membership function into the Bayesian paradigm. One way to do this would be to
find a loss function and prior for which the solution to our decision problem is the
fuzzy membership function in hand. This suggests the following three questions.

• For a specified fuzzy membership function, IA, and a specified loss function
does there exist a prior density function for which the solution to our decision
problem is IA?

• For a specified fuzzy membership function, IA, does there exist a loss function
and a prior density function for which the solution to our decision problem is
IA?

• If a solution does exist for question 1 is it unique?

We see from equation (2) that for IA to be a solution for π we must have

(3) π(θ) =
b1 + b2IA(θ)

a1 + a2(1− IA(θ))
for θ where 0 < IA(θ) < 1

From this we see that the answer to our first question is no. This is because when
Θ is unbounded π in the previous equation need not be integrable and even when it
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is it need not integrate to one. The answer to the second question is yes whenever
IA(θ) is integrable. Since in this case we can always select b1 ≥ 0 and b2 > 0 to
make π(θ) of equation (3) a density. When a solution exists it need not be unique.

For a simple example we set a2 = 0 and let the other three parameters be
positive. Consider the special case where Θ is bounded. If we set

(4) r1 = b1/a1 and r2 = (b1 + b2)/a1

we find that

(5) a1 = b2/(r2 − r1) and b1 = r1/(r2 − r1)

and the solution from equation (2) has the form

(6) IA(θ) =


0 for 0 ≤ π(θ) < r1

(π(θ)− r1)/(r2 − r1) for r1 ≤ π(θ) ≤ r2

1 for π(θ) > r2.

Now let IA be given and assume that the length of Θ is `. If r1 < 1/` then there
exist a unique r2 > r1 such that

(7) πA,r1(θ) = (r2 − r1)IA(θ) + r1 for θ ∈ Θ

is a prior distribution over Θ. Moreover we can find values for a1, b1 and b2 which
satisfy equation 4. With this loss function IA will be the solution to our decision
problem when the prior is πA,r1 . Furthermore if the sets where IA(θ) = 0 and
IA(θ) = 1 each have positive Lebesgue measure then it will not be the unique prior
with this property. Any prior density π satisfying

π(θ) ≤ r1 when IA(θ) = 0
π(θ) = πA,r1(θ) when 0 < IA(θ) < 1
π(θ) ≥ r2 when IA(θ) = 1

(8)

will also be a solution for our decision problem.
Among the set of possible solutions the one in equation (7) has two nice proper-

ties. First of all it is continuous whenever IA(θ) is continuous. Secondly it treats the
members of {θ : IA(θ) = 1} similarly and the members of {θ : IA(θ) = 0} similarly.
More importantly, this identification of a fuzzy membership function with a class
of prior distributions demonstrates that we can give roughly equivalent expressions
of uncertainty in the Bayesian and fuzzy paradigms.

Finally, we address the question of uniqueness. The previous discussion indicates
that if we want uniqueness we should consider membership functions which never
take on zero or one as a possible value. Let IA be such a membership function and
let a1 > 0 and a2 > 0 be fixed and suppose Θ is the unit interval. Then integrating
equation 3 we have∫ 1

0

π(θ) dθ = b1

∫ 1

0

1
a1 + a2(1− IA(θ))

dθ + b2

∫ 1

0

IA(θ)
a1 + a2(1− IA(θ))

dθ

= b1c1(a1, a2) + b2c2(a1, a2).

imsart-lnms ver. 2007/09/18 file: GMeeden.tex date: November 20, 2007



Fuzzy sets and priors 87

Hence π will be a probability density function whenever

b1 ∈ [0, 1/c1(a1, a2)] and b2 = (1− b1c1(a1, a2))/c2(a1, a2).

To better understand the relationship between IA and its corresponding prior
we consider a simple example. Let

(9) IA(θ) = 6.075 θ2(1− θ) for θ ∈ [0, 1].

We consider two different choices of the ai’s and for each case two different choices
of b1. For the first case a1 = 1 and a2 = 7. The maximum possible value for b1 is 3.40
and our two choices for the bi’s are b1 = 0.01, b2 = 5.15 and b1 = 3.35, b2 = 0.072.
In the second case a1 = 4 and a2 = 2. The maximum possible value for b1 is 4.91
and our two choices for the bi’s are b1 = 0.01, b2 = 9.02 and b1 = 4.50, b2 = 0.76.
For each of the four combinations we found the unique prior whose solution to
the decision problem yields the fuzzy membership function of equation (9). The
membership function along with the four priors are shown in the figure.

The membership function is the solid curve. The two curves with the two largest
maximums are the solutions for the first case where a1 = 1 and a2 = 7. Of the two
solutions the one with b1 = 0.01 has the largest maximum. The other two curves are
the solutions for the second case. Again the solution for b1 = 0.01 has the largest of
the two maximums. These curves demonstrate what a closer inspection of equation
(3) yields. For a fixed a1 and a2 the solution becomes less concentrated about its
mode as b1 increases from zero to its maximum value. Also the solution becomes
less concentrated about its mode as we increase a1 and decrease a2. But in all cases
the priors do reflect the shape of their common solution.

An interesting consequence of this unique correspondence is that it gives a way
to update a large class of fuzzy membership functions given data. Suppose an
expert has selected a fuzzy membership function to represent their uncertainty.
The statistician then selects appropriate values of the ai’s and the bi’s and uses
equation 3 to transform it into a prior. Then given the data they find the posterior
distribution which is then converted back to a fuzzy membership function using the
theorem with the ai and bi values.

This result is somewhat surprising since a fuzzy membership function must sat-
isfy less conditions then a probability density function since it need not be inte-
grable. At first glance the previous example where a membership function corre-
sponded to a family of priors seems more reasonable. To get the unique correspon-
dence, however, we made two fairly strict assumptions. The function in equation
(3) needed to be integrable and the range of the membership function had to lay
in the open unit interval. Both these conditions on the membership function seem
not so surprising if we hope to convert it to a probability density function.

5. Some Final Remarks

Mainline statistics has shown little interest in fuzzy set theory. This is especially
true for most Bayesians since they believe that they already have a good way to
express uncertainty. Here we have argued that Bayesians should be more interested
in fuzzy set theory. For discrete data, just as for frequentists, there are certain
advantages to considering interval estimates as fuzzy sets. We noted that our scheme
for converting a prior density into a fuzzy membership function could also be used
to relate some fuzzy membership functions to prior densities. In some cases a fuzzy

imsart-lnms ver. 2007/09/18 file: GMeeden.tex date: November 20, 2007



88 G. Meeden

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

 

 

Fig 1. A plot of the fuzzy membership function (the solid line) in equation 9 and four priors
whose common solution for four loss functions is the fuzzy membership function. The two priors
for the a1 = 1 and a2 = 7 case are the ones with the two largest maximums. The other two priors
are for the two a1 = 4 and a2 = 2 cases.

membership function will correspond to a family of densities while under more
restricted conditions it will correspond to a unique density. The relationship seems
intuitively sensible and as far as we know it is the first simple formal correspondence
between the two theories which until now have lived in different worlds.

A copy of Geyer and Meeden [3] and related material can be found at

http//:www.stat.umn.edu/~glen/papers/
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Abstract: A simple Bayesian approach to nonparametric regression is de-
scribed using fuzzy sets and membership functions. Membership functions are
interpreted as likelihood functions for the unknown regression function, so
that with the help of a reference prior they can be transformed to prior den-
sity functions. The unknown regression function is decomposed into wavelets
and a hierarchical Bayesian approach is employed for making inferences on the
resulting wavelet coefficients.
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1. Introduction

Consider the model

(1.1) yi = g(xi) + εi, i = 1, . . . , n, and xi ∈ T ,

where ε = (ε1, ε2, . . . , εn)′ ∼ N(0, σ2I), σ2 is unknown and g(·) is a function defined
on some index set T ⊂ R1. Inferences about g such as its estimation and estimation
error as well as model checking are of interest.

Without parametric assumptions such as those leading to linear regression, this is
a nonparametric regression problem. A Bayesian approach to (fully) nonparametric
regression problems typically requires specifying prior distributions on function
spaces which is rather difficult to handle. The extent of the complexity of this
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approach can be gauged from sources such as Ghosh and Ramamoorthi [9], Lenk
[10], and so on. Furthermore, quantifying useful prior information such as ‘g is close
to (a specified function) g0’ is difficult probabilistically, whereas this seems quite
straightforward if instead an appropriate metric on the concerned function space is
used. This is where fuzzy sets or membership functions can be made use of. Before
proceeding to this problem, let us recall the following details on fuzzy sets and
membership functions.

Definition 1.1. A fuzzy subset A of a space G (or just a fuzzy set A) is defined by
a membership function hA : G −→ [0, 1].

The membership function, hA(g), is supposed to express the degree of compati-
bility of g with A. For example, if G is the real line and A is the set of points ‘close
to 0’, then hA(0) = 1 indicates that 0 is certainly included in A, but hA(.05) = .01
says that .05 is not really ‘close’ to 0 in this context. Similarly, if G is a set of
functions and A ⊂ G is a set of functions ‘close’ to a given function g0, then
hA(g0) = 1 indicates that g0 is certainly included in A; however, if hA(g1) = .01
with g1(x) = 10g0 + 100 then g1 is not really ‘close’ to g0 in this case.

Note that even when G = Θ is the parameter space, a membership function hA(θ)
is not a probability density or mass function defined on Θ, and hence cannot be used
to obtain a prior distribution directly. Instead, as we have done in [4], we propose
that a reasonable interpretation for a fuzzy subset A of Θ is that it is a likelihood
function for θ given A. (See also [12, 13]). This interpretation seems to be able to
answer some of the questions regarding how appropriate the concept of fuzziness is
in modeling our perception of imprecision. French [7] discusses a few of these ques-
tions. First of all, likelihood is an accepted means for modeling imprecision. Another
important question is how to define hA∩B from hA and hB for incorporating hA and
hB in Bayesian inference. If A and B are independent, then interpreting hA and
hB as likelihood functions leads to the result that hA∩B = hAhB , for this purpose.
Further, the qualitative ordering that underlies a membership function can also be
investigated with this interpretation, in conjunction with a prior distribution, as we
study later. See [4] for an application to hierarchical and robust Bayes inference.

This paper is closely related to Angers and Delampady [3, 4]. In the latter, we
used fuzzy sets to help specify a prior density on a finite parameter space, whereas
in the former a nonparametric function estimator using wavelet decomposition was
presented. It is therefore natural to explore whether a combination of these two
ideas can be fruitfully employed. Towards this end, we adopt the semi-parametric
approach of using the wavelet decomposition of a regression function along with
a remainder, thus effecting a drastic reduction of the dimension of the parameter
space. Next we propose to incorporate the imprecise prior information of the kind
‘the true regression function g is close to g0’ using membership functions. Wavelet
decomposition of g0 provides the wavelet coefficients θ0 which we take as the prior
mean of the wavelet coefficients θ corresponding to g. Precision of this prior mean
estimate is unclear, so we treat the prior variance of these coefficients as a hyper-
parameter with a second stage (reference) prior. This approach is also tied to the
question of Bayesian robustness. If a membership function stating ‘we think g is
close to g0’ is the only prior input that we intend to incorporate, how should we
then proceed with the Bayesian inference related to g? We claim that the only
natural approach is to study the robustness of the inferences resulting from the
class of prior densities compatible with this membership function (see Section 5.1).
This approach is further explained in the following sections.

This paper is organized as follows. In Sections 2 and 3, a brief summary of our
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previous work [3, 4] is presented. In Section 4, details on the posterior calculations
are given. The main focus of this paper, namely, model checking using Bayes factors
and fuzzy models, is discussed in Section 5. Simulations and practical examples are
presented in the last section to illustrate this theme.

2. Nonparametric Regression and Wavelets

To proceed further, we assume that the regression function g and its prior guess g0

are in L2 and impose a wavelet structure on both of them. To do this, we consider
a compactly supported wavelet function ψ ∈ Cs, the set of real-valued functions
with continuous derivatives up to order s. Thus, g(x) can be written as

g(x) =
∑

|k|≤K0

αkφk(x) +
∞∑

j=0

∑

|k|≤Kj

βj,kψj,k(x)

= gJ(x) + RJ(x),

where

gJ (x) =
∑

|k|≤K0

αkφk(x) +
J∑

j=0

∑

|k|≤Kj

βj,kψj,k(x),

RJ (x) =
∞∑

j=J+1

∑

|k|≤Kj

βj,kψj,k(x),(2.1)

φk(x) = φ(x− k),

ψj,k(x) = 2j/2ψ(2jx− k),

αk =
∫

T
φ(x− k)g(x)dx, and

βj,k =
∫

T
2j/2ψ(2jx− k)g(x)dx.

Here Kj is such that φk(x) and ψj,k(x) vanish on T whenever |k| > Kj , and φ
is the scaling function (‘father wavelet’) corresponding to the ‘mother wavelet’ ψ.
Such Kj ’s exist (and are finite) since the wavelet function that we have chosen has
compact support. (See [3] or [8] for details.) Since the number of observations is
finite, only a finite number of parameters can be estimated. Therefore, as suggested
in [3], the resolution level J should be chosen such that the total number of un-
known parameters which need to be estimated is no larger than n, the number of
observations. Since the total number of α and β parameters is bounded by

lX2J+1 + J(lψ + 1) + (lφ + lψ + 2)

where lX , lψ and lφ represent the length of the support of T , ψ(·) and φ(·) respec-
tively, we require this upper bound to be less than n. The optimal resolution level J ,
however, should be chosen using a Bayesian model selection technique, for example
[3]. Consequently, we propose that the function gJ (·) be estimated from the data
and the function RJ (·) be considered as a ‘nuisance parameter’ to be eliminated by
integrating it out.

Further we assume that

g0(x) =
∑

|k|≤K0

α0,kφk(x) +
∞∑

j=0

∑

|k|≤Kj

β0,j,kψj,k(x),

imsart-lnms ver. 2007/09/18 file: AngersDelampady.tex date: November 27, 2007



Nonparametric Regression 93

where

α0,k =
∫

T
φ(x− k)g0(x)dx

β0,j,k =
∫

T
2j/2ψ(2jx− k)g0(x)dx.

Since g0 is given, the wavelet coefficients can be assumed known.
From [1], it is known that βj,k = O(2−js) where s denotes the degree of ‘smooth-

ness’ of ψ, that is ψ(·) ∈ Cs (s > 1/2). Further, some of the a priori information
wavelet coefficients can be translated into

E[αk] = α0,k; E[βj,k] = β0,j,k;(2.2)

V ar(αk) = τ2; V ar(βj,k) = τ2/22js;(2.3)

(see [3] for details). Here, τ2 is a first stage hyper-parameter, a suitable prior on
which will be specified later. (It is also supposed that E[βj,k] = β0,j,k = 0 for
j ≥ J + 1.) However, the prior probability distribution on the coefficients αk and
βj,k itself will be specified by a membership function to be introduced later.

Since there are only a finite number of βj,k that can be estimated, we cannot
expect to have a very informative prior distribution on the remainder term, RJ .
However, to be able to proceed with the Bayesian approach, we need to assume that
RJ(·) is a stochastic process. For simplicity and computational ease, we consider
a Gaussian process with zero mean (compatible with E[βj,k] = β0,j,k = 0 for
j ≥ J + 1). Specifically, following [3], we now assume that RJ(x) is a Gaussian
process with mean function 0 and covariance kernel τ2Q(x, y) where

Q(x, y) =
∞∑

j=J+1

1
22js

∑

|k|≤Kj

ψj,k(x)ψj,k(y).(2.4)

Note that a prior assumption such as βj,k being independent normal random quanti-
ties will naturally lead to this prior distribution as can be seen from the Karhunen–
Loeve expansion [2]. We, however, make the stronger assumption that the remainder
RJ(·) itself is a zero-mean Gaussian but with an unknown prior variance component
τ2. Our reason for this assumption is that, once the optimal resolution level J is
chosen using a powerful mechanism such as a Bayes factor, as we suggest later, the
wavelet coefficients at higher resolutions are not expected to have substantial influ-
ence on the wavelet smoother. Hence RJ(·) which is made up of these higher-order
wavelet coefficients will also have negligible influence.

3. Prior Information and Membership Functions

We have explained in the previous section that we would like to make use of im-
precise prior information such as ‘g is close to g0’ by using a membership function
which translates this into a measure of distance between the corresponding wavelet
coefficients. Let us examine the implications of assuming that the available prior
information is quantified in terms of a membership function

(3.1) hA(g) = ξ(ρ(g, g0)),
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where ρ is a measure of distance. Due to the wavelet decomposition assumed on g
as well as g0 (see Section 2), a natural choice for ρ is the L2 distance given by

(3.2) ρ2(g, g0) = ||g − g0||2 =
∑

(θj,k − θ0
j,k)2,

where θj,k and θ0
j,k are, respectively, the wavelet coefficients of g and g0. Using

Parseval’s identity, note that

ρ2(g, g0) = ‖g − g0‖2 =
∑

|k|≤K0

(αk − α0,k)2 +
∞∑

j=0

∑

|k|≤Kj

(βj,k − β0,j,k)2 .

Since we cannot estimate βj,k for j = J + 1, ..., and because βj,k = O(2−js) (see
[1]) we then have

ρ2(g, g0) =
∑

|k|≤K0

(αk − α0,k)2 +
J∑

j=0

∑

|k|≤Kj

(βj,k − β0,j,k)2

(3.3)

+
∞∑

j=J+1

∑

|k|≤Kj

(βj,k − β0,j,k)2

=
∑

|k|≤K0

(αk − α0,k)2 +
J∑

j=0

∑

|k|≤Kj

(βj,k − β0,j,k)2 +
∞∑

j=J+1

∑

|k|≤Kj

O(2−2js)

=
∑

|k|≤K0

(αk − α0,k)2 +
J∑

j=0

∑

|k|≤Kj

(βj,k − β0,j,k)2 + O(2−2(J+1)s)

= ρ2
J (g, g0) + O(2−2(J+1)s).(3.4)

For this reason, to quantify the imprecise prior information, we will use a member-
ship function that will depend only on ρ2

J (g, g0). Some possibilities for hA are the
following:
(i) The Gaussian membership function given by

(3.5) hA(g) = exp(−ρ2
J (g, g0)) = exp(−α||θ − θ0||2).

This membership function can be explained as follows. Suppose we have available
some past data of the form

y∗i = g(x∗i ) + εi, i = 1, . . . , n∗,

with εi denoting i.i.d. normal errors, and suppose g is estimated from this data by ĝ.
Then the information in this data may be quantified using a membership function
of the type

hA(g) = exp(−α||g − ĝ||2) = exp(−c
∑

(θj − θ̂j)2).

g0 may then be identified with ĝ. If we have multiple past data sets, we may then
have available hA1(g) = exp(−α1||g − ĝ1||2), hA2(g) = exp(−α2||g − ĝ2||2), and so
on, which may be combined into

hA(g) = hA1∩A2(g) = hA1(g)hA2(g) = exp(−{
α1||g − ĝ1||2 + α2||g − ĝ2||2

}
).
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As an example one could consider fitting regression lines to two (or more) sets of
past data with possibly different error variances and use the fitted regression lines
along with the estimated variances for constructing the membership functions. This
justifies to some extent our previous suggestion that membership functions quantify
prior information in the sense of the likelihood. The constants α1 and α2 provide
additional scope for assigning different weights to the two sources of information,
which is another appealing feature of this approach.
(ii) The multivariate t membership function

(3.6) hA(g) =
(
1 + ρ2

J (g, g0)
)−(p+q)/2

=
(
1 + (θ − θ0)′V −1(θ − θ0)/q

)−(p+q)/2
,

where q > 2 is the degrees of freedom and p denotes the dimension of θ. This is a
continuous scale mixture of Gaussian membership functions with the same g0 for
each of the membership functions. Since this vanishes more slowly than (3.5), one
could expect better robustness with this.
(iii) The uniform function

hA(g) =
{

1 if ρJ(g, g0) ≤ δ;
0 otherwise.

This is an extreme case where g is restricted to a neighborhood of g0.
In order to proceed with Bayesian inference on g, we need to convert the mem-

bership function into a prior density. This is done as in [4] with the aid of a reference
prior density π0. Thus we obtain the prior density

π(g) ∝ hA(g)π0(g),

or, upon utilizing the wavelet decomposition for g, we have an equivalent prior
density

π(θ, σ2) ∝ hA(θ)π0(θ, σ2).

4. Posterior Calculations

As in [3], let Qn = (Qn)il, 1 ≤ i, l ≤ n, where (Qn)il = Q(xi, xl), which was
introduced in (2.4). Note that

(Qn)il =
∑

j≥J+1

∑

|k|≤Kj

2−2jsψjk(xi)ψjk(xl).

Let X = (Φ′, S′) with the ith row of Φ′ being {φk(xi)}′|k|≤K0
and the ith row of S′

being {ψjk(xi)}′|k|≤Kj ,0≤j≤J . Then we have the model

(4.1) y|θ, σ2, τ2 ∼ N(Xθ, σ2In + τ2Qn).

Unless θ has a normal prior distribution or a hierarchical prior with a conditionally
normal prior distribution, analytical simplifications in the computation of posterior
quantities are not expected. For such cases, we have the joint posterior density of
the wavelet coefficients θ and the error variances σ2 and τ2 given by the expression

π(θ, σ2, τ2|y) ∝ f(y|θ, σ2, τ2)hA(θ)π0(θ, σ2, τ2),
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where f is the likelihood. From (4.1), f can be expressed as

f(y|θ, σ2, τ2) ∝ |σ2In + τ2Qn|−1/2 exp(−1
2
{(y −Xθ)′(σ2In + τ2Qn)−1(y −Xθ)}).

Proceeding further, suppose π0 of the form

(4.2) π0(θ, σ2, τ2) = π1(σ2, τ2),

which is constant in θ, is chosen.
MCMC based approaches to posterior computations are now readily available.

For example, Gibbs sampling is straightforward. Note that the conditional posterior
densities are given by

(4.3) π(θ|y, σ2, τ2) ∝ exp(−1
2
{(y −Xθ)′(σ2In + τ2Qn)−1(y −Xθ)})hA(θ),

π(σ2|y, θ, τ2) ∝ |σ2In + τ2Qn|−1/2

exp(−1
2
{(y −Xθ)′(σ2In + τ2Qn)−1(y −Xθ)})π1(σ2, τ2),

(4.4)

π(τ2|y, θ, σ2) ∝ |σ2In + τ2Qn|−1/2

exp(−1
2
{(y −Xθ)′(σ2In + τ2Qn)−1(y −Xθ)})π1(σ2, τ2).

(4.5)

However, major simplifications are possible with the Gaussian hA as in (i). In this
case, the posterior analysis can proceed along the lines of [3]. Specifically, assuming
that hA(θ) is proportional to the density of N(θ0, τ

2Γ) with

Γ =
(

I2K0+1 0
0 ∆Mβ

)
,

where Mβ =
∑J

j=0(2Kj + 1) and with τ2∆ being the variance-covariance matrix
of β (which is also diagonal, having the diagonal entries specified by V ar(βjk) =
τ2/22js), we obtain

y|θ, σ2, τ2 ∼ N(Xθ, σ2In + τ2Qn),(4.6)
θ|τ2 ∼ N(θ0, τ

2Γ).

Therefore, it follows that

y|σ2, τ2 ∼ N(Xθ0, σ
2In + τ2 (XΓX ′ + Qn)),(4.7)

θ|y, σ2, τ2 ∼ N(θ0 + A(y −Xθ0), B),(4.8)

where

A = τ2ΓX ′ (σ2In + τ2 (XΓX ′ + Qn)
)−1

,

B = τ2Γ− τ4ΓX ′ (σ2In + τ2 (XΓX ′ + Qn)
)−1

XΓ.

Now proceeding as in [3], we employ spectral decomposition to obtain XΓX ′+Qn =
HDH ′, where D = diag(d1, d2, . . . , dn) is the matrix of eigenvalues and H is the
orthogonal matrix of eigenvectors. Thus,

σ2In + τ2 (XΓX ′ + Qn) = H
(
σ2In + τ2D

)
H ′ = σ2H (In + uD)H ′,
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where u = τ2/σ2. Then, the first stage (conditional) marginal density of y given
σ2 and u can be written as

m(y | σ2, u) =
1

(2πσ2)n/2

1
det(In + uD)1/2

× exp
{
− 1

2σ2
(y −Xθ0)′H(In + uD)−1H ′(y −Xθ0)

}

=
1

(2πσ2)n/2

1∏n
i=1(1 + udi)1/2

exp

{
− 1

2σ2

n∑

i=1

s2
i

1 + udi

}
,(4.9)

where s = (s1, . . . , sn)′ = H ′(y −Xθ0). We choose the prior on σ2 and u = τ2/σ2

qualitatively similar to that used in [3]. Specifically, we take π1(σ2, u) to be propor-
tional to the product of an inverse gamma density {kc−1/Γ(c−1)} exp(−k/σ2)(σ2)−c

for σ2 and the density of a F (b, a) distribution for u (for suitable choice of k, c, a
and b). Conditions apply on a and b as indicated in [3].

Once π1(σ2, u) is chosen as above, we obtain the posterior mean and covariance
matrix of θ as in the following result.

Theorem 4.1.

(4.10) E(θ|y) = θ0 + ΓX ′HE
[
(In + uD)−1 | y]

s,

where the expectation is taken with respect to
(4.11)

π22(u | y) ∝ ub/2

(a + bu)(a+b)/2

(
n∏

i=1

(1 + udi)

)−1/2 (
2k +

n∑

i=1

s2
i

1 + udi

)−(n+2c)/2

.

and

V ar(θ | y) =
1

n + 2c
E

[
2k +

n∑

i=1

s2
i

1 + udi
| y

]
Γ

− 1
n + 2c

ΓX ′HE

[(
2k +

n∑

i=1

s2
i

1 + udi

)
(In + uD)−1 | y

]
H ′XΓ

+E [M(u)M(u)′ | y] ,(4.12)

where M(u) = ΓX ′H(In + uD)−1s.

The proof of Theorem 4.1 readily follows upon using standard hierarchical Bayesian
model techniques (see [8], Section 9.1). The second part of Equation (4.10) can be
viewed as a correction term added to the prior guess after observing the data y.

Coming to the multivariate t form of hA as in (ii), we note that the multivariate
t density is a continuous scale mixture of multivariate normal densities as, for
example, shown in [11], i.e., θ has the multivariate t distribution with location θ0

and scale matrix V with density of the form (3.6) if and only if

θ | δ2 ∼ N(θ0, qδ
2V ), (δ2)−1 ∼ χ2

q.

This implies that with a π0 as in (4.2), we obtain a hierarchical normal prior struc-
ture for θ with an additional hyper-parameter δ2. Consequently, we can proceed
with the posterior computations exactly as with the Gaussian hA, except that we
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will have a two-dimensional integration after we simplify our calculations as above.
However, MCMC techniques can easily handle this case.

Computations with the hA given in (iii) are more difficult. Analytical simplifica-
tions as shown for the cases (i) and (ii) are not available here. Therefore, we utilize
the MCMC computational scheme outlined in (4.3)-(4.5) above. Alternatively, the
Metropolis–Hastings (M-H) algorithm may be employed.

5. Model Checking and Bayes Factors

An important and useful model checking problem in the present setup is checking
the two models

M0 : g = g0 versus M1 : g 6= g0.

Under M1, (g = g(θ), τ2, σ2) is given the prior hA(θ)π0(θ, τ2, σ2)I(g 6= g0), whereas
under M0, π0(σ2) induced by π0(θ, τ2, σ2) is the only part needed. In order to
conduct the model checking, we compute the Bayes factor, B01, of M0 relative to
M1:

(5.1) B01(y) =
m(y|M0)
m(y|M1)

,

where m(y|Mi) is the predictive (marginal) density of y under model Mi, i = 0, 1.
We have

m(y|M0) =
∫

f(y|g0, σ
2)π0(σ2) dσ2,

and
m(y|M1) =

∫
f(y|θ, τ2, σ2)hA(θ)π0(θ, τ2, σ2) dθ dτ2 dσ2.

Since improper priors can lead to difficulties in model checking problems, here we
must employ proper priors. (Note that for estimation purposes, the noninformative,
improper prior (σ2)−c corresponding to k = 0 would have worked in the previous
section.) We will develop the methodology here for the Gaussian membership func-
tion only; the other cases are similar but computationally more intensive.

Recall from the previous section that in the case of a Gaussian membership
function hA, the posterior analysis is similar to that discussed in [3], and for the
same reason, the computation of the Bayes factor is also similar to what was dis-
cussed there. As in the previous section π0(θ, τ2, σ2) will be constant in θ, while
σ2 is inverse gamma and is independent of v = σ2/τ2 which is given the Fa,b prior
distribution. (Equivalently, u = 1/v = τ2/σ2 is given the Fb,a prior as before.)
Specifically, π0(σ2) = {kc−1/Γ(c − 1)} exp(−k/σ2)(σ2)−c, where c and k (small)
are suitably chosen. Therefore,

m(y|M0) =
∫

f(y|g0, σ
2)π0(σ2) dσ2 = (2π)−n/2 kc−1

Γ(c− 1)

Γ(n/2 + c− 1)

{
k +

1
2

n∑

i=1

(yi − g0(xi))2
}−(n/2+c−1)

.

Further, using (4.7), it follows that

(5.2) m(y|M1, σ
2, u) = (2πσ2)−n/2

n∏

i=1

(1 + udi)−1/2 exp

{
− 1

2σ2

n∑

i=1

s2
i

1 + udi

}
,
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where s = (s1, . . . , sn)′ = H ′(y −Xθ0) as before. Therefore,

m(y|M1) =
∫

m(y|M1, σ
2, u)π0(σ2, u) dσ2 du

= (2π)−n/2 kc−1

Γ(c− 1)

∫ n∏

i=1

(1 + udi)−1/2π0(u)

{∫
exp

{
− 1

σ2

(
k +

1
2

n∑

i=1

s2
i

1 + udi

)}
(σ2)−(n/2+c) dσ2

}
du

= (2π)−n/2 kc−1

Γ(c− 1)
Γ(n/2 + c− 1)(5.3)

∫ {
k +

1
2

n∑

i=1

s2
i

1 + udi

}−(n/2+c−1) n∏

i=1

(1 + udi)−1/2π0(u) du,

where π0(u) denotes the Fb,a density of u. Note that this involves only a straightfor-
ward single-dimensional integration. The resulting Bayes factor is illustrated later
in our examples.

5.1. Prior Robustness of Bayes Factors

Note that the most informative part of the prior density that we have used is
contained in the membership function hA. Since a membership function hA(θ) is to
be treated only as a likelihood for θ, any constant multiple chA(θ) also contributes
the same prior information about θ. Therefore, a study of the robustness of the
Bayes factor that we obtained above with respect to a class of priors compatible
with hA is of interest. Here we consider a sensitivity study using the density ratio
class defined as follows. Since the prior π that we use has the form π(θ, τ2, σ2) ∝
hA(θ)π0(θ, τ2, σ2), we consider the class of priors

CA =
{
π : c1hA(θ)π0(θ, τ2, σ2) ≤ απ(θ, τ2, σ2) ≤ c2hA(θ)π0(θ, τ2, σ2), α > 0

}
,

for specified 0 < c1 < c2. We would like to investigate how the Bayes factor (5.1)
behaves as the prior π varies in CA. We note that for any π ∈ CA, the Bayes factor
B01 has the form

B01 =
∫

f(y|g0, σ
2)π(θ, τ2, σ2) dθ dτ2 dσ2

∫
f(y|θ, τ2, σ2)π(θ, τ2, σ2) dθ dτ2 dσ2

.

Even though the integration in the numerator above need not involve θ and τ2, we
do so to apply the following result (see [8], Theorem 3.9, or [4], Theorem 4.1).

Consider the density-ratio class

ΓDR = {π : L(η) ≤ απ(η) ≤ U(η) for some α > 0} ,

for specified non-negative functions L and U . Further, let q ≡ q+ + q− be the usual
decomposition of q into its positive and negative parts, i.e., q+(u) = max{q(u), 0}
and q−(u) = −max{−q(u), 0}. Then we have the following theorem (see [6]).

imsart-lnms ver. 2007/09/18 file: AngersDelampady.tex date: November 27, 2007



100 J.-F. Angers and M. Delampady

Theorem 5.1. For functions q1 and q2 such that
∫ |qi(η)|U(η) dη < ∞, for i = 1, 2,

and with q2 positive a.s. with respect to all π ∈ ΓDR,

inf
π∈ΓDR

∫
q1(η)π(η) dη∫
q2(η)π(η) dη

is the unique solution λ of

(5.4)
∫

(q1(η)−λq2(η))−U(η) dη+
∫

(q1(η)−λq2(η))+L(η) dη = 0,

sup
π∈ΓDR

∫
q1(η)π(η) dη∫
q2(η)π(η) dη

is the unique solution λ of

(5.5)
∫

(q1(η)−λq2(η))+U(η) dη+
∫

(q1(η)−λq2(η))−L(η) dη = 0.

We shall discuss this result for the Gaussian membership function only. Then,
since the prior π that we use has the form π(θ, τ2, σ2) ∝ hA(θ)π0(τ2, σ2), and we
don’t intend to vary π0(τ2, σ2) in our analysis, we redefine CA as

CA = {π(θ) : c1hA(θ) ≤ απ(θ) ≤ c2hA(θ), α > 0} ,

for specified 0 < c1 < c2. Now, we re-express B01 as

B01(π) =

∫ {∫
f(y|g0, σ

2)π0(σ2)dσ2
}

π(θ) dθ∫ {∫
f(y|θ, τ2, σ2)π0(τ2, σ2) dτ2 dσ2

}
π(θ) dθ

=
∫

q1(θ)π(θ) dθ∫
q2(θ)π(θ) dθ

,

where

q1(θ) ≡
∫

f(y|g0, σ
2)π0(σ2)dσ2 = m(y|M0),

q2(θ) =
∫

f(y|θ, τ2, σ2)π0(τ2, σ2) dτ2 dσ2.

Then, Theorem 5.1 is readily applicable, and we obtain

Theorem 5.2.

inf
π∈CA

B01(π) is the unique solution λ of

(5.6) c2

∫
(q1(θ)−λq2(θ))−hA(θ) dθ + c1

∫
(q1(θ)−λq2(θ))+hA(θ) dθ = 0,

sup
π∈CA

B01(π) is the unique solution λ of

(5.7) c2

∫
(q1(θ)−λq2(θ))+hA(θ) dθ + c1

∫
(q1(θ)−λq2(θ))−hA(θ) dθ = 0.
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(a) Gaussian
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(b) Ellipsoid

Fig 1. Wavelet smoother for g(x) = cos(2πx) and g0(x) = cos(2πx)

6. Examples, Simulations and Illustrations

Illustrative examples, simulated as well as those involving real-life data, are dis-
cussed below. In all examples we have used two membership functions:

1. Gaussian membership function: hA(g) proportional to the density of N(θ0, τ
2Γ),

where θ0 is obtained from the wavelet decomposition of g0. The hyper-parameters
a and b (see (4.11) and (4.12)) are b = 3 and a = 8(b + 2)/(b − 2). Sen-
sitivity analysis shows that the values of these hyper-parameters do not in-
fluence the results very much. To show that the other hyper-parameters c
and k (see (4.11) and (4.12)) have some effect, though not substantial, we
have displayed the wavelet smoothers (see Figures 1(a), 2(a) and 3(a)) for
(c, k) = (2, 1.5), (1.5, 0.5) and (1.05, 0.05).

2. Uniform on the ellipsoid (see (iii) in Section 3): hA(g) = I{ρJ (g,g0)≤δ}. We
have used three different values (0.5, 1 and 5) for δ.

For the simulated examples, we generated observations from the model (1.1) with
the regression function g(x) = cos(2πx) where x is drawn from a uniform density
on the unit interval. Then we considered three different prior guesses for g0: (i)
g0(x) = cos(2πx) (see Figure 1), (ii) g0(x) = 4|x− 0.5| − 1 (see Figure 2), and (iii)
g0 ≡ 0 (see Figure 3).

Note that in (i) the chosen g0 is the best possible prior guess. Further, since
the normal prior is very informative, as expected the smoother (see Figure 1 (a))
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(a) Gaussian
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(b) Ellipsoid

Fig 2. Wavelet smoother for g(x) = cos(2πx) and g0(x) = 4|x− 0.5| − 1

does an excellent job of extracting the true regression function. The behavior of
the smoother obtained from the ellipsoid membership function (see Figure 1 (b))
is similar to that seen in Figure 1 (a), even though the prior is different.

The smoother presented in Figure 2 behaves very similar to what was seen in
Figure 1. The prior guess, g0, is slightly different from the true g.

The behavior seen in Figure 3 emphasizes our comment following Figure 2. In
fact, the smoother here looks better than the one in Figure 2. This is perhaps
because the prior is less informative (concentrated) than the normal prior used
there, so that the smoother can follow the data more closely than the prior.

We next applied our wavelet smoother to the ‘Humidity data’ example from (see
[3]; also [8], Example 10.2). The variable of interest y that we have chosen from the
data set is the weekly average humidity level. The observations were made from
June 1, 1995 to December 13, 1998. We have chosen time (day of recording the
observation) as the covariate x. Since we have 185 observations here, the maximum
possible value for J is 6.

In this data (see Figure 4 (a)) a seasonality effect is present, so we have chosen
g0(x) = 22.5 cos(2π(x+0.1)/0.2)+62.5, where x = (day−June 1, 1995)/(December
13, 1998 - June 1, 1995). This choice of g0 is rather arbitrary but it seems to follow
the seasonal variations. For the analysis which led to Figure 4 (a) the Gaussian
membership function was used while in Figure 4 (b), it was the ellipsoid one. In this
latter figure, we have also added the lower and upper envelopes obtained from the

imsart-lnms ver. 2007/09/18 file: AngersDelampady.tex date: November 27, 2007



Nonparametric Regression 103

o

o

o

o

o

o

o o

o o

o o

oo

o

o

o

o

o

o

0.0 0.2 0.4 0.6 0.8 1.0
−

1.
0

−
0.

5
0.

0
0.

5
1.

0
x

g(
x)

x
xx

x

x

x

x
x x x

x

x

xx

x

x

x
x x x

* * * * * * * * * * * * ** * * * * * *

+
+

+

+

+
+

+

+

+ +

+

+

++

+

+

+

+

+
+

x
x

x

x

x
x

x

x

x x

x

x

xx

x

x

x

x

x
x

*
*

*

*

*
*

*

*

* *

*

*

**

*

*

*

*

*
*

o
x

*
+
x

*

obs
true g
g0
c−1=k=1
c−1=k=0.5
c−1=k=0.05

(a) Gaussian

o
o

o

o

o

o

o o
o o

o o

oo

o

o

o
o

o

o

0.0 0.2 0.4 0.6 0.8 1.0

−
1.

0
−

0.
5

0.
0

0.
5

1.
0

x

g(
x)

+
++

+

+
+

+

+

+ +

+

+

++

+
+

+

+

+
+

x
x

x

x

x
x

x

x
x x

x

x

xx

x

x

x

x

x
x

*

*
*

*

*

*

* *
*

*

*

*

**

*

*

*

*

*
*

o
x

*
+
x

*

obs
true g
g0
del=0.5
del=1
del=5

(b) Ellipsoid

Fig 3. Wavelet smoother for g(x) = cos(2πx) and g0 ≡ 0

prior (labeled Min/Max). From these two figures, it can be seen that the proposed
estimator fits the data well and the final result does not depend much on the
membership function used.

6.1. Model Checking

The model checking approach based on Bayes factors developed in the previ-
ous section has been tested on simulated examples. For this, we generated ob-
servations form Equation (1.1) with the true function g(xi) = cos(2πxi) where
xi, i = 1, 2, . . . , 20 were sampled from U(0, 1). For the error term, εi, we used
σ2 = 0.1. Then, for illustration purposes, we considered three different g0 functions
in (M0 : g = g0):
(i) g0(x) = cos(2πx),
(ii) g0(x) = 4|x− 0.5| − 1, and
(iii) g0 ≡ 0.

Note that, the g0 function in (i) corresponds to the true function. The g0 functions
in both (i) and (ii) are similar while the last one is very different from the true
function g. Therefore, it is fair to assume that the Bayes factor (see Equation (5.1))
for the first two cases should not provide evidence against the model M0 : g =
g0 while we can expect strong evidence in the case of the third function. These
Bayes factors are given in Table 1. From this table, it can be seen that the model
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Fig 4. Wavelet smoother for the ‘Humidity data’

Table 1
Bayes factor for M0 : g = g0 vs M1 : g 6= g0

g0 B01(y) Evidence
cos(2πx) 933.4275 very strongly favors M0

4|x− 0.5| − 1 57.4735 strongly favors M0

0 7.2845× 10−6 very strongly favors M1

corresponding to the correct function (g0(x) = cos(2πx)) obtains the largest Bayes
factor followed by that for g0(x) = 4|x−0.5|−1. Moreover, if we test M0 : g0(x) ≡ 0
against M1 : g0(x) 6= 0, the Bayes factor favors M1 with strong evidence.

7. Conclusions

In this paper we suggest a simple approach to nonparametric regression by propos-
ing an alternative to dealing with complicated analyses on function spaces. The
proposed technique uses fuzzy sets to quantify the available prior information on a
function space by starting with a ‘prior guess’ baseline regression function g0. First,
wavelet decomposition is used to represent both the unknown regression function g
as well as the prior guess g0. Then the prior uncertainty of g relative to its distance
from g0 is specified in the form of a membership function which translates this
distance into a measure of distance between the corresponding wavelet coefficients.
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Furthermore, a Bayesian test is proposed to check whether the baseline function g0

is compatible with the data or not.
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Abstract: The Poisson distribution is often used as a standard model for count
data. Quite often, however, such data sets are not well fit by a Poisson model
because they have more zeros than are compatible with this model. For these
situations, a zero-inflated Poisson (ZIP) distribution is often proposed. This
article addresses testing a Poisson versus a ZIP model, using Bayesian method-
ology based on suitable objective priors. Specific choices of objective priors are
justified and their properties investigated. The methodology is extended to
include covariates in regression models. Several applications are given.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
2 Formulation of the Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 108

2.1 Bayesian Model Selection and Bayes Factors . . . . . . . . . . . . . . 108
2.2 Specification and Justification of the Objective Priors . . . . . . . . 109
2.3 Objective Bayes Factor for Poisson versus ZIP models . . . . . . . . 110

3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
4 Model Selection in ZIP Regression . . . . . . . . . . . . . . . . . . . . . . 112

4.1 Objective Priors for Model Selection . . . . . . . . . . . . . . . . . . 112
4.2 An Illustrative Application . . . . . . . . . . . . . . . . . . . . . . . 115

5 Analysis with Insufficient Positive Counts . . . . . . . . . . . . . . . . . . 115
5.1 All Zero Counts in the Non-Regression Case . . . . . . . . . . . . . . 116
5.2 Insufficient Positive Counts in the Regression Case . . . . . . . . . . 117

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

1. Introduction

The Poisson distribution is often used as a standard probability model for count
data. For example, a production engineer may count the number of defects in items
randomly selected from a production process. Quite often, however, such data sets
are not well fit by a Poisson model because they contain more zero counts than are
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compatible with the Poisson model. An example is again provided by the produc-
tion process; indeed, according to Ghosh et al. [14], when some production processes
are in a near perfect state, zero defects will occur with a high probability. How-
ever, random changes in the manufacturing environment can lead the process to
an imperfect state, producing items with defects. The production process can move
randomly back and forth between the perfect and the imperfect states. For this
type of production process many items will be produced with zero defects, and this
excess might be better modeled by a ZIP distribution than a Poisson distribution.

For 0 ≤ p ≤ 1, λ > 0, the ZIP(λ, p) distribution has the probability function

(1.1) f1(x | λ, p) = p I(x = 0) + (1− p) f0(x | λ), x = 0, 1, 2, . . . ,

where I(·) is the indicator function, and f0(x|λ) is the Poisson probability function

(1.2) f0(x|λ) =
e−λλx

x!
, x = 0, 1, 2, . . . .

The parameter p is referred to as the zero-inflation parameter.
Many authors used the ZIP distribution with and without covariates to model

count data. In a ZIP regression model, Lambert [18] used a frequentist approach
and Ghosh et al. [14] used a Bayesian approach to analyze industrial data sets.

While the aforementioned authors used the ZIP model to analyze their data, a
number of authors have addressed the problem of checking whether a ZIP model is
needed to model the data. From the frequentist perspective, score tests have been
developed for testing the hypothesis H0 : p = 0 vs. H1 : p 6= 0 in a ZIP regression
model ([10],[12]). From the Bayesian perspective, Bhattacharya et al. [9] presented
a Bayesian method to test p ≤ 0 versus the alternative p > 0 by computing a certain
posterior probability of the alternative hypothesis. As in ([10],[12]), p is allowed to
be negative in their model [9], as long as p + (1− p)e−λ ≥ 0.

In this paper, we consider Bayesian testing of M0 versus M1 given by

M0 : Xi
i.i.d.∼ f0(· | λ), i = 1, . . . , n,(1.3)

M1 : Xi
i.i.d.∼ f1(· | λ, p), i = 1, . . . , n,(1.4)

where f0, f1 are given in (1.1) and (1.2), respectively. Note that, as opposed to the
situations in the papers mentioned above, p < 0 is not possible here.Indeed, we can
alternatively formulate the problem as that of testing, within the ZIP model,

H0 : p = 0 versus H1 : p > 0.

Unlike the analysis in [9], p = 0 (i.e., the Poisson model) is assumed to have a priori
believability (e.g., prior probability 1/2).

In Section 2 we develop the suggested objective testing of Poisson versus ZIP
models when not all counts are zeros. For all zeros, the ZIP distribution is not
identifiable, and a proper prior is required for all parameters; we address this in
Section 5. Section 3 is devoted to some comparative examples. We consider inclusion
of covariates in Section 4, where we address the testing of Poisson versus ZIP
regression models and give an example involving AIDS related deaths in men. In the
regression case, in order for the objective Bayesian model selection to be successful
we need enough positive counts so that the design matrix based on the positive
counts is full column rank. When this condition does not hold we suggest in Section 5
a partially proper prior on the regression parameters to be used for model selection.
Proofs and technical details are relegated to an Appendix.
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2. Formulation of the Problem

The Bayesian methodology for choosing between two models for some data is con-
ceptually very simple (see, e.g., [3]). One assesses the prior probabilities of each
model, the prior distributions for the model parameters, and computes the pos-
terior probabilities of each model. These posterior probabilities can be computed
directly from the prior probabilities and the Bayes Factor, an (integrated) likeli-
hood ratio for the models which is very popular in Bayesian testing and model
selection.

Often it is not possible (for lack of time or resources) to carefully assess in a sub-
jective manner all the needed priors. In these situations, very satisfactory answers
are provided by objective Bayesian analyses that do not use external information
other than that required to formulate the problem (see [4]). First we review below
some difficulties of model selection via objective Bayesian analysis. Then we justify
the objective prior we chose for our problem, derive the corresponding Bayes Factor
and study properties of the prior and the Bayes factor.

2.1. Bayesian Model Selection and Bayes Factors

To compare two models, M0 and M1, for the data X = (X1, . . . , Xn), the Bayesian
approach is based on the Bayes factor B10 of M1 to M0 given by

(2.1) B10 =
m1(x)
m0(x)

=
∫

f1(x | θ1)π1(θ1)dθ1∫
f0(x | θ0)π0(θ0)dθ0

,

where, under model Mi, X has density fi(x | θi) and the unknown parameters θi in
Mi are assigned a prior density πi(θi), i = 0, 1. For given prior model probabilities
Pr(M0) and Pr(M1) = 1− Pr(M0), the posterior probability of, say, M0 is

(2.2) Pr(M0 | x) =
[
1 + B10

Pr(M1)
Pr(M0)

]−1

.

In objective Bayesian analyses πi(θi) is chosen in an objective or conventional
fashion and the hypotheses would be assumed to be equally likely a priori.

Use of objective priors has a long history in Bayesian inference (see, for ex-
ample, [8] and [17] for justifications and references). They are, however, typically
improper and are only defined up to an arbitrary multiplicative constant. This is
not a problem in the posterior distribution, since the same constant appears in both
the numerator and the denominator of Bayes theorem and so cancels. In model se-
lection and hypothesis testing, however, it can be seen from (2.1) that when at
least one of the priors πi(θi) is improper, the arbitrary constant does not cancel,
so that the Bayes factor is then arbitrary and undefined. An important exception
to this arises in invariant situations for parameters occurring in all of the models;
Berger et al. [7] show that use of the (improper) right Haar invariant prior is then
permissible.

One of the ways to address this difficulty is to try to directly ‘fix’ the Bayes factor
by appropriately choosing the multiplicative constant, as in [13]. Popular methods
(the intrinsic Bayes factor [5] and the fractional Bayes factor [20]) for fixing this
constant arise as a consequence of ‘training’ the improper priors into proper priors
based on part of the data or of the likelihood. We refer to Berger and Pericchi [6]
for a review, references and comparisons. Another possibility is to directly derive
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appropriate ‘objective’ but proper distributions πi(θi) to use in model selection; see
[2] and [15] for methods and references. This is the approach taken in this paper
(with a slight exception in Section 5).

2.2. Specification and Justification of the Objective Priors

Returning to the testing of the Poisson (M0) vs. the ZIP (M1) models, i.e., testing

(2.3) M0 : X ∼ f0(x | λ) vs. M1 : X ∼ f1(x | λ, p),

the key issue is the choice of the priors π0(λ) and π1(λ, p) = π1(λ)π1(p | λ).
A frequent simplifying procedure (both for subjective and objective methods)

is to take π0(λ) equal to π1(λ), that is, to give the same prior to the parameters
occurring in all models under consideration. This, however, may be inappropriate,
since λ might have entirely different meanings under model M0 and under model
M1; the fact that we have used the same label does not imply that they have the
same meanings. This frequent mistake is discussed, for example, in [7].

It has been argued that, if the common parameters are orthogonal to the re-
maining parameters in each model (that is, the Fisher information matrix is block
diagonal), then they can be assigned the same prior distribution ([15], [16]). In this
case, improper priors can be used, since the arbitrary constant would cancel in the
Bayes factor.

Unfortunately, p and λ in the ZIP model are not orthogonal. We first reparam-
eterize the original model. With p∗ = p + (1− p)e−λ, we rewrite f1(x | λ, p) as

(2.4) f∗1 (x | λ, p∗) = p∗I(x = 0) + (1− p∗)fT (x | λ), x = 0, 1, 2, . . . ,

where fT (x | λ) is the zero-truncated Poisson distribution with parameter λ. Note
that p∗ ≥ e−λ. We can trivially express the Poisson (M0) model as:

(2.5) f∗0 (x | λ) = e−λI(x = 0) + (1− e−λ)fT (x | λ), x = 0, 1, 2, . . . ,

and now it can intuitively be seen that λ has the same meaning in both f∗1 and f∗0 .
Indeed the Fisher Information matrix for p∗ and λ can be checked to be diagonal.

With an orthogonal reparameterization, Jeffreys (1961) recommended using (i)
Jeffreys prior (the square root of Fisher information) for the ‘common’ parameters;
and (ii) a reasonable proper prior for the extra parameters in the more complex
model.

The situation here is very unusual, however, in that the Jeffreys prior for the
‘common’ λ is different for each model. The Jeffreys prior for λ in the Poisson model
is well known to be π0

J = 1/
√

λ, whereas the Jeffreys prior for the orthogonalized
ZIP model is easily shown to be the same as the Jeffreys prior for the truncated
distribution fT (x | λ), which is

π1
J(λ) =

k(λ)√
λ

, where k(λ) =
{1− (λ + 1)e−λ}1/2

1− e−λ
.

That these priors are different after orthogonalization is highly unusual and can
be traced to the fact that λ also enters into the definition of the nested model,
through p∗ = e−λ. In any case, we are left without clear guidance as to whether π0

J

or π1
J should be used as the prior for λ. (Note that, in computing the Bayes factor,

the same prior for λ must be used in both the numerator and the denominator;
otherwise one is facing the indeterminacy issues discussed earlier.)
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Under the orthogonalized ZIP model, we also need to specify a proper prior for
p∗ given λ, which we propose to take uniform over the interval (e−λ, 1), that is,

π1(p∗ | λ) =
I(e−λ < p∗ ≤ 1)

1− e−λ
.

We can thus write the overall priors being considered for the two models f∗0 (x | λ)
and f∗1 (x | λ, p∗) as, respectively,

πl
0(λ) =

k(λ)l

√
λ

, πl
1(λ, p∗) =

k(λ)l

√
λ

I(e−λ < p∗ ≤ 1)
1− e−λ

,

where l is 0 or 1 as we utilize one or the other of the two Jeffreys priors for λ.
It is computationally more convenient to work in the original (p, λ) parameteri-

zation. A change of variables above then results in the priors

(2.6) πl
0(λ) =

k(λ)l

√
λ

, πl
1(λ, p) =

k(λ)l

√
λ

I(0 < p ≤ 1) ,

which we will henceforth consider (for l equal to 0 or 1).
We are not aware of any desiderata that would suggest a preference for either

the l = 0 prior or the l = 1 prior, but luckily the two yield almost the same answers.
Indeed, simple algebra shows that k(λ) is a strictly increasing function of λ and
that

(2.7) inf k(λ) =
1√
2

= 0.71 , and sup k(λ) = 1.

Thus k(λ) is quite flat as a function of λ, so that k(λ)1 and k(λ)0 = 1 are very
similar. An immediate consequence for the Bayes factors Bl

10, l = 0, 1 is that

B0
10/
√

2 ≤ B1
10 ≤

√
2 B0

10 ,

so that the two Bayes factors can only differ by a modest amount (and in practice
the difference is much smaller than this).

It is obviously a bit simpler to work with the l = 0 prior, so we drop the l
superscript and henceforth utilize the prior

(2.8) π0(λ) =
1√
λ

, π1(p, λ) =
1√
λ

I(0 < p ≤ 1) .

2.3. Objective Bayes Factor for Poisson versus ZIP models

Recall that the model M0 is the standard Poisson model and the model M1 is
the ZIP model. For a sample of n counts X1, . . . , Xn, let X denote the sample,
k =

∑n
i=1 I(Xi = 0) be the number of zero counts, and s =

∑n
i=1 Xi be the total

count. Note that k = n is equivalent to s = 0. For given data x, the densities
f0(x | λ) and f1(x | λ, p) under the two models are given by

f0(x | λ) =
e−nλλs

∏n
i=1 xi!

, f1(x | λ, p) =
[p + (1− p)e−λ]k(1− p)n−ke−(n−k)λλs

∏n
i=1 xi!

.

For s > 0 (i.e., the counts are not all zero),

m0(x) =
∫

f0(x | λ)π0(λ)dλ =
Γ(s + 1

2 )

ns+ 1
2

∏
xi!

.
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Using the binomial expansion of [p + (1− p)e−λ]k,

m1(x) =
∫

f1(x | λ, p)π1(p, λ)dp dλ

=
1∏
xi!

k∑

j=0

k!
j!(k − j)!

∫ ∞

0

∫ 1

0

pj(1− p)n−je−(n−j)λλs− 1
2 dpdλ

=
k!

(n + 1)!
∏

xi!

k∑

j=0

(n− j)!
(k − j)!

Γ(s +
1
2
)(n− j)−(s+ 1

2 ).

Both m0(x) and m1(x) are finite and the Bayes factor B10(x) = m1(x)/m0(x) is

(2.9) B10(x) =
k!

(n + 1)!

k∑

j=0

(n− j)!
(k − j)!

(1− j

n
)−(s+1/2) .

Note that, as intuitively expected, for any given n the Bayes factor is increasing in
s (total count) for any fixed k (the number of zero’s), and is increasing in k for any
fixed s. We use (2.9) to calculate the Bayes factors for the examples in Section 3.

When s = 0 or equivalently all counts are zero (x = 0), there is a problem.
While m0(0) = Γ(1/2)/

√
n remains finite, it is easy to see that m1(0) is infinite.

Indeed for any prior of the form h(p)π(λ), where π(λ) is improper and h(p) is
a proper density (as is required for testing), the marginal density m1(0) will be
infinite. This is because, for x = 0, the density f1(x | λ, p) ≥ pn implying m1(0) ≥∫ 1

0
pnh(p)dp

∫∞
0

π(λ)dλ = ∞. We discuss what to do for this case in Section 5.

3. Applications

In this section we apply our methodology to two datasets to detect if zero-inflation is
present in the data. These examples have been analyzed for zero-inflation previously
using both frequentist and Bayesian procedures. Since there are non- zero counts
in both examples, the Bayes factors are computed using (2.9).

Example 3.1. The first dataset is the Urinary Tract Infection (UTI) data used
in Broek [10], which used a score test to detect zero-inflation in a Poisson model.
The data are collected from 98 HIV-infected men treated at the Department of
Internal Medicine at the Utrecht University hospital. The number of times they
had a urinary tract infection was recorded as X. The data are recorded in Table 1.
Merely by looking at the data it is apparent that zero-inflation is present.

X 0 1 2 3 Total
Frequency 81 9 7 1 98

Table 1
UTI Data

Equation (2.9) yields a Bayes factor B10 = 223.13 in favor of model M1 versus
model M0; if the models were believed to be equally likely a priori, the resulting
posterior model probabilities would be Pr(M1 | x) = 0.995 and Pr(M0 | x) =
0.005. This is indeed strong evidence in favor of the ZIP model.

In Bayesian testing of H0 : p ≤ 0 versus H1 : p > 0, Bhattacharya et al. [9]
obtained Pr(p > 0 | x) = .999. The observed value of the score statistic was
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X 0 1 2 3 4 Total
Frequency 38 26 8 2 1 75

Table 2
Terror Data

reported as 15.34 [10], yielding a p−value of 0.0001. All three analyses present
strong evidence in favor of the ZIP model, but notice that the p-value seems to
suggest stronger evidence against the Poisson null than the Bayesian analysis, and
the point null Bayesian analysis suggests weaker evidence than the interval Bayesian
test.

Example 3.2. The next dataset we consider is the Terrorism data from [11]. Table
2 gives the number of incidents of international terrorism per month (X) in the
United States between 1968 and 1974. It is not intuitively clear whether or not
there is zero-inflation in this data set.

The Bayes factor here is B10 = 0.28, yielding an objective posterior probability
Pr(M1 | x) = 0.219, which actually supports the Poisson model. A previous anal-
ysis found Pr(p > 0 | x) = 0.507, an indeterminate value [9]. The observed value
of the score statistic is 0.04, with a p−value of 0.83. Conigliani et al [11] test a
Poisson null model against a nonparametric alternative, finding a fractional Bayes
factor BF

10 of 0.0089 of the nonparametric alternative to the Poisson; the apparent
strength of this conclusion, compared with the other results, is rather puzzling.

4. Model Selection in ZIP Regression

Many applications involve count data where covariate information is available; see,
for example, [14] and [18]. In this section we consider selecting between Poisson
regression and ZIP regression models given by

(4.1) MR
0 : Xi

ind∼ Poisson(λi), i = 1, . . . , n,

(4.2) MR
1 : Xi

ind∼ ZIP (λi, p), i = 1, . . . , n.

For a known offset variable a0i, a q × 1 vector of covariates ai and regression
parameters β = (β1, . . . , βq)T , suppose the λi follow the log-linear relationship

log(λi) = a0i + aT
i β.

We assume that the matrix AT = (a1, . . . , an) is of rank q. Let k denote the number
of zero counts in the data. For simplicity of notation, we index the observations in
such a way that all the zeros are given by the first k counts.

4.1. Objective Priors for Model Selection

Generalizing the argument in Section 2.2 to the regression case is easy in one case,
but difficult in the other. If we choose to base the analysis on the Jeffreys prior for
β under the Poisson regression model MR

0 , the generalization is straightforward:
the Jeffreys prior is easily computed as

(4.3) πR
0 (β) = |

n∑

i=1

λiaia
T
i |1/2.
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Note that this prior is positive since the rank of A is q. Also, utilizing this prior for
β under model MR

1 , along with the independent uniform prior for p, results in the
following priors to be utilized to compute B10:

(4.4) π0
0(β) = |

n∑

i=1

λiaia
T
i |1/2, π0

1(β, p) = |
n∑

i=1

λiaia
T
i |1/2I(0 < p ≤ 1) .

The generalization to the regression case of the second prior considered in Sec-
tion 2.2 is much more difficult, because the Jeffreys prior under the ZIP regression
model is very complicated. In Section 2.2, the derivation of the corresponding Jef-
freys prior was essentially done by ignoring the non-zero counts, utilizing only the
truncated Poisson distribution. This suggests modifying (4.3) by removing the terms
corresponding to the zero counts, resulting in

(4.5) πR
1 (β) = |

n∑

i=k+1

λiaia
T
i |1/2.

From another intuitive perspective, the zero counts arising from the inflation factor
are clearly irrelevant in fitting the log linear model to the λi and, since we do not
know which zero counts arise from the inflation factor, dropping them all from the
Jeffreys prior has an appeal. Let A+ = (ak+1, . . . , an)T . The prior (4.5) can only
be used provided it is positive, which is ensured if the rank of A+ is q.

The resulting overall prior for use in computing B10 is then

(4.6) π1
0(β) = |

n∑

i=k+1

λiaia
T
i |1/2, π1

1(β, p) = |
n∑

i=k+1

λiaia
T
i |1/2I(0 < p ≤ 1) .

The first basic issue in use of these priors is whether or not they yield finite
marginal distributions. This is addressed in the following theorems, the first of
which deals with the marginal density under the Poisson regression model.

Theorem 4.1. For the Poisson regression model and either the Jeffreys prior (j =
0) or the modified Jeffreys prior (j = 1),

(4.7) mR
0 (x) =

∫

Rq

n∏

i=1

{e−λiλxi
i

xi!
}πR

j (β)dβ < ∞.

Proof. See the Appendix.

Note that with more than one covariate there is typically no closed-form expres-
sion for mR

0 (x). Hence mR
0 (x) needs to be evaluated by numerical or Monte Carlo

integration.
For the ZIP regression model, the marginal density mR

1 (x), under an arbitrary
improper prior π(β) for β and an independent uniform prior for p, is given by

(4.8) mR
1 (x) =

∫

Rq

∫ 1

0

f1(x | β, p)π(β) dp dβ,

where the density of x, under model MR
1 , is given by

f1(x | β, p) =
k∏

i=1

{p + (1− p)e−λi}(1− p)n−k
n∏

i=k+1

e−λiλxi
i

xi!
.
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Again, as for mR
0 (x), there is usually no closed-form expression for mR

1 (x) and the
marginal needs to be computed via numerical or Monte Carlo integration.

To investigate the finiteness of mR
1 (x), note first that

(4.9) pk(1− p)n−k
n∏

i=k+1

e−λiλxi
i

xi!
≤ f1(x | β, p) ≤

n∏

i=k+1

e−λiλxi
i

xi!
.

In view of this inequality and the independent uniform prior for p, the marginal
mR

1 (x) is finite if and only if

(4.10)
∫

Rq

n∏

i=k+1

e−λi λxi
i

xi!
π(β) dβ < ∞ .

Theorem 4.2 below gives sufficient conditions for this to be finite under the priors
(4.3) and (4.5) respectively. Recall that the k zeros in the sample are labeled to
correspond to the first k observations. A key condition will be that the matrix A+

has rank q which implies that n ≥ k + q (analogous to the condition of at least one
positive count for the case of no covariate treated in Section 2).

Theorem 4.2. Using πR
0 (β): Suppose that, for the observation Xj , j = 1, . . . , k,

corresponding to the zero counts, the corresponding covariate vector aj is such that

(4.11) aj =
n∑

m=k+1

cmj am with cmj ≥ 0, j = 1, . . . , k, m = k + 1, . . . , n.

Then the marginal mR
1 (x) is finite.

Using πR
1 (β): If A+ has rank q, the marginal mR

1 (x) is finite.

Proof. See the Appendix.

Clearly the condition under which mR
1 (x) is finite is more general and much

easier to check for πR
1 (β) than for πR

0 (β). This, together with the intuitive appeal
of πR

1 (β), leads us to recommend its use in practice. (Note that either of the two
priors reduces to the prior recommended in Section 2 for the non-regression case.)

Remark 4.1. If the condition (4.11) fails, the marginal density mR
1 (x) based on

the Jeffreys prior may be infinite. For example, consider n = 3 and q = 2, with
λ1 = λc1

2 λc2
3 , λ2 = exp(β1), λ3 = exp(β2) for suitable nonzero c1, c2 to be chosen

later. Then the determinant of information matrix for β is given by

|I(β)| = λ2λ3 + c2
1λ

c1
2 λc2+1

3 + c2
2λ

c1+1
2 λc2

3 ,

so that |I(β)|1/2 ≥ |c1|λc1/2
2 λ

(c2+1)/2
3 . If X1 = 0, X2 = x2 and X3 = x3, then

mR
1 (x) ≥ |c1|

2

∫

R2

e−λ2λx2
2

x2!
e−λ3λx3

3

x3!
λ

c1/2
2 λ

(c2+1)/2
3 dβ

=
|c1|

x2!x3!2

∫ ∞

0

e−λ2λx2−1+.5c1
2 dλ2

∫ ∞

0

e−λ3λx3−1+.5c2+.5
3 dλ3 = ∞ ,

providing that x2 ≤ −.5c1 or that x3 ≤ −.5− .5c2. For example, if c1 = −5 and a
sample produces x2 = 2, then mR

1 (x) = ∞. Note that here a1 = −5a2 + c2a3, with
a2 = (1, 0)T and a3 = (0, 1)T , so that the condition (4.11) does not hold.
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4.2. An Illustrative Application

We apply the methodology recommended in Section 4.1 to a dataset involving the
number of AIDS-related deaths in men. The data provides the number of deaths for
598 census tracts in a large city of Spain over a period of eight years. The dataset,
which was supplied to us by Dr. M.A.M. Beneyto, has a large number of tracts
with zero deaths (actually, 303, which is k in our notation). Along with the number
of deaths, the dataset also provides, for each census tract, the expected number
of deaths E from AIDS (adjusting for the population and the distribution of ages
in each tract) and an auxiliary variable W (continuous in nature) measuring the
social status of each census tract.

In our application and for the ith census tract, we take log(Ei) as the offset a0i

and propose a log-linear regression for λi with q = 2 and ai = (1,Wi)T . First,
we will ignore the covariate W and compute the Bayes factor taking q = 1 and
ai = 1 based on the Jeffreys prior. This model modifies the common mean model
of Section 2.2 by incorporating the offset variable in the mean, which is here given by
Eiλ with λ = β1. The marginal m1(x) is computed by one-dimensional numerical
integration. Although it has a closed-form expression, it is rather complicated and
omitted here to save space. This expression is given in the Appendix in [1]. For the
specific data here, B10 = 22, 975 which gives overwhelming evidence in favor of the
ZIP model.

Epidemiologists who are knowledgeable about this study believed that the large
number of zero counts in the data could be explained by the covariate measuring
the social status and, indeed, suspected that a ZIP regression model would not be
needed if the covariate were incorporated into the analysis. The Bayes factor in
favor of the ZIP regression model versus the Poisson regression model (with q = 2)
is given by 7.25. While this Bayes factor provides a moderate amount of evidence in
favor of the ZIP regression model, it is much smaller than 22, 975, indicating that,
indeed, the covariate can explain most of the excess zero counts.

In this example, it is possible that the same inflation parameter p may not be
appropriate for all individuals. Just like using the log-linear models for λi, we can
treat each pi differently (as p may change according to the covariates) and fit a
logistic regression model for pi. But it is highly likely that there would be severe
confounding between the two regressions, which is particularly problematical with
objective Bayesian analysis (since there is not a proper subjective prior to overcome
the confounding).

5. Analysis with Insufficient Positive Counts

As noted in Section 2, the marginal density under model M1 based on an improper
prior for λ is not finite when all counts are zeros, and hence the Bayes factor is not
well-defined. This is not a difficulty of only model selection; in this situation, it is
also not possible to make inferences about the parameters of the ZIP model, since
the joint posterior of the parameters (under the ZIP model) is improper. Indeed,
when all counts are zero, the ZIP model parameters are not identifiable, and the
data do not provide enough information to estimate the parameters. Since objective
Bayes methods are typically based on information from the data alone, it is not
surprising that problems are encountered.

We could simply invoke this argument and refrain from considering the case
when all counts are zero. However, it is interesting to explore several methodologies
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that have been proposed for difficult testing situations, partly to judge the success
of the methodologies and partly to try to provide a reasonable answer to this case.
We continue, throughout the section, to assume that p ∼ Un(0, 1).

5.1. All Zero Counts in the Non-Regression Case

We mentioned that to resolve the identifiability issue in the ZIP model for the data
with all zeros we need a proper prior on λ. This can be done by either subjectively
specifying a proper prior for λ or by ‘training’ the improper priors into proper
priors based on part of the data or of the likelihood. In particular, the intrinsic
Bayes factor approach [5] utilizes a part of the data as a training sample to train the
improper prior to get a proper posterior. Although this approach works successfully
in many examples, it is not successful in the present problem. Our investigation of
this approach [1] is omitted here to save space. We discuss below the case where a
subjective proper prior on λ is specified based on certain considerations.

If a proper prior is needed to define the Bayes factor for the situation of all zero
counts, the most direct approach is to find a proper prior that seems compatible with
certain behaviors that we expect of the Bayes factor in this situation. A natural
proper prior to consider for λ is a Gamma (Ga(a, b)) conjugate prior under the
Poisson model (M0) given by the Gamma g(λ | a, b) density

g(λ | a, b) =
b ae−bλλa−1

Γ(a)
,

where a, b are suitably chosen positive constants. Of course, one is welcome to
simply make subjective choices here, but we will argue for a certain choice (or
choices) based on rather neutral thinking.

First, we assume that the same gamma prior is appropriate for λ, both under
the Poisson and the ZIP models. This can be justified by the orthogonalization
argument used in Section 2.2. With the uniform density for p and the Ga(a, b)
prior for λ, the resulting Bayes factor for arbitrary data x can be computed to be

(5.1) B10(x) =
k!

(n + 1)!

k∑

j=0

(n− j)!
(k − j)!

(
1− j

n + b

)−(s+a)

,

by a similar argument to that leading to (2.9). This Bayes factor includes as a
special case the objective Bayes factor in (2.9); indeed the Jeffreys prior used there
was a limiting case of the g(λ | a, b) for a = 1/2 and b = 0. Note that the Bayes
factor (5.1) is increasing in s, k and a, and decreasing in b.

For the special case x = 0 (that is s = 0 and k = n), note that f1(0|λ, p) ≥
f0(0|λ). Hence, using the same proper prior for λ with both the Poisson and the
ZIP models, it follows that m1(0) ≥ m0(0), and hence, B10(0) ≥ 1. In particular,
for the Un(0, 1) prior for p and Ga(a, b) prior for λ, it can be checked that

(5.2) B10(0) =
(n + b)a

n + 1

n∑

j=0

1
(j + b)a

≥ 1 .

This is reasonable: when a long stream of only zeros is observed, it is entirely natural
to say that the data favor the ZIP model. But the degree of favoritism depends on
a and b, and we turn to rather speculative desiderata to narrow the choice. Recall
that the mean of the Ga(a, b) distribution for λ is ab−1 and the variance is ab−2.
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In order for the prior not to be too sharp, it is reasonable to require the prior
standard deviation to be no less than the prior mean. This implies that a ≤ 1. It also
seems reasonable to require the prior mean to be at least 1, so that small values of λ
do not have excessive prior probability. This leads to b ≤ a. Since the Bayes factor
is decreasing in b, the smallest Bayes factor satisfying the above constraints (that
is, the one lending the most support for the Poisson model M0) is then obtained
by taking b = a (this gives a prior mean of 1). It is not unreasonable to select this
prior as it belongs to a reasonable class which is most favorable to the null model.
Finally, one might judge it to be unappealing to utilize a prior for λ which is not
bounded near zero (for a < 1 the gamma density is decreasing with an asymptote
at λ = 0) which implies that a should be at least 1. Thus we end up with the choice
a = b = 1. Note that a = 1 is the upper limit of a ≤ 1 and the choice a = 1 now
counterbalances the Bayes factor in favor of M1 (whereas b = a in the range b ≤ a
tilts the Bayes factor in favor of M0). This reasoning is all rather speculative and,
of course, the result is a particular prior, which may not reflect actual prior beliefs.
Nevertheless it is instructive to study the behavior of the Bayes factor when this
prior is used.

For a = b = 1, that is, the Exponential(1) distribution, it can be checked that
B10 =

∑n
j=0(j + 1)−1,which is thus our recommended default Bayes factor when

observing only zero counts. Note that B10(0) ≈ log(n + 1) for large n. So a large
string of all zero counts in a sample will lead to a Bayes factor approaching infinity
at the slow rate of log(n). The large sample behavior of the Bayes factor for this
type of sample seems intuitively reasonable.

5.2. Insufficient Positive Counts in the Regression Case

In the regression situation of Section 4, it was necessary to have sufficient positive
counts so that the conditions of Theorem 4.2 were satisfied. We will restrict discus-
sion here to the situation involving the prior specifications in (4.6), for which the key
condition needed for the marginal to be finite was that the matrix A+((n− k)× q)
should be of rank q. If the number of positive counts n− k is insufficient so that t,
the rank of A+, is less than q, this solution will not work.

Remark 5.1. Indeed, neither the prior for β given by (4.3) nor by (4.5) guarantees
a finite positive marginal density. We omit the proof to save space. A proof may be
found in the Appendix in [1].

We call this situation one of rank deficiency, with the rank deficiency of A+ equal
to q− t. The situation is analogous to the case of all zero counts without covariates
discussed in Subsection 5.1. (In the setup of that section, q = 1 and rank A+ less
than 1 means that k = n, i.e., no positive counts.) We could again merely recognize
that this type of data is just not informative enough to allow for objective Bayes
analysis. We shall however propose a prior that yields finite marginal densities,
following similar reasoning to that used in Section 5.1.

We continue to use a Un(0, 1) prior for p and focus on proposing suitable priors
for β. A discussion similar to that in subsection 5.1 shows that this prior has to be
at least, partially proper.

Note that, instead of specifying a prior on β, we can specify a prior on q inde-
pendent parametric functions of β; our specific proposal is to carefully choose these
functions such that t of them are well identified by the data with positive counts
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while the remaining q− t are not. We then propose to use a version of Jeffreys prior
on the former t functions, and a proper prior on the latter q − t functions.

Specifically, let A0 denote the k× q matrix whose k rows are aT
1 , . . . , aT

k . A rank
of A = q and a rank of A+ = t imply a rank of A0 ≥ q − t. Let V+ ⊆ Rq denote
the vector space of dimension t formed by the columns of AT

+. Suppose ai1 , . . . , air

are all of the vectors from a1, . . . , ak corresponding to the zero counts which are
in V+. Note that 0 ≤ r ≤ k − (q − t). These vectors are linear combinations of the
vectors aj1 , . . . , ajt and the corresponding λi1 , . . . , λir are functions of λj1 , . . . , λjt .
From the set of {λj : j ∈ {1, . . . , k}− {i1, . . . , ir}} we select q− t λ’s, λl1 , . . . , λlq−t

such that {aj1 , . . . , ajt
,al1 , . . . , alq−t

} is linearly independent.
Note that there is an (n− k)× t matrix C of rank t such that

(ak+1, . . . , an) = (aj1 , . . . , ajt)C
T .

Let D ≡ D(λj1 , . . . , λjt). Then, the information matrix for λj1 , . . . , λjt based on
the Poisson model for the observations k + 1, . . . , n is given by

(5.3) I(λj1 , . . . , λjt
) = D−1CT Diag(λk+1, . . . , λn)CD−1.

We define a partial Jeffreys prior for λj1 , . . . , λjt by

(5.4) πPJ (λj1 , . . . , λjt) = {
t∏

i=1

λ−1
ji
}|CT Diag(λk+1, . . . , λn)C|1/2.

Let {b1, . . . , bq−t} denote an orthonormal basis of the space spanned by al1 , . . . , alq−t .

Define ξw = eb
T

wβ , w = 1, . . . , q−t. Note that λlw , w = 1, . . . , q−t can be expressed
in terms of ξ1, . . . , ξq−t. Indeed,

log(λlw) = a0lw +
q−t∑

h=1

dwh log(ξh), w = 1, . . . , q − t,

where dwh = bT
h alw . Finally, we assign independent exponential distributions with

mean 1 to each of ξ1, . . . , ξq−t. This prior will induce a proper distribution on
λlw , w = 1, . . . , q − t with a density which we denote by πprop(λl1 , . . . , λlq−t). The
final prior used to calculate the marginal density under model MR

1 is then given by

π(λj1 , . . . , λjt , λl1 , . . . , λlq−t) = πPJ(λj1 , . . . , λjt)πprop(λl1 , . . . , λlq−t) ;

this is partially Jeffreys prior and partially proper. The corresponding prior density
on β is, of course, obtained through transformation. Further, along the line of the
proof of Theorem 4.2, it can be checked that the marginal density mR

1 (x) will be
finite. We omit the details to save space.

While there is arbitrariness in the specific choice of λl1 , . . . , λlq−t to assign a
subjective prior distribution based on exponential distributions, the partial Jeffreys
prior in (5.4) remains invariant to the choice of t independent λ’s from λk+1, . . . , λn.
This solution thus seems reasonable for small q − t.

To avoid the arbitrariness, we could consider all possible selections of (q − t) of
the λ’s from λ1, . . . , λk so that these q− t and t of the λ’s from λk+1, . . . , λn define
a reparameterization of β. For each selection we can calculate the Bayes factor, and
in the spirit of IBF we can take a suitable average over all these Bayes factors. If
the rank deficiency of A+ is 1, we will have k − r Bayes factors to average.
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Appendix

Proof of Theorem 4.1: From (4.3) and (4.5) it is immediate that πR
1 (β) ≤ πR

0 (β).
Thus it is enough to prove (4.7) for j = 0. Let i denote the indices (i1, . . . , iq) and
A(i) denote a q×q submatrix of A based on rows i1, . . . , iq. Then by Binet-Cauchy
expansion of determinant (cf. Noble, 1969, p. 226) it can be shown that

(A1) |
n∑

i=1

λiaia
T
i | =

∑
(λi1 . . . λiq

)|A(i)A(i)T |,

where the summation is over all submatrices of order q × q. Dropping the terms
from the above summation for which |A(i)A(i)T | = 0 we get from (4.3) that

(A2) πR
0 (β) ≤

∗∑
(λi1 . . . λiq )

1/2|A(i)A(i)T |1/2,

where
∑∗ denotes summation over all q × q matrices for which |A(i)A(i)T | > 0.

Since e−λiλxi
i /xi! < 1, from (4.7) and (A2) we get

(A3) mR
0 (x) ≤

∗∑∫

Rq

q∏

j=1

{
e−λij λ

xij

ij

xij !
}(λi1 . . . λiq )

1/2|A(i)A(i)T |1/2dβ.

Recall that log(λi) = a0i +aT
i β. Now transforming β to (λi1 , . . . , λiq ) and using the

Jacobian of transformation (λi1 . . . λiq )
−1|A(i)A(i)T |−1/2, we get from (A3) that

(A4) mR
0 (x) ≤

∗∑ q∏

j=1

∫ ∞

0

e−λij λ
xij

−.5

ij

xij !
dλij < ∞,

since each of the integrals in the right hand side of (A4) is finite. This completes
the proof of Theorem 4.1.

Proof of Theorem 4.2: First, as in (A1) and (A2), it can be shown that for some
positive c (not depending on parameters) less than 1
(A5)

c

∗∑
(λi1 . . . λiq )

1/2|A(i)A(i)T |1/2 ≤ πR
0 (β) ≤

∗∑
(λi1 . . . λiq )

1/2|A(i)A(i)T |1/2.

In view of this inequality and (4.10), the marginal mR
1 (x) is finite if and only if

(A6)
∫

Rq

n∏

i=k+1

e−λiλxi
i

xi!
(λi1 . . . λiq )

1/2|A(i)A(i)T |1/2dβ < ∞
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for each i = (i1, . . . , iq) for which |A(i)A(i)T | > 0.
Note that the sufficient condition stated in the theorem and the condition that

rank of A is q imply that the regression matrix AT
+ = (ak+1, . . . , an) corresponding

to the set of positive counts has rank q.
Suppose, with no loss of generality, i1 < · · · < iq in (A6). Also, suppose i1 <

· · · < iu ≤ k < iu+1 < · · · < iq. It is possible that u may be 0 or may be q.
By the assumed condition that for j = 1, . . . , k, aj can be expressed as a linear
combination of ak+1, . . . , an with nonnegative coefficients, it follows that

λij = hij

n∏

m=k+1

λ
cmij
m , j = 1, . . . , u,

where cmij
≥ 0 and hij

> 0. Then

u∏

j=1

λij
= f

n∏

m=k+1

λbm
m ,

where bm =
∑u

j=1 cmij
≥ 0 and f > 0 are free from parameters.

Then the integrand (without |A(i)A(i)T |1/2) in (A6) can be simplified as

n∏

i=k+1

e−λiλxi
i

xi!
(λi1 . . . λiq )

1/2 =
n∏

i=k+1

e−λiλ
xi+

1
2 bi

i

xi!
(λiu+1 . . . λiq )

1/2

= [
q∏

j=u+1

e−λij λ
xij

+ 1
2 bij

+ 1
2

ij

xij !
][

n+u−k−q∏

l=1

e−λαl λ
xαl

+ 1
2 bαl

αl

xαl
!

],(A7)

where {α1, . . . , αn+u−k−q} = {k + 1, . . . , n} − {iu+1, . . . , iq}.
Suppose {s1, . . . , sq} ⊂ {k + 1, . . . , n} is such that {as1 , . . . , asq} is a linearly

independent set (such a set exists since A+ is of rank q). Note that for y > 0 the
function g(u) = e−uuy is maximized at u = y implying

(A8) e−uuy ≤ e−yyy for all u > 0.

By (A8) we get from (A7) that

(A9)
n∏

i=k+1

e−λiλxi
i

xi!
(λi1 . . . λiq )

1/2 ≤ D(
q∏

j=1

e−λsj λ
dsj
sj ),

where D > 0 is a constant independent of the parameters and dsj = xsj + 1
2bsj + 1

2
if sj ∈ {iu+1, . . . , iq}, and dsj = xsj + 1

2bsj if sj ∈ {α1, . . . , αn+u−k−q}.
The Jacobian of transformation from β to λs1 , . . . , λsq is H/(λs1 . . . λsq ) for some

H > 0 constant. Then since dsj ≥ 1 for j = 1, . . . , q, by (A9) we have

(A10)
∫

Rq

n∏

i=k+1

e−λiλxi
i

xi!
(λi1 . . . λiq )

1/2dβ ≤ HD

q∏

j=1

∫ ∞

0

e−λsj λ
dsj

−1
sj dλsj < ∞ .

By (A10) and (A6) we conclude that mR
1 (x) corresponding to πR

0 (β) is finite. To
prove finiteness of mR

1 (x) corresponding to πR
1 (β) note that by (4.10)

mR
1 (x) ≤

∫

Rq

(
n∏

i=k+1

e−λiλxi
i

xi!
)πR

1 (β)dβ .
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Finiteness of the right hand quantity in the last display follows from a version of
Theorem 4.1 corresponding to the prior πR

0 (β) by replacing n observations from
the Poisson by n− k observations from Poisson. This completes the proof.
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Abstract: In this article we investigate consistency of selection in regression
models via the popular Lasso method. Here we depart from the traditional
linear regression assumption and consider approximations of the regression
function f with elements of a given dictionary of M functions. The target for
consistency is the index set of those functions from this dictionary that realize
the most parsimonious approximation to f among all linear combinations be-
longing to an L2 ball centered at f and of radius r2

n,M . In this framework we

show that a consistent estimate of this index set can be derived via `1 penal-
ized least squares, with a data dependent penalty and with tuning sequence

rn,M >
√

log(Mn)/n, where n is the sample size. Our results hold for any
1 ≤ M ≤ nγ , for any γ > 0.
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1. Introduction

In this paper we show that the popular Lasso technique can be used for consistent
feature selection in high dimensional approximating regression models. We consider
the following framework. Given a random pair (X, Y ), we let f(x) = E(Y |X = x)
be the conditional mean function, henceforth called the regression function. We aim
to reconstruct consistently a sparse approximation of f via linear combinations of
elements of a given dictionary of functions F = {f1, . . . , fM}. This reconstruction
will be based on (X1, Y1), . . . , (Xn, Yn), a sample of independent random pairs dis-
tributed as (X,Y ) ∈ (X ,<), where X is a Borel subset of <d; all functions fj are
defined on X . Our aim expresses the belief that, in many instances, even if M is
large, only a subset of F may be needed to approximate f well. If that is the case, it
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may be of interest to determine whether this set can be estimated consistently via a
computationally efficient method. The focus of this work is on consistent selection
via the Lasso when the size of F grows polynomially with the sample size n, that
is M = nγ , for any γ > 0.

We begin by giving a number of examples of dictionaries F and associated con-
sistency issues.

1. If d = M and fj(X) = Xj for all j, one may be interested in identifying the
subset of variables with linear combinations close to f . A familiar particular
case is linear regression, where one assumes that f(X) = λ′X, with λ ∈
<M having non-zero components in positions corresponding to a set J∗ ⊆
{1, . . . , M}. Here we depart from this traditional equality assumption and
consider the more realistic case where f is not equal to, but can be well
approximated by a linear combination of the given variables. We discuss this
in detail in the next section.

2. Another problem of interest is that of finding consistently a sparse linear
approximation of f realized with elements from a large list of M possibly
competing estimators. These estimates may correspond to M different meth-
ods of estimation, may be computed from M different samples with the same
mean function, or may correspond to M different values of a tuning parame-
ter of the same method. Instances of the latter arise in kernel based methods
that require the choice of a grid of values for the bandwidth parameter or
in Bayesian methods, where the specification of a grid of values for hyper-
parameters is needed. A consistent identification of a subset of the estimates
in these examples would validate the use of a particular restriction on an ini-
tially large grid. In such situations, when the elements of F are estimators,
we will assume that they have been computed on samples independent of the
one used for subset selection and treat them here as fixed functions.

3. A last example is the nonparametric estimation of f from a collection of M
given basis functions, where only a subset may realize a good approximation
of f , as described in the following subsection.

There exist a number of model selection methods that yield consistent subset
selection in regression models. In discussing them a number of distinctions are
needed.

The first one pertains to the evolution of the literature on model selection tech-
niques in regression. One important cut-off point in this evolution seems to be the
computational complexity of a particular method and, within this, the size of M
relative to n plays a crucial role. If M ≤ n, procedures based on various information
criteria occupy an important place. They are referred to now as the BIC/AIC-type
methods; we mention here the seminal works of ([1], [15]), the unifying theory of
[2], and, various generalizations of these methods ([4], [7]). Such procedures can
be easily implemented for small to moderate M . For larger values of M multiple
testing procedures, in particular of the FDR type (e.g., [3], [9]), or cross-validation
with all its variants (holdout validation, K-fold) [21], are popular, but become
more computationally complex as M increases. If M > n these techniques may be-
come computationally intractable, unless they are used as part of a multiple-stage
scheme. For a further overview on computational aspects in model selection, from
a Bayesian perspective, see [11].

Whereas the above mentioned methods can still be used in very particular re-
gression models when M > n, for instance, for sequence-space models, where model
selection via BIC is equivalent to hard thresholding, they typically fail, computa-
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tionally, when M is large. A standard solution in this case is to seek estimates that
solve a certain class of convex optimization problems. Among the most popular
estimates of this type in regression is the penalized least squares estimate with
an `1-type penalty (Lasso), which we describe in detail in the next section. In a
Bayesian framework it can be derived from a Gaussian likelihood with a Laplace
prior. Two important aspects set the `1 regularized (Lasso) type estimators apart:
they are easy and fast to compute; see [8], [13], [14], [18], among others, for efficient
algorithms; and, if M > n, some components of the estimate will be set to zero,
in finite samples, see, e.g., [13]. Therefore, via a one-step easily implementable pro-
cedure, one obtains subset selection even if M > n. To date, this method (or its
variants) is the most widely used in regression problems of very high dimension,
especially when dimension reduction is of interest.

The second distinction in discussing consistency of selection in regression is re-
lated to the target for consistency. Consistency of selection has been studied for all
aforementioned techniques only in the following context, which we term parametric:
the target for selection is typically an index set J∗ corresponding to the non-zero
true regression coefficients, whereas the remaining coefficients are assumed to be
exactly zero. An estimation method that uses the data and all M elements fj to
yield a subset Î of indices such that P (Î = J∗) → 1 for large n is called a consistent
method of selection.

In light of these two distinctions we give below a summary of the existing re-
sults on consistency of selection. They have all been established for the traditional
parametric target J∗.

If M ≤ n and under appropriate assumptions all the above methods, or close
variants, yield consistent subset selection for the parametric target J∗. References
include those for AIC/BIC-type methods ([4], [10], and [22], among others), multiple
testing procedures [5], cross-validation procedures [16], and Lasso-type procedures
[24].

If M > n consistency of selection has only been studied for Lasso-type estimators.
Again, in the existing literature, the target is the standard target J∗. The results are
limited. Meinshausen and Buhlmann [12] showed that P (Î = J∗) → 1 in Gaussian
graphical models, under assumptions that are tailored to models for which, in our
notations, (Y,X1, . . . , XM ) ∼ N(0, Σ). Consistency of selection has been established
when M > n, for fixed design linear regression models and a target set J∗ that
corresponds to coefficients λ∗j that are assumed to be lower bounded by a sequence
of order O(n−δ/2), for 0 < δ < 1 [23]. Similar results, under slightly different
assumptions, have also been obtained for a three stage procedure [20]: in the first
stage Lasso estimates are computed for a number of values of the tuning parameter,
in the second step cross-validation is performed to select one Lasso estimate, and
in the third one the model is refitted on the variables present in the selected Lasso
estimate. We also refer to a related notion of consistency, in fixed design regression
with Gaussian errors [19].

If M > n consistent subset selection via the Lasso has not been investigated, to
the best of our knowledge, in the general framework we describe in detail below.
Within this framework, we extend the existing results to more general regression
models on a random design and a more general target index set.
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1.1. Beyond Linear Regression

Despite its practical appeal, the study of selection procedures that are consistent
for target sets other than the classical one has received very little attention. Our
target set will be defined relative to linear approximations of f with elements of F
with respect to the L2(ν) norm ‖ ‖, where we denote the probability measure of X
by ν.

Formally, define

(1.1) Λ =



λ ∈ <M : ‖

M∑

j=1

λjfj − f‖2 ≤ Cfr2
n,M



 ,

where Cf > 0 is a constant depending only on f and rn,M is a positive sequence
that converges to zero and which will be specified in the next section. In what
follows we assume that Λ is not void. For any λ ∈ <M we let J(λ) denote the
index set corresponding to the non-zero components of λ and denote by M(λ) its
cardinality. Let k∗ = min{M(λ) : λ ∈ Λ}. We define our target vector

(1.2) λ∗ = argmin



‖

M∑

j=1

λjfj − f‖2 : λ ∈ RM , M(λ) = k∗



 .

Let I∗ = J(λ∗) denote the index set corresponding to the non-zero elements of λ∗

and note that I∗ has cardinality k∗. Thus f∗ =
∑

j∈I∗ λ∗jfj provides the sparsest
approximation to f that can be realized with λ ∈ Λ and, in particular,

(1.3) ‖f∗ − f‖2 ≤ Cfr2
n,M .

This motivates our treating I∗ as the target index set.
We note that if one assumes, as in standard linear regression models, that f(x) =∑M
j=1 λjxj =

∑
j∈I∗ λ∗jxj = f∗(x), where λ∗j denotes the non-zero components of

λ, then (1.3) is trivially satisfied for any positive sequence rn,M . Therefore, the
classical target J∗ is a particular case of ours.

In order to ensure that λ∗ captures the essential features of f in a parsimonious
way we require that its components not be unnecessarily small, otherwise we can
place their indices outside I∗. Formally, we will require that the following condition
holds.

Condition (C): There exists B > 0, independent of n or M , such that

min
j∈I∗

|λ∗j | > Brn,M .

We show below that `1 penalized least squares can be used to estimate consis-
tently the new target I∗, even if M is larger than n, in particular if it grows as nγ ,
for any γ > 0, under minimal assumptions on the dictionary F and appropriate
choices for rn,M . In Section 2 below we introduce the estimate and discuss these
choices. Section 2.1 contains our main result, Theorem 2.1, together with a discus-
sion of the assumptions under which it holds. The proof of the main result is given
in Section 2.2 and intermediate results are proved in the Appendix.
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2. Consistent Selection via `1 Penalized Least Squares

We estimate the set I∗ of the previous section via `1 penalized least squares. We
first compute

λ̂ = arg min
λ∈<M





1
n

n∑

i=1

{Yi −
M∑

j=1

λjfj(Xi)}2 + pen(λ)



 ,(2.4)

where

pen(λ) = 2
M∑

j=1

ωn,j |λj | with ωn,j = rn,M‖fj‖n,(2.5)

for a sequence rn,M given below, where we write ‖g‖2n = n−1
∑n

i=1 g2(Xi) for any
function g : X → <. We note that each λj in the penalty term has a different, data-
dependent, weight. The estimate λ̂ thus obtained is in one-to-one correspondence
with the following estimate. For each 1 ≤ j ≤ M define θj = 2ωn,jλj and let
A be the M ×M diagonal matrix with diagonal entries 2ωn,j . Next observe that
Fλ = F1θ, where F is the n × M matrix with entries fj(Xi), F1 = FA−1 and
θ = Aλ. Thus, denoting by Y the n dimensional vector with entries Yi, the problem
reduces to calculating

θ̂ = arg min
θ∈<M

1
n

(Y − F1θ)′(Y − F1θ) +
M∑

j=1

|θj |,

for which the aforementioned fast algorithms can be used. Then, we compute our
sought solution λ̂ = A−1θ̂.

We let Î denote the index set corresponding to the non-zero components of λ̂.
We show in the next subsection that P (Î = I∗) → 1 when n → ∞. We begin by
noticing that we always have

P (Î = I∗) ≥ 1− P (I∗ 6⊆ Î)− P (Î 6⊆ I∗).

Therefore, proving that Î is consistent reduces to showing that each of the prob-
abilities in the right-hand side of the inequality above converge to zero. In what
follows we motivate choices for the sequence rn,M that stem from sufficient con-
ditions under which this convergence is achieved. The proofs are presented in the
next section.

We begin by noticing that if λ̂ → λ∗, with probability converging to one,
then I∗ 6⊆ Î with probability converging to zero. To see this, further note that
if component-wise consistency of λ̂ holds, we will estimate all non-zero elements of
λ∗ by non-zero sequences, but we may also estimate some of its zero components
by some small, but non-zero sequences. In light of this fact, a first set of restrictions
on rn,M will be such that λ̂ is close to λ∗, in the sense below. It follows immediately
(by [5], Theorem 2.3; see the Appendix below for a full formulation) that, with high
probability

rn,M |λ̂− λ∗|1 ≤ D{‖f − f∗‖2 + k∗r2
n,M},

for some positive constant D, and where |a|1 =
∑M

j=1 |aj | denotes the `1 norm of
any vector in <M . Next, notice that the optimal parametric rate of convergence

imsart-lnms ver. 2007/09/18 file: FBunea.tex date: November 27, 2007



128 F. Bunea

for a component λ̂j of λ̂ is of order 1/
√

n, and it can be achieved if we knew I∗ of
cardinality k∗ < M in advance. However, this is not known, so the best we can do is
mimic this behavior in our context. We can do this by choosing rn,M of order 1/

√
n,

where we recall that we have assumed that ‖f − f∗‖2 ≤ r2
n,M . Notice further that

this choice is optimal for the rate of convergence of λ̂, which is not the focus here.
Indeed, more modest rates of convergence of λ̂ can be considered when consistency
of selection is of main importance. We discuss in detail two concrete choices, and
defer a complete analysis for future work.

One can consider rn,M = A
√

log(Mn)/n, for an appropriately large constant
A > 0. Notice that this choice differs from the one that yields the optimal rate
only by logarithmic factors, which are needed to accommodate dictionaries with
M > n. With this choice, the target set I∗ corresponds to linear combinations of
the elements of F that belong to, up to logarithmic factors, a 1/

√
n neighborhood

of f , with respect to the L2(ν) norm. This provides only a slight departure from the
standard linear model assumption and standard target index set J∗. It is therefore
not surprising that, in this case, our tuning sequence rn,M is also comparable to
the one considered in parametric models ([12], [23]), where a sequence of the order
of 1/n1/2−θ, θ ∈ (0, 1/2) , is employed. We note that this choice is slightly conser-
vative, and can be relaxed to O(

√
log(Mn)/n) in our framework, and therefore, as

a particular case, in theirs.
In order to accommodate consistent selection in a purely nonparametric frame-

work we need to increase the size of rn,M . For instance, if all fj are estimates of f ,
and rn,M is as before, the set Λ defined in (1.1) may be empty, as non-parametric
estimates of f have typically slower rates than 1/

√
n. We therefore consider target

sets I∗ corresponding to L2(ν) neighborhoods around f of radius r2
n,M , now with

rn,M = O
(
(log(Mn)/n)1/4

)
. In this case, the set Λ given in (1.1) above is not

empty if at least one of the estimators fj has, up to logarithmic factors, a rate
of the order n−1/4, which is a modest rate to require. Of course, if fj(X) = Xj ,
as in linear regression, this choice means that we may be content with a coarser
approximation than before. However, note that this approximation has the benefit
of being realized with a smaller number of variables and that this may increase the
interpretability of that particular model and be a desirable property in practical
situations.

The results presented below hold for either of these choice, in particular for any
rn,M ≥ A

√
log(Mn)/n, and we will therefore not distinguish between them.

2.1. Main Result: Consistent Subset Selection

We begin by listing and commenting on the assumptions under which our result
holds. The first assumption refers to the error terms Wi = Yi − f(Xi). We recall
that f(X) = E(Y |X).

Assumption (A1). The random variables X1, . . . , Xn are independent, identically
distributed random variables with probability measure µ. The random variables Wi

are independently distributed with

E{Wi |X1, . . . , Xn} = 0

and

E {exp(|Wi|) |X1, . . . , Xn} ≤ b for some finite b > 0 and i = 1, . . . , n.
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We also impose mild conditions on f and on the functions fj . Let ‖g‖∞ =
supx∈X |g(x)| for any function g on X .

Assumption (A2).

(a) There exists 0 < L < ∞ such that ‖fj‖∞ ≤ L for all 1 ≤ j ≤ M .
(b) There exists c0 > 0 such that ‖fj‖ ≥ c0 for all 1 ≤ j ≤ M .
(c) There exists L0 < ∞ such that E[f2

i (X)f2
j (X)] ≤ L0 for all 1 ≤ i, j ≤ M .

(d) There exists L1 < ∞ such that ‖f‖∞ ≤ L1 < ∞.
(e) There exists L∗ < ∞ such that ‖f − f∗‖∞ ≤ L∗.

Remark 2.1 We note that (a) trivially implies (c). However, as the implied bound
may be too large, we opted for stating (c) separately. Note also that (a) and (d)
imply the following: for any fixed λ ∈ <M , there exists a positive constant L(λ),
depending on λ, such that ‖f − ∑M

j=1 λjfj‖∞ = L(λ). Inspection of the proof of
Theorem 2.1 below shows that we can allow L∗ to grow very slowly with n. How-
ever, for sake of clarity in presentation we opted for treating it as fixed.

Assumption (A3). Let

ρM (i, j) =
< fi, fj >

‖fi‖‖fj‖ ,

where < fi, fj >= Efi(X)fj(X) and ‖fi‖ = E1/2f2
i (X). Assume that

max
i∈I∗

max
j 6=i

|ρM (i, j)| ≤ C

k∗
,

for some constant C > 0.
Remark 2.2 Following [6], C = 1/45 is an allowable choice. Other choices are
possible, but improvement of constants is beyond the scope of this paper.
Remark 2.3 Assumption (A3) reflects the belief that the correlations between
functions fj with j ∈ I∗ and functions fj with j /∈ I∗ should be small. However,
we allow the correlations outside I∗ to be arbitrary. We note that this assumption
replaces the standard orthonormality assumption on the design matrix: it is given
in terms of theoretical quantities and it can hold even if M > n. It can be checked
in practice by replacing the theoretical correlations by sample correlations.

We denote by G the event that the n×M matrix F with entries fj(Xi) has full
rank. To avoid additional technicalities, the results of this paper can be regarded
as conditional on G. Otherwise, all the results can be re-derived by intersecting all
the relevant events with G and Gc, under the additional assumption that P (Gc) is
appropriately small.

We can now state our main result which we prove in the next subsection.

Theorem 2.1. If assumptions (A1)-(A3) and condition (C) hold, and k∗rn,M → 0
then P (Î = I∗) → 0.

Remark 2.4 The convergence above holds either if M is fixed and n → ∞ or if
both M, n → ∞, if rn,M ≥ A

√
log(Mn)/n for an appropriately large constant A.

Therefore we obtain consistency for both choices of rn,M discussed above. In our
derivations we require that M does not grow faster than a power of n.
Remark 2.5 The condition rn,Mk∗ → 0 imposes restrictions on the size of k∗.
If rn,M = O(

√
log(Mn)/n) the theorem above shows that we can recover consis-

tently subsets of size k∗ = O(
√

n/ log n), up to other logarithmic factors. The
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choice rn,M = O(log(Mn)/n)1/4 corresponds to a coarser approximation of f
than before, and the restriction on the number of approximating functions is now
k∗ = O(n1/4/ log n).

2.2. Proof of Theorem 2.1

Recall that
P (Î = I∗) ≥ 1− P (I∗ 6⊆ Î)− P (Î 6⊆ I∗).

Therefore, proving that Î is consistent reduces to showing that each of the proba-
bilities in the right hand side of the inequality above converge to zero. We present
this in the following two propositions. We defer the proof of the intermediate results
to the Appendix.

Proposition 2.2. If assumptions (A1)-(A3) and condition (C) hold, and rn,Mk∗ →
0, then P (I∗ 6⊆ Î) → 0 as n → ∞, for any rn,M ≥ A

√
log(Mn)/n, with A > 0

large enough.

Proof. We follow the same reasoning as [4]. Let cn = mink∈I∗ |λ∗k| and recall that
cn > Brn,M , by condition (C). Therefore

P (I∗ 6⊆ Î) ≤ P (j /∈ Î for some j ∈ I∗)

≤ P (|λ̂j − λ∗j | = |λ∗j |)
≤ P (|λ̂j − λ∗j | > cn) → 0, as n →∞

where, in the second inequality, we used that λ̂j = 0 for j /∈ Î, by the definition of
Î. The last inequality follows from Corollary 1 presented in the Appendix below. ¥

Proposition 2.3. If assumptions (A1)-(A3) hold and rn,Mk∗ → 0, then P (Î 6⊆
I∗) → 0, as n →∞, for any rn,M ≥ A

√
log(Mn)/n, with A > 0 large enough.

Proof. Let

h(µ) =
1
n

n∑

i=1

{Yi −
∑

j∈I∗
µjfj(Xi)}2 + 2rn,M

∑

j∈I∗
||fj ||n|µj |,

and define

µ̃ = arg min
µ∈<k∗

h(µ).(2.6)

Let

B =
⋂

k/∈I∗



|

2
n

n∑

i=1

[Yi −
∑

j∈I∗
µ̃jfj(Xi)]fk(Xi)| < 2rn,M ||fk||n



 .

Let λ̃ ∈ <M be the vector that has the components of µ̃ in positions corresponding
to the index set I∗ and components equal to zero otherwise. Thus, by abuse of
notation, λ̃ = (µ̃, 0). From Lemma 3.4 in the Appendix it follows that, on the set
B, λ̃ is a solution of (2.4). Recall that λ̂ is a solution of (2.4) by construction. Then,
by arguments similar to those used in ([13], Theorems 3.1 and 3.2) regarding the
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closeness of two solutions it follows that, on the set B, λ̂k = 0 for k ∈ I∗c. Therefore
Î ⊆ I∗ on the set B. Hence

P (Î 6⊆ I∗) ≤ P (Bc)

= P


 ⋃

k∈{1,...,M}\I∗



|

2
n

n∑

i=1

[Yi −
∑

j∈I∗
µ̃jfj(Xi)]fk(Xi)| ≥ 2rn,M ||fk||n








≤
∑

k∈{1,...,M}\I∗
P






|

2
n

n∑

i=1

[Yi −
∑

j∈I∗
µ̃jfj(Xi)]fk(Xi)| ≥ 2rn,M ||fk||n






 .

Let k ∈ {1, . . . , M} \ I∗ be fixed. Define the sets

E1(k) =

{
1
n
|

n∑

i=1

Wifk(Xi)| < rn,M‖fk‖n/2

}
,

E2(k) =
{
‖fk‖2n ≥

1
4
‖f‖2

}
,

E3(k) =

{
| 1
n

n∑

i=1

fj(Xi)fk(Xi)| ≤ 2|〈fj , fk〉|+ δn,M , j ∈ I∗
}

,

where δn,M = 2CL2rn,M will be specified below. The choice of δn,M is purely
technical and does not affect the overall results.

Let f̃ =
∑

j∈I∗ µ̃jfj . Recall that λ∗ ∈ RM given by (1.2) has zero components in
positions corresponding to indices in I∗c, by definition. Let µ∗ be the vector in <k∗

obtained from λ∗ by deleting these zeros. Therefore f∗ =
∑M

j=1 λ∗jfj =
∑

j∈I∗ µ∗jfj .
By successive applications of the triangle inequality and since ‖fk‖n ≤ L, for all
k ∈ I∗c, by assumption (A2) (a), we obtain:

P


 1

n
|

n∑

i=1

[Yi −
∑

j∈I∗
µ̃jfj(Xi)]fk(Xi)| ≥ rn,M‖fk‖n


(2.7)

≤ P

(
1
n
|

n∑

i=1

Wifk(Xi)| ≥ rn,M‖fk‖n/2

)

+ P

(
1
n
|

n∑

i=1

(f(Xi)− f̃(Xi))fk(Xi)| ≥ rn,M‖fk‖n/2

)

≤ P (Ec
1(k)) + P

(
1
n
|

n∑

i=1

(f∗(Xi)− f̃(Xi))fk(Xi)| ≥ rn,M‖fk‖n/4

)

+ P

(
1
n

n∑

i=1

|(f(Xi)− f∗(Xi))| ≥ rn,M‖fk‖n/4L

)

≤ P (Ec
1(k)) + P


|(

∑

j∈I∗
(µ̃j − µ∗j )

1
n

n∑

i=1

fj(Xi))fk(Xi)| ≥ rn,M‖fk‖n/4




+ P

(
1
n

n∑

i=1

|(f(Xi)− f∗(Xi))| ≥ rn,M‖fk‖n/4L

)
.

To bound the second term in the last inequality above we first notice that on the
set E3(k) and under assumptions (A2) (a) and (A3) we have
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|
∑

j∈I∗
(µ̃j − µ∗j )

1
n

n∑

i=1

fj(Xi))fk(Xi)|

≤ 2
∑

j∈I∗
|µ̃j − µ∗j ||〈fj , fk〉|+ δn,M

∑

j∈I∗
|µ̃j − µ∗j |

≤ 2CL2

k∗
|µ̃− µ∗|1 + δn,M |µ̃− µ∗|1.

Therefore, on E2(k) ∩ E3(k), and under assumptions (A2), (a) and (b), and (A3)
we have

P (|(
∑

j∈I∗
(µ̃j − µ∗j )

1
n

n∑

i=1

fj(Xi))fk(Xi)| ≥ rn,M‖fk‖n/4)

≤ P (|µ̃− µ∗|1 ≥ c0

32CL2
k∗rn,M ) + P (|µ̃− µ∗|1 ≥ c0

16
rn,Mδ−1

n,M )

≤ 2P (|µ̃− µ∗|1 ≥ c0

32CL2
k∗rn,M ),(2.8)

for n large enough, since the assumption k∗rn,M → 0 implies that k∗rn,M ≤ 1 for
large n, and we recall that we defined δn,M = 2CL2rn,M .

Lastly, notice that on the set E2(k) and under assumption (A2) (b) and (e) the
third term of the last inequality in display (2.7) can be bounded by

(2.9) P (
1
n

n∑

i=1

|(f(Xi)− f∗(Xi))| ≥ c0

8L
rn,M ).

To complete the proof we need to show that P (Ec
1(k)), P (Ec

2(k)) and P (Ec
3(k))

and the probabilities in (2.8) and (2.9), when summed over k ∈ {1., . . . ,M} \ I∗,
converge to zero as n → ∞. We show this in Lemma 3.5, Corollary 2 and Lemma
3.6, respectively, in the Appendix below. This completes the proof of this result. ¥

Appendix

In order to show Proposition 2.2 and to bound (2.8) above we will use twice ([6],
Theorem 2.3 page 177) and we begin by stating it here, for completeness. For any
λ ∈ <M we let J(λ) denote the index set corresponding to the non-zero components
of λ and denote by M(λ) its cardinality. Let ρ(λ) = maxi∈J(λ) maxj 6=i |ρM (i, j)|.
With Λ given by (1.1) in Section 1.1, let Λ1 = {λ ∈ Λ : ρ(λ) ≤ C/M(λ)} .

Theorem 2.3 [6]. Assume that (A1) and (A2) hold. Then the `1 penalized least
squares estimator λ̂ given by (2.4) satisfies, for any λ ∈ Λ1

(3.10) P
{
|λ̂− λ|1 ≤ B1rn,MM(λ)

}
≥ 1− πn,M (λ),

where

πn,M (λ) ≤ 14M2 exp

(
−c1n min

{
r2
n,M

L0
,
rn,M

L2
,

1
L0M2(λ)

,
1

L2M(λ)

})

exp
(
−c2

M(λ)
L2(λ)

nr2
n,M

)
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for some positive constants c1, c2 depending on c0, Cf and b only, and a constant
B1 depending on c0 and Cf .

Notice now that by (1.3) and under assumption (A3), λ∗ ∈ Λ1. We therefore have
the following corollary.

Corollary 1. Assume that (A1) - (A3) hold. Then

P
{
|λ̂j − λ∗j | > B1rn,M

}
≤ π∗,

for all 1 ≤ j ≤ M , where π∗ = πn,M (λ∗).

Proof. From ([6], Theorem 2.3) we obtain

1− π∗ ≤ P
{
|λ̂− λ∗|1 ≤ B1k

∗rn,M

}
≤ P

{
min

1≤j≤M
|λ̂j − λ∗j | ≤ B1rn,M

}
.

This immediately implies the result.

Remark 3.1 Notice that π∗ → 0 as n → 0 for any rn,M ≥ A
√

log(Mn)/n, and for
B = B1, as needed in Proposition 2.2 in Section 2.2 above.

In order to control the probability (2.8) we first define U and U1, the analogues
of the sets Λ and Λ1 defined above.

U =



µ ∈ <k∗ : ‖f −

∑

j∈I∗
µjfj‖2 ≤ Cfr2

n,M



 , U1 = {µ ∈ U : ρ(µ)M(µ) ≤ C} .

Recall that µ∗ is the vector in <k∗ obtained from λ∗ by deleting the zero entries.
Then, since assumption (A3) implies maxi∈I∗ maxj∈I∗,j 6=i |ρM (i, j)| ≤ C/k∗ and
‖f − ∑M

j=1 λ∗jfj‖ = ‖f − ∑
j∈I∗ µjfj‖ we deduce that µ∗ ∈ U1. Therefore, using

again ([6], Theorem 2.3) applied now to the dictionary {fj}j∈I∗ and quantity µ̃
defined in (2.6) above, we obtain the following corollary:

Corollary 2. Assume that (A1) - (A3) hold. Then

(3.11) P {|µ̃− µ∗|1 ≤ B2k
∗rn,M} ≥ 1− p∗,

where

p∗ ≤ 14k∗2 exp

(
−c1n min

{
r2
n,M

L0
,
rn,M

L2
,

1
L0k∗

2 ,
1

k∗L2

})

+exp
(
−c2

k∗

L2(λ∗)
nr2

n,M

)
,

for some positive constants c1, c2 as above and a constant B2 > 0 that only depends
on Cf and c0.

Remark 3.2 If rn,M ≥ A
√

log(Mn)/n, then Mp∗ → 0 as n →∞, for A > 0 large
enough. Hence, the probability given by (2.8), summed over k, converges to zero
for both choices of rn,M introduced in Section 2, adjusting the value of B2 if needed.

The following Lemma is needed in the beginning of the proof of Proposition 2.3.
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Lemma 3.4. λ̃ = (µ̃, 0) is a solution of (2.4) on the set

B =
⋂

k/∈I∗





∣∣∣∣∣∣
2
n

n∑

i=1

[Yi −
∑

j∈I∗
µ̃jfj(Xi)]fk(Xi)

∣∣∣∣∣∣
< 2rn,M ||fk||n



 .

Proof. We recall that for any convex function g : <M → < the subdifferential
of g at a point λ is the set Dλ = {w ∈ <M : g(u) − g(λ) ≥ 〈w, u − λ〉}. Let
g(λ) = 1

n

∑n
i=1{Yi −

∑M
j=1 λjf(Xi)}2 + pen(λ), where we recall that our penalty

term is pen(λ) = 2rn,M

∑M
j=1 ‖fj‖n|λj |. Then (e.g., [13]) we have

Dλ = {w ∈ <M : w = − 2
n

F ′(Y − Fλ) + 2rn,Mv},

where v ∈ <M is such that

vk = ||fk||n, if λk > 0
vk = −||fk||n, if λk < 0
vk ∈ [−||fk||n, ||fk||n], if λk = 0,

and where we recall that Y = (Y1, . . . , Yn) and F is the n×M matrix with elements
fj(Xi). By standard results in convex analysis, λ̄ ∈ <M is a point of local minimum
for a convex function g if and only if 0 ∈ Dλ̄, where 0 ∈ <M . Therefore, λ̄ minimizes
our g(λ) if and only if 0 ∈ Dλ̄ if and only if

∣∣∣∣
(

2
n

F ′(Y − Fλ̄)
)

k

∣∣∣∣ = 2rn,M |vk| for all k ∈ {1, . . . , M},

where ( )k above denotes the k-th component of the vector in paranthesis. Equiva-
lently, λ̄ minimizes g(λ) if and only if, for all 1 ≤ k ≤ M

∣∣∣∣∣∣
2
n

n∑

i=1

[Yi −
M∑

j=1

λ̄jfj(Xi)]fk(Xi)

∣∣∣∣∣∣
= 2rn,M ||fk||n, if λ̄k 6= 0(3.12)

∣∣∣∣∣∣
2
n

n∑

i=1

[Yi −
M∑

j=1

λ̄jfj(Xi)]fk(Xi)

∣∣∣∣∣∣
≤ 2rn,M ||fk||n, if λ̄k = 0.

In what follows we find conditions under which λ̃ = (µ̃, 0), with µ̃ given in (2.6)
above, satisfies (3.12). First notice that, by definition,

∑n
i=1[Yi−

∑M
j=1 λ̃jfj(Xi)] =∑n

i=1[Yi−
∑

j∈I∗ µ̃jfj(Xi)]. Since µ̃ is a solution of (2.6) then, by the above standard
results in convex analysis, applied now to the function h(λ) defined in the proof of
Proposition 2.3, the following hold

∣∣∣∣∣∣
2
n

n∑

i=1

[Yi −
∑

j∈I∗
µ̃jfj(Xi)]fk(Xi)

∣∣∣∣∣∣
= 2rn,M ||fk||n, if λ̃k = µ̃k 6= 0, k ∈ I∗

∣∣∣∣∣∣
2
n

n∑

i=1

[Yi −
∑

j∈I∗
µ̃jfj(Xi)]fk(Xi)

∣∣∣∣∣∣
≤ 2rn,M ||fk||n, if λ̃k = µ̃k = 0, k ∈ I∗.
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Notice now that on the set B we also have
∣∣∣∣∣∣
2
n

n∑

i=1

[Yi −
∑

j∈I∗
µ̃jfj(Xi)]fk(Xi)

∣∣∣∣∣∣
≤ 2rn,M ||fk||n, if k /∈ I∗ (for which µ̃k = 0).

The above displays show that λ̃ satisfies condition (3.12) and is therefore a
solution of (2.4) on B.

Remark 3.3 The observation that constitutes the statement of the above lemma
has also been made elsewhere [12] for a slightly different penalty term. We have
included here a full derivation of it for completeness and clarity.

To complete the proof of Proposition 2.3 we will make repeated use of Bernstein’s
inequality, which we state here for completeness.

Bernstein’s inequality Let ζ1, . . . , ζn be independent random variables such that

1
n

n∑

i=1

E|ζi|m ≤ m!
2

w2dm−2

for some positive constants w and d and for all integers m ≥ 2. Then, for any ε > 0
we have

(3.13) P

{
n∑

i=1

(ζi − Eζi) ≥ nε

}
≤ exp

(
− nε2

2(w2 + dε)

)
.

Lemma 3.5. Let assumptions (A1) and (A2) hold. Then

∑

k∈{1,...,M}\I∗
P (Ec

1(k)) → 0,
∑

k∈{1,...,M}\I∗
P (Ec

2(k)) → 0, and

∑

k∈{1,...,M}\I∗
P (Ec

3(k)) → 0, as n →∞.

Proof. To show
∑

k∈{1,...,M}\I∗ P (Ec
1(k)) → 0 it is enough to show that (I) =∑

k∈{1,...,M}\I∗ P (Ec
1(k)∩E2(k)) → 0 and that (II) =

∑
k∈{1,...,M}\I∗ P (Ec

2(k)) →
0. The proofs follow immediately from Bernstein’s inequality and the union bound.
They are the same as ([6], proofs of Lemmas 4 and 5, page 186). We include here
the derived probability bounds, for completeness.

(I) ≤ 2M2 exp

(
−nr2

n,M

16b

)
+ 2M2 exp

(
−nrn,Mc0

8
√

2L

)
+ 2M2 exp

(
− nc2

0

12L2

)
,

and

(II) ≤ M2 exp
(
− nc2

0

12L2

)
.
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To bound the last quantity in the statement of the Lemma notice first that

P (Ec
3(k)) ≤ 2

∑

j∈I∗
P

(
1
n

n∑

i=1

fj(Xi)fk(Xi) > 2|〈fj , fk〉|+ δn,M

)

≤ 2
∑

j∈I∗
exp

{
− n

4L0
(|〈fj , fk〉|+ δn,M )2

}

+ 2
∑

j∈I∗
exp

{
− n

4L
(|〈fj , fk〉|+ δn,M )

}

≤ M exp

{
−nδ2

n,M

4L0

}
+ M exp

{
−nδn,M

4L

}
.

The second inequality of the display above follows from Bernstein’s inequality with
ζi = fj(Xi)fk(Xi), for every fixed j, and k and with w2 = L0, d = L2, for ε =
|〈fj , fk〉|+δn,m, used together with the inequality ex/a+b ≤ ex/2a +ex/2b for all x, a
and b. Therefore, for δn,M = 2CL2rn,M we obtain

(III) =
∑

k∈{1,...,M}\I∗
P (E3

2(k)) ≤ M2 exp

{
−C2L4nr2

n,M

L0

}
+M2 exp

{
−CLnrn,M

2

}
.

Thus, the quantities (I), (II) and (III) converge to zero for any
rn,M ≥ A

√
log(M)n/n.

Lemma 3.6. Let assumptions (A1) and (A2) hold. Then

(IV ) =
∑

k∈{1,...,M}\I∗
P

(
1
n

n∑

i=1

|(f(Xi)− f∗(Xi))| ≥ c0

8L
rn,M

)
→ 0.

Proof. By the Cauchy-Schwartz inequality we have

P

(
1
n

n∑

i=1

|(f(Xi)− f∗(Xi))| ≥ c0

8L
rn,M

)
(3.14)

≤ P

(
1
n

n∑

i=1

(f(Xi)− f∗(Xi))2 ≥ c2
0

64L2
r2
n,M

)

≤ P

(
n∑

i=1

{(f(Xi)− f∗(Xi))2 − ‖f − f∗‖2} ≥ n(
c2
0

64L2
r2
n,M − ‖f − f∗‖2)

)

≤ P

(
n∑

i=1

{(f(Xi)− f∗(Xi))2 − ‖f − f∗‖2} ≥ C1nr2
n,M

)
,

where we recall that ‖f − f∗‖2 ≤ Cfr2
n,M , by definition and C1 = c2

0/64L2 − Cf ,
where we assume that we have already adjusted Cf to have C1 > 0, by taking
an appropriate constant A in the definition of rn,M , if needed. The proof follows
immediately from Bernstein’s inequality applied to ζi = (f(Xi) − f∗(Xi))2, with
w =

√
Cfrn,M and d = L∗, and for ε = C1r

2
n,M . Therefore

(IV ) ≤ M exp{−CfC2
1

4
nr2

n,M}+ M exp{− C1

4L∗
nr2

n,M},
and both terms converge to zero for either choice of rn,M .
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Abstract: In this article we study the asymptotic predictive optimality of
a model selection criterion based on the cross-validatory predictive density,
already available in the literature. For a dependent variable and associated
explanatory variables, we consider a class of linear models as approximations
to the true regression function. One selects a model among these using the
criterion under study and predicts a future replicate of the dependent variable
by an optimal predictor under the chosen model. We show that for squared
error prediction loss, this scheme of prediction performs asymptotically as well
as an oracle, where the oracle here refers to a model selection rule which
minimizes this loss if the true regression were known.
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1. Introduction

The ultimate goal of modeling in any scientific or sociological investigation is to
discover the underlying regular pattern or phenomenon, if any, which controls the
data generating mechanism. Although it is almost impossible to imagine that a
single model or combinations of a handful will fully capture the intricate functioning
of nature or sociological issues, one can always hope to be able to come close. Given
a choice of several models and a set of data, a popular method is to choose the model
which explains or fits the given data best (in some well-defined sense). However,
it is of prime importance that any model that is chosen should be able to predict
future observations from the same experiment or process reasonably well and that
it does not merely fit the observed data. This is the purpose of predictive model
selection.

One of the most prominent approaches to predictive model selection is cross-
validation (see [17]) and variants thereof. As the name cross-validation suggests,
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parameters of the population are estimated under each model by using a part of
the data (the ‘estimation set’), while the rest of the data (the ‘validation set’) are
predicted using the estimates based on the first group. This is done repeatedly by
using ‘validation sets’ comprising different parts of the data, e.g., the whole data
could simply be divided into 10 disjoint parts, each part consisting of an equal
number of observations and predicted using the rest. If, for a particular model,
such predictions match best with the actually observed values, i.e, if the average
prediction error is the smallest for it among all the candidate models, it is selected.
Optimality properties of classical cross-validatory techniques have been studied,
e.g., in [12] and [16].

In the Bayesian literature, several approaches to model selection have been stud-
ied with the predictive aspect in mind; see, e.g, [1, 4, 5, 8–10, 13, 14]. The purpose
of this paper is to study the predictive properties of a model selection criterion (see
(1.2) below) based on the average of the (log) cross-validatory predictive densities
(see (1.1) below) and already available in the literature. Different types of averages
(e.g. arithmetic mean, (log) geometric mean) of cross-validatory predictive densities
have been studied by several authors ([2], [3], [5], [9], and [14]). Chakrabarti and
Ghosh [5] considered an average with respect to disjoint validation sets and studied
what should be the optimal proportion of the sample kept for validation in large
sample sizes, for the selection of a model closest to the true model (in terms of
Kullback-Leibler divergence), and for the selection of the more parsimonious model
if two models are equidistant from the truth. Using squared error prediction loss,
we show that model selection using criterion (1.2) has an optimality property in
predicting a future replicate of the dependent variable (for fixed values of the in-
dependent variables), when the true regression is being approximated by a class
of candidate linear models. The proofs of the optimality results partly use some
general techniques of Li [12] which were later adopted in [16].

In the Bayesian setup, the ordinary predictive density under a model is defined as
the integral of the likelihood function of the observed data with respect to the prior
distribution of the parameters under the model. Between two competing models,
the one having a larger predictive density for the given data seems to be the more
appropriate description of the unknown data generating process. In non-subjective
Bayesian analysis, it is common to use noninformative priors for the parameters
which are typically improper and defined only up to unknown multiplicative con-
stants. In such situations, use of the ordinary predictive density as a model selection
criterion will be inappropriate. To get rid of this difficulty, one updates the improper
prior by getting a proper posterior based on part of the data (called the training
sample) and then integrates the likelihood function of the rest of the data with
respect to this posterior, thus giving the cross-validatory predictive density. This
is like getting the predictive distribution of part of the data using information ob-
tained from the rest of it. This method of obtaining a cross-validatory predictive
density can also be used when one puts a proper prior on the parameters of the
model. The cross-validatory predictive density can then be used to get pseudo-Bayes
Factors, after appropriate averaging with respect to the different possible choices of
the training sample. This line of thought owes its origin to Geisser [7] and Geisser
and Eddy [8] and came to prominence through what are referred to as partial Bayes
Factors or Intrinsic Bayes Factors ([2], [3], [9], [11], and [15]).

In the next few paragraphs, we describe our setup and the model selection cri-
terion we study. We follow the notations of Shao [16].

Let yn = (y1, . . . , yn)′ be a vector of observations on the dependent (response)
variable and let Xn = (x′1, . . . ,x

′
n)′ be an n × pn matrix of explanatory variables
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(which are potentially responsible for the variability in the y’s), with xi associated
with yi. Let µn denote E(yn|Xn), the (unknown) average value of the response
variable given the values of the explanatory variables. We further assume that given
Xn, en = yn − µn has mean vector 0 and the components of ei are independent
with common variance σ2, which could be known or unknown. We are interested
in capturing the functional relationship, if any, between µn and Xn which will be
most suitable for predictive purposes. We restrict our search within a class of normal
linear models. Our model space, denoted An, is indexed by α, where each α consists
of a subset of size pn(α) (1 ≤ pn(α) ≤ pn) of {1, 2, . . . , pn} and the true mean µn

is assumed to be linearly related to the corresponding explanatory variables. More
specifically, under model α ∈ An, yn ∼ N(µn(α) = Xn(α)βn(α), σ2In) where
Xn(α) is the submatrix of Xn consisting of the pn(α) columns specified by α and
βn(α) ∈ <pn(α). A Bayesian puts a prior on the unknown parameters within each
model. We consider standard non-subjective priors (see e.g., [1]) given by

πα(βn(α)) ∝ 1 if σ2 is known, and

πα(βn(α), σ2) ∝ 1
σ2

if σ2 is unknown.

Consider, for example, the case with σ2 unknown. Let πα((βn(α), σ2)|yk+1, . . . , yn)
denote the posterior distribution of the parameters under the model given the obser-
vations (yk+1, . . . , yn). The cross-validatory predictive density of (y1, . . . , yk) given
(yk+1, . . . , yn) under model α, denoted by the expression fα(y1, . . . , yk|yk+1, . . . , yn),
is given by

(1.1)
∫

fβn(α),σ2(y1, . . . , yk)πα((βn(α), σ2)|yk+1, . . . , yn) dβn(α) dσ2,

where fβn(α),σ2(y1, . . . , yk) denotes the density of the k dimensional normal vector,
with mean vector given by the first k components of µn(α) and variance-covariance
matrix σ2Ik, evaluated at y1, . . . , yk. Similarly, the predictive density of any subset
(yt1 , . . . , ytk

) of y, given the rest of the components of y under this model can be
calculated, where (t1, . . . , tk) denotes a subset of (1, . . . , n). Since a good criterion
should not depend too much on the choice of the training sample, we consider
the geometric mean of the cross-validatory predictive densities thus obtained by
varying the choice of the training sample. The ratio of such geometric means for
two models is precisely the Geometric Intrinsic Bayes Factor ([2], [3]). For model
α, the criterion which we intend to study equals the logarithm of this geometric
mean. Thus if we consider a total of r training samples, this logarithm is given by

(1.2) CV(α) =
1
r

r∑
i=1

log fα(yt1i
, . . . , ytki

|{yt : t /∈ (t1i, . . . , tki)}),

where (yt1i
, . . . , ytki

) is the set of y observations not included in the i-th training
sample. One selects the model α̂n ∈ An which maximizes CV(α).

Once a model is thus selected, we use the mean of the predictive distribu-
tion of ynew

n , given the observed yn under the selected model, as the predictor
for a future replicate ynew

n of the response variable for the same value Xn of
the explanatory variables. An easy calculation shows that this turns out to be
the least squares estimate X(α̂n)β̂n(α̂n) where β̂n(α) = Pn(α)yn and Pn(α) =
Xn(α)(Xn(α)′Xn(α))−1Xn(α) is the usual projection matrix.

Our goal is to evaluate this prediction scheme under the true regression us-
ing squared error prediction loss. Under the true µn, the future replicate ynew

n
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will be independent of the original observations yn. The quality of any predic-
tor δ(yn) of ynew

n based on yn can be evaluated by the average prediction er-
ror Eµn

( 1
n ||y

new
n − δ(yn)||2), where Eµn

denotes expectation with respect to the
joint distribution of (ynew

n ,yn) when µn is the true unknown mean. This expec-
tation will be small if, for any fixed yn, Eµn

( 1
n ||y

new
n − δ(yn)||2|yn) is also small.

As observed before, the predictor δ(yn) we want to evaluate is the same as the
least squares predictive estimate of ynew

n under the chosen model α̂n. Now note
that for any given fixed model α, the least squares predictive estimate is given by
δ(yn) = δ(yn)(α) = µ̂n(α) = Xn(α)β̂n(α). A simple algebra shows that the above
conditional expectation is, up to a constant which does not depend on α, equal to

(1.3) Ln(α) =
||µn − µ̂n(α)||2

n
.

Hence the conditional expectation will be minimized for a certain α if Ln(α) is
minimized. If we knew the true µn, we could find the model which minimizes this
Ln(α) for each yn. We shall call this the oracle model, denoted αL

n . The best any
procedure can achieve is to do as well as the oracle in the limit in terms of the loss
as the sample size grows to infinity.

We show in the following sections of this article that under certain conditions,
minimizing CV(α) with respect to α is asymptotically equivalent to minimizing
Ln(α). Using this fact it is shown that the ratio of Ln(αL

n) to Ln(α̂n) tends to 1
in probability, whereby establishing the optimum asymptotic behavior of criterion
(1.2) in the problem of prediction of a set of future observations.

In Sections 2 and 3 we consider the case where the true model is not in the model
space – the proposed models are only approximations to the truth. In Section 2 we
consider the case when σ2 is known. We show that under certain assumptions, the
model selection procedure under study performs as well as the oracle asymptotically
in the sense that the ratio of their losses tends to one in probability. In Section 3,
we consider the more realistic situation when σ2 is unknown. Under appropriate
conditions it is shown that this procedure also achieves the oracle asymptotically in
this case. As a validation of this method, we next consider in Section 4 the question
of whether, under the assumption that the true model is indeed included in the
model space, we do equally well in terms of hitting the oracle loss asymptotically.
It is shown that this model selection procedure chooses the correct model with
smallest dimension with probability tending to one in addition to being asymptot-
ically optimal in terms of hitting the oracle. Some concluding remarks are made in
Section 5. Technical proofs of most of the results are given in the Appendix.

For notational simplicity we write y, µ, e, X(α), β(α) and P (α) in place of yn,
µn, en, Xn(α), βn(α) and Pn(α) respectively, dropping the suffix n for the rest of
the paper.

2. Basic Results – Case with σ2 Known

In this section we take the ‘model false’ point of view that the models are only
approximations to the truth but none of them is actually true. We show that under
certain conditions, the model selection procedure under study is asymptotically
optimal in the sense of performing as well as the oracle defined above.

As described in the introduction, the model selection criterion under considera-
tion is an average of the cross-validatory predictive density

fα(y1, . . . , yk|yk+1, . . . , yn)
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under model α, over suitable choices of the ‘training sample’ {yk+1, . . . , yn}. We
do not recommend here any particular choice of the training samples; our results
hold as long as each yi, 1 ≤ i ≤ n, appears in the same number of training samples
chosen (which will be assumed throughout the paper).

Let yi, i = 1, . . . , r be the r training samples (each of size n−k). For each yi, let
µi and ei be the subvector of µ and e corresponding to the labels of the components
of yi and Xi(α) be the submatrix of X(α) consisting of the corresponding rows of
it. Also, let β̂i(α) = [X ′

i(α)Xi(α)]−1X ′
i(α)yi, Pi(α) = Xi(α)[X ′

i(α)Xi(α)]−1X ′
i(α),

i = 1, . . . , r. It will be assumed throughout that (n − k) → ∞ and X ′
i(α)Xi(α) is

nonsingular for each i and α. With the standard non-subjective prior π(β(α)) =
constant, we have a closed form expression for the cross-validatory predictive den-
sity. An alternative equivalent criterion, which is to be minimized with respect to
α, is

Γ(α) =
1
n

(y −X(α)β̂(α))′(y −X(α)β̂(α))

− 1
r

r∑
i=1

1
n

(yi −Xi(α)β̂i(α))′(yi −Xi(α)β̂i(α))

+
1
r

r∑
i=1

σ2

n
log

(
|X ′(α)X(α)|
|X ′

i(α)Xi(α)|

)
.(2.1)

Note that Γ(α) is equal to the negative of the criterion (1.2) up to an additive
constant. We will prove that minimization of Γ(α) is equivalent to minimization
of the loss Ln(α) (defined in (1.3)) in an appropriate asymptotic sense and this
will lead to the desired asymptotic (predictive) optimality of the criterion under
consideration.

Note that the loss Ln(α) defined in (1.3) can be written as

nLn(α) = n∆n(α) + e′P (α)e

where n∆n(α) = µ′(I − P (α))µ and let

nRn(α) = E(nLn(α)) = n∆n(α) + σ2pn(α).

One of the key assumptions under which we prove our results is the following
condition ([12], [16]):

(2.2)
∑

α∈An

1
[nRn(α)]m

→ 0

for some positive integer m for which E(e4m
1 ) < ∞. We also assume

(2.3)
pnλn

min
α∈An

nRn(α)
→ 0,

where λn = log(n/(n− k)).
For certain remarks justifying these assumptions, see [12] and [16]. In particular,

it is argued in these papers using several concrete examples, that condition (2.2)
is a natural one when the dimension pn of the largest model grows with sample
size. Also, if pn remains bounded, nRn(α) is expected to go to ∞ for all α as
the sample size increases, if the candidate models are separated from the truth.
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That min
α

nRn(α) → ∞ is assumption A.3′ of Li [12] and as remarked therein, it

is a quite reasonable assumption if pn grows with n. Condition (2.3) requires that
min

α
nRn(α) → ∞ at a suitable rate. Under condition (3.3) below ([16], condition

(2.5)), (2.3) holds if (pnλn)/n → 0.
It is important to note that we also need to assume (n− k)/n → 0 to prove our

results (see e.g. (6.10)). This addresses an important question about the required
size of the training sample. We, however, do not claim that it is a necessary condition
for asymptotic predictive optimality.

We now consider the criterion Γ(α) as defined in (2.1). Since X(α)β̂(α) = P (α)y,

1
n

(y −X(α)β̂(α))′(y −X(α)β̂(α))

=
1
n

y′(I − P (α))y

=
1
n

e′e + Ln(α)− 2
n

e′P (α)e +
2
n

e′(I − P (α))µ.(2.4)

Similarly,

1
r

r∑
i=1

1
n

(yi −Xi(α)β̂i(α))′(yi −Xi(α)β̂i(α))

=
n− k

n2
e′e +

1
nr

r∑
i=1

µ′i(I − Pi(α))µi −
1
nr

r∑
i=1

e′iPi(α)ei

+
2
nr

r∑
i=1

e′i(I − Pi(α))µi.(2.5)

We first state two auxiliary results.

Lemma 2.1. Under conditions (2.2) and (2.3),

1
n

(y −X(α)β̂(α))′(y −X(α)β̂(α)) =
1
n

e′e + Ln(α) + op(Ln(α))

uniformly in α ∈ An.

By saying Zn(α) = op(Ln(α)) uniformly in α, we mean max
α
|Zn(α)|/Ln(α)

p→ 0.

Lemma 2.2. Suppose that conditions (2.2) and (2.3) hold and (n − k)/n → 0.
Then

1
r

r∑
i=1

1
n

(yi −Xi(α)β̂i(α))′(yi −Xi(α)β̂i(α)) =
n− k

n2
e′e + op(Ln(α)),

uniformly in α ∈ An.

Proofs of Lemma 2.1 and Lemma 2.2 are given in the Appendix.
In order to prove the main result of this section we need to assume another

condition which is given below.
Let

(2.6) ain(α) = log
{

(n− k)pn(α)|X ′(α)X(α)|
npn(α)|X ′

i(α)Xi(α)|

}
.
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We assume

(2.7) max
α∈An

1
r

r∑
i=1

ain(α)

nRn(α)
→ 0.

Remark 2.1. Let x′1(α), . . . ,x′n(α) be the n rows of X(α). If these n rows are
‘similar’, e.g., if they can be thought of as (independent) realizations of a random
vector x and pn is small compared to both n− k and n, then∣∣∣∣X ′(α)X(α)

n

∣∣∣∣ =
∣∣∣∣ 1
n

n∑
j=1

xj(α)x′j(α)
∣∣∣∣ ≈ |E(xx′)|

and similarly
∣∣∣∣X ′

i(α)Xi(α)
n− k

∣∣∣∣ ≈ |E(xx′)|.

In this case, it follows that ain(α) ≈ 0. In such a situation, assumption (2.7) seems
to be quite reasonable.

Now note that (2.3) and (2.7) will imply that the third term in the right hand
side of (2.1) is also of the order op(Ln(α)) uniformly in α ∈ An. Thus

Γ(α) = constant + Ln(α) + op(Ln(α)) uniformly in α ∈ An

which implies minimization of Γ(α) is essentially equivalent to minimization of
Ln(α) in an appropriate asymptotic sense and we have the following result.

Theorem 2.1. Suppose that conditions (2.2), (2.3) and (2.7) hold and (n−k)/n →
0. Then we have the following results.

(a) Γ(α) = k
n2 e′e + Ln(α) + op(Ln(α)) uniformly in α ∈ An.

(b) The model selection rule under study is asymptotically optimal in the sense that

Ln(α̂n)
min

α∈An

Ln(α)
p→ 1

where α̂n is as defined in Section 1.

Proof of Theorem 2.1 is given in the Appendix.

3. Case with σ2 Unknown

We now consider the more realistic situation when the variance σ2 is unknown.
The standard non-subjective prior in this case is π(β(α), σ2) ∝ 1

σ2 under model
α. Interestingly, the results in this case follow from the basic results obtained in
Section 2. We consider here the (‘model false’) setup and assumptions of Section 2.

Let yi, i = 1, . . . , r be the r training samples chosen. The cross-validatory pre-
dictive density under model α for a training sample yi is given by

|X ′
i(α)Xi(α)| 12

|X ′(α)X(α)| 12
× [(y −X(α)β̂(α))′(y −X(α)β̂(α))]−

n
2

[(yi −Xi(α)β̂i(α))′(yi −Xi(α)β̂i(α))]−
n−k

2
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up to a multiplicative constant.
Our criterion (to be minimized with respect to α), which is an average over the

r training samples, is given by

(3.1) Γ(α) = log[S(α)]− n− k

nr

r∑
i=1

log[Si(α)] +
1
nr

r∑
i=1

log
|X ′(α)X(α)|
|X ′

i(α)Xi(α)|

where S(α) = (y−X(α)β̂(α))′(y−X(α)β̂(α)) and Si(α) = (yi−Xi(α)β̂i(α))′(yi−
Xi(α)β̂i(α)).

Note that Γ(α) = (k/n) log(nσ2) + Γ1(α) where

(3.2) Γ1(α) = log
[
S(α)
nσ2

]
− n− k

nr

r∑
i=1

log
[
Si(α)
nσ2

]
+

1
nr

r∑
i=1

ain(α) +
1
n

pn(α)λn,

ain(α) is as defined in (2.6) and λn = log(n/(n − k)). Therefore, minimizing Γ(α)
(with respect to α) is equivalent to minimizing Γ1(α) for all σ. Let

un(α) = log
[

e′e

nσ2
+

1
σ2

Ln(α)
]

.

In order to prove the asymptotic optimality of this method, we first note in Lemma
3.1 below that Γ1(α) is asymptotically equivalent to un(α) and this in turn implies
the desired conclusion as stated in Theorem 3.1. We prove these results by invoking
certain conditions which we describe below.

We first make the following assumption (see [16], condition (2.5)):

(3.3) lim inf
n→∞

min
α

∆n(α) > 0

where ∆n(α) is as defined in Section 2. This may be thought of as an identifiability
condition on the models in the model space, as appears in the discussion of Mervyn
Stone on [16]. We further assume that

(3.4)
n− k

n
log n → 0,

pnλn

n
→ 0 and

1
n

n∑
i=1

µ2
i is bounded,

(3.5)
1
nr

r∑
i=1

ain(α) → 0,

and

(3.6)
r∑

i=1

log(Si) > 0

with probability tending to 1, where Si is equal to Si(α) with α as the full model,
i.e, α = {1, . . . , pn}. One can give sufficient conditions for (3.6) based on the relative
magnitude of r and (n−k) as n →∞, to the effect that r is not too large compared
with n − k which is the case for most practically implementable schemes. We,
however, do not record the details here. The final results of this section are now
stated below.
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Lemma 3.1. Under conditions (3.3)-(3.6),

(3.7) Γ1(α) = un(α) + op(un(α)) uniformly in α.

Theorem 3.1. Under conditions (3.3)-(3.6),

(3.8)
Ln(α̂n)
Ln(αL

n)
p→ 1.

Both Lemma 3.1 and Theorem 3.1 are proved in the Appendix.

4. The ‘Model True’ Case and Consistency

We now show that if some model in the model space is true, the model selection
procedure under study chooses the correct model of the smallest dimension in ad-
dition to being asymptotically optimal. Thus this procedure not only captures the
truth but at the same time is as parsimonious as possible. Although the assumption
of a true model may not seem to be very realistic, our result in this section provides
a validation of the method. We, however, consider only the simpler case when σ2

is known.
As in [16], let Ac

n ⊂ An denote all the proposed models that are actually correct.
Thus for α ∈ Ac

n, µ = X(α)β(α) for some β(α) ∈ <pn(α). In Section 2 we assumed
that Ac

n is empty. It is important to note that all the results of Section 2 with An

replaced by An −Ac
n hold under the corresponding assumptions with An replaced

by An −Ac
n. In particular, if

(4.1)
∑

α∈An−Ac
n

1
[nRn(α)]m

→ 0

for some positive integer m for which E(e4m
1 ) < ∞ and

(4.2)
pnλn

min
α∈An−Ac

n

nRn(α)
→ 0,

with λn = log(n/(n− k)), then

(4.3) Γ(α) =
k

n2
e′e + Ln(α) + op(Ln(α))

uniformly in α ∈ An −Ac
n.

For α ∈ Ac
n, (I − P (α))µ = 0 and (I − Pi(α))µi = 0 ∀ i. Therefore, from (2.1),

(2.4) and (2.5) we have for α ∈ Ac
n

(4.4) Γ(α) =
k

n2
e′e− 1

n
e′P (α)e+

1
nr

r∑
i=1

e′iPi(α)ei +
σ2

nr

r∑
i=1

log
(
|X ′(α)X(α)|
|X ′

i(α)Xi(α)|

)
.

Also Ln(α) = 1
ne′P (α)e for α ∈ Ac

n.
We now assume that

(4.5) lim sup
n→∞

∑
α∈Ac

n

1
[pn(α)]m

< ∞.
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for some positive integer m such that E(e4m
1 ) < ∞ (condition (3.10) of Shao [16]),

and

(4.6) max
α∈Ac

n

1
r

r∑
i=1

ain(α)

pn(α)λn
→ 0

with λn = log( n
n−k ) and ain(α) as defined in (2.6). See Remark 2.1 in this context.

Let αc
n be the model α in Ac

n with smallest dimension. Using the above, we now
have

Proposition 4.1. Under conditions (4.1), (4.2), (4.5) and (4.6)

(4.7) Γ(α) =
k

n2
e′e +

1
n

λnσ2pn(α) + op(
1
n

λnσ2pn(α))

uniformly in α ∈ Ac
n, and

(4.8) Γ(αc
n) =

k

n2
e′e + op(Ln(α)) uniformly in α ∈ An −Ac

n.

Proof of Proposition 4.1 is given in the Appendix.
Keeping in mind the above facts, we now proceed towards proving that this

model selection rule chooses the most parsimonious correct model as claimed in
Theorem 4.1 below. Towards this we first observe that (4.3) and (4.8) imply

max
α∈An−Ac

n

(Γ(αc
n)− k

n2
e′e)/(Γ(α)− k

n2
e′e) < 1

with probability tending to 1. It then follows that

(4.9) P [Γ(αc
n) ≤ Γ(α) ∀α ∈ An −Ac

n] → 1.

We now try to find some conditions under which

(4.10) P [Γ(αc
n) ≤ Γ(α) ∀α ∈ Ac

n] → 1.

Let n[Γ(α)− Γ(αc
n)] = Zn(α). It is enough to show that

(4.11) P [Zn(α) ≥ 0 ∀α ∈ Ac
n] → 1.

Now,

P [Zn(α) < 0 for some α ∈ Ac
n]

≤
∑

α∈Ac
n

P [Zn(α) < 0]

≤
∑

α∈Ac
n

P [|Zn(α)− E(Zn(α))| > E(Zn(α))]

≤
∑

α∈Ac
n

E|Zn(α)− E(Zn(α))|2m

[E(Zn(α))]2m
.(4.12)

From (4.4)

(4.13) Zn(α)− E(Zn(α)) =
1
r

r∑
i=1

e′i[Pi(α)− Pi(αc
n)]ei − e′[P (α)− P (αc

n)]e
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and E(Zn(α)) can be written as

1
σ2

E(Zn(α)) = [pn(α)− pn(αc
n)]λn +

1
r

r∑
i=1

[ain(α)− ain(αc
n)]

where ain(α) is as defined in (2.6). If we assume

(4.14)
1
r

r∑
i=1

[ain(α)− ain(αc
n)] = op([pn(α)− pn(αc

n)]λn)

uniformly in α ∈ Ac
n, then

(4.15)
1
σ2

E(Zn(α)) = [pn(α)− pn(αc
n)]λn + op([pn(α)− pn(αc

n)]λn)

uniformly in α ∈ Ac
n. Noting that P (α)−P (αc

n) and Pi(α)−Pi(αc
n) are projection

matrices and the first term on the right hand side of (4.13) can be expressed as
e′Me for some matrix M , and using Theorem 2 of Whittle [18] or inequality (6.2)
of the Appendix we have

E|Zn(α)− E(Zn(α))|2m ≤ constant[pn(α)− pn(αc
n)]m.

It then follows from (4.12) and (4.15) that (4.11) holds if

(4.16)
∑

α∈Ac
n

1
λ2m

n [pn(α)− pn(αc
n)]m

→ 0.

Thus we finally have the following.

Theorem 4.1. Under conditions (4.1), (4.2), (4.5), (4.6), (4.14) and (4.16),

(4.17) P [α̂n = αc
n] → 1.

It is proved in the Appendix that under (4.1) and (4.2)

(4.18) max
α∈An−Ac

n

Ln(αc
n)

Ln(α)
p→ 0.

Since Ln(αc
n) ≤ Ln(α) ∀α ∈ Ac

n, Theorem 4.1 and (4.18) imply the following.

Theorem 4.2. Under the conditions of Theorem 4.1, one has

(4.19) Ln(α̂n)/Ln(αL
n)

p→ 1.

5. Concluding Remarks

In this article we have studied predictive optimality of a cross-validatory Bayesian
approach to model selection in the context of selecting from among a set of linear
models. It has been shown that this method predicts as well as the oracle as the
sample size grows. In addition, it has been shown that in case the space of candidate
models contains at least one correct model, this method chooses the correct model
with the smallest dimension with probability tending to one as sample size grows.
Thus the method has two important facets – one of an optimal predictor and the
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other of a selection criterion which does not unnecessarily choose a complex model
when simpler ones are apt.

Needless to say, this article has not addressed some interesting related issues.
First, it will be interesting to see how this method works when it is applied in the
setup of generalized linear models, through theoretical investigation and simula-
tion. Another focus of recent research is the case when the number of potential
parameters in the models is very large, e.g., when it is of the same order as the
number of observations. Asymptotic optimality studies in such setup, even for the
normal linear models will be a really challenging task. Also, we have not touched
upon the computational aspect of this method, which becomes important if the
number of potential regressors and number of models in the model space get large.
We, however, emphasize that one rarely considers the set of all 2p possible mod-
els if p regressors are available. For example, one can use expert knowledge about
the problem under study and start with a pruned list of models or one can take
a nested sequence of models (thereby restricting the total number of models to
at most p). Li ([12], Example 1) considered a situation where the p regressors are
arranged in decreasing order of importance. He then considered p models, the α-th
model consisting of the first α regressors in this ordered arrangement. See in this
context Examples 1 and 2 of [16] where the number of models under consideration
is fixed although the number of parameters may grow with sample size. Last but
not the least, as we commented before, the requirement that k/n → 1 is only a
sufficient condition; a careful study of the necessity of this condition is in order. In
some examples, we have observed that k/n → c for any c ∈ (0, 1) is also sufficient to
achieve good optimality results similar to ones we have obtained in this paper. Some
theoretical investigations and simulation studies will hopefully prove conclusive to
find the optimal k. It is worth mentioning that in a related problem Chakrabarti
and Ghosh [5] made interesting observations regarding this issue which can be a
starting point for such investigation.

Appendix

We present in this section proofs of some of the results of the earlier sections. We
will need bounds for the moments of linear and quadratic forms in e. Let A = (aij)
be a non-random n×n matrix and b be a non-random n-vector. Then by Theorem 2
of Whittle [18],

E(|e′b|2m) ≤ C1(||b||2)m, and(6.1)

E|e′Ae− E(e′Ae)|2m ≤ C2(
∑

i

∑
j

a2
ij)

m(6.2)

for some constants C1, C2 > 0 and for positive integer m for which E(e4m
1 ) < ∞.

Below max
α

will mean maximum over α ∈ An.

Proof of Lemma 2.1. As shown in Li ([12], p.970), using Theorem 2 of Whittle [18]
or inequalities (6.1) and (6.2) stated above, and condition (2.2), we have

max
α

|e′P (α)e− σ2pn(α)|
nRn(α)

p→ 0, and(6.3)

max
α

|e′(I − P (α))µ|
nRn(α)

p→ 0.(6.4)
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Also, from (6.3)

(6.5) max
α
|Ln(α)
Rn(α)

− 1| = max
α

|e′P (α)e− σ2pn(α)|
nRn(α)

p→ 0.

Lemma 2.1 now follows from (2.3), (2.4), (6.3), (6.4) and (6.5).

Proof of Lemma 2.2. Let

T1 =
1
r

r∑
i=1

µ′i(I − Pi(α))µi, T2 =
1
r

r∑
i=1

e′iPi(α)ei and T3 =
1
r

r∑
i=1

e′i(I − Pi(α))µi.

Then, in view of (2.5), the left hand side of the equality claimed in Lemma 2.2 can
be written as

n− k

n2
e′e +

1
n

(T1 − T2 + 2T3).

We shall prove that

(6.6) Tj/n = op(Ln(α)) uniformly in α

for j = 1, 2, 3.
We fix a training sample y1 = (y1, y2, . . . , yn−k)′. Let

X(α) =
(

X1

X1c

)
and I − P (α) =

(
A
B

)
where X1 and X1c are the submatrices consisting of the first n − k rows and the
last k rows of X, respectively, and A and B are analogous submatrices of I−P (α).
Then

µ′(I − P (α))µ = µ′B′Bµ + µ′A′Aµ, and(6.7)
µ′(I − P (α))µ− µ′1(I − P1(α))µ1 = µ′B′(I − Pc)−1Bµ,(6.8)

where Pc = X1c(X ′(α)X(α))−1X ′
1c (see, e.g., Result (5.4) of Chatterjee and Hadi

[6], p. 189). One can now check that (I − Pc)−1 = I + X1c(X ′
1X1)−1X ′

1c and

(6.9) µ′B′(I − Pc)−1Bµ− µ′B′Bµ = µ′B′X1c(X ′
1X1)−1X ′

1cBµ ≥ 0

as (X ′
1X1)−1 is positive definite. From (6.7)-(6.9)

µ′1(I − P1(α))µ1

nLn(α)
≤ µ′1(I − P1(α))µ1

µ′(I − P (α))µ
≤ ||Aµ||2

||Aµ||2 + ||Bµ||2
.

We now consider average over the r training samples. Since each yi (1 ≤ i ≤ n)
appears in the same number of training samples, we have

(6.10)
T1

nLn(α)
≤

1
r

r∑
i=1

µ′i(I − Pi(α))µi

µ′(I − P (α))µ
≤ n− k

n

which converges to zero.
To prove (6.6) for j = 2 we note that T2 can be expressed as e′M(α)e for some

matrix M(α) = (mij), which is a sum of r matrices corresponding to the r choices
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of the n − k indices from {1, 2, . . . , n} (n − k rows of X(α)). For example, for the
training sample y1 = (y1, . . . , yn−k)′, e′1P1(α)e1 may be written as e′M1(α)e where

M1(α) =
(

P1(α) 0
0 0

)
, thus M(α) = (1/r)

r∑
i=1

Mi(α).

As Pi(α)’s are all idempotent matrices, one can show that
∑
i

∑
j

m2
ij ≤ pn(α). Then

proceeding as in the proof of (6.3) given in Li ([12], p.970) one can prove the result
using (6.2), (2.2), (2.3) and (6.5). Indeed, by (6.2),

P

[
max

α

|e′M(α)e− σ2pn(α)|
nRn(α)

> ε

]
≤ C

∑
α

[pn(α)]m

ε2m[nRn(α)]2m

for some constant C > 0. The result follows from (2.2), (2.3) and (6.5).
The proof of (6.6) for j = 3 is similar. We note that T3 = e′b with b =

(1/r)
r∑

i=1

(I − Pi(α))µi and ||b||2 ≤ (1/r)
r∑

i=1

µ′i(I − Pi(α))µi. By (6.1) and (6.10)

P

[
max

α

|e′b|
nRn(α)

> ε

]
≤ C

(
n− k

n

)m ∑
α

1
[nRn(α)]m

for some constant C > 0. The result follows from (2.2) and (6.5). Thus (6.6) is
proved and hence the lemma.

Remark 6.1. Indeed, to prove Lemma 2.1 and Lemma 2.2, we need to assume

pn

min
α∈An

nRn(α)
→ 0

instead of the stronger condition (2.3). We, however, need (2.3) to prove our final
result.

Proof of Theorem 2.1. Since (2.3) and (2.7) imply that the third term in the right
hand side of (2.1) is of the order op(Ln(α)) uniformly in α ∈ An, part (a) follows
from (2.1), Lemma 2.1 and Lemma 2.2. From part (a), Γ(α) can be written as

Γ(α) =
k

n2
e′e + Ln(α)(1 + ζn(α)), α ∈ An,

where max
α
|ζn(α)| p→ 0. Now Γ(α̂n) ≤ Γ(α) ∀ α implies

Ln(α̂n)
Ln(α)

≤ 1 + ζn(α)
1 + ζn(α̂n)

≤
1 + max

α
|ζn(α)|

1−max
α
|ζn(α)|

∀ α.

Part (b) follows from the above.
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Proof of Lemma 3.1. We first note that under suitable conditions there exist 0 <
δ < ∆ such that

(6.11) log(1 + δ) < un(α) < log(1 + ∆) ∀α

with probability tending to 1. This follows from (3.3), (3.4) and the fact that
e′e/nσ2 p→ 1, noting that max

α
e′P (α)e/n ≤ e′Pe/n

p→ 0 and Ln(α) is uniformly

(in α) bounded with probability tending to 1. Here P is the projection matrix
corresponding to the full model.

Consider now the expression in (3.2). By Lemma 2.1 of Section 2 and (6.11),

log[S(α)/nσ2] = log[e′e/nσ2 + Ln(α)/σ2 + op(Ln(α)/σ2)]
= log[e′e/nσ2 + Ln(α)/σ2 + op(e′e/nσ2 + Ln(α)/σ2)]

= log[eun(α)(1 + op(1))]
= un(α) + op(1)
= un(α) + op(un(α))(6.12)

uniformly in α. In view of (3.5), to prove (3.7), it remains to show

(6.13)
n− k

nr

r∑
i=1

log[Si(α)/nσ2] = op(1).

Note that we are also using (3.4) and (6.11). Since Si(α) ≥ Si for all α and all i,
we have for all α

0 <
1
r

r∑
i=1

log[Si(α)] = log[
r∏

i=1

Si(α)]1/r ≤ log[
1
r

r∑
i=1

Si(α)]

implying

−n− k

n
log(nσ2) <

n− k

nr

r∑
i=1

log
[
Si(α)
nσ2

]
≤ n− k

n
log[

1
r

r∑
i=1

Si(α)]−n− k

n
log(nσ2).

Then (6.13) follows from Lemma 2.2 of Section 2, condition (3.4) and the fact that
Ln(α) is uniformly (in α) bounded with probability tending to 1 (as noted earlier
in the argument for (6.11)).

Proof of Theorem 3.1. Let α̂n be the model which minimizes Γ(α). Proceeding as
in the proof of part (b) of Theorem 2.1, and using (3.7) we can prove that

un(α̂n)
un(αL

n)
p→ 1.

This, together with (6.11), imply that

un(α̂n)− un(αL
n)

p→ 0

i.e.,
e′e + nLn(α̂n)
e′e + nLn(αL

n)
p→ 1.

Since e′e
n

p→ σ2 and Ln(αL
n) ≥ min

α
∆n(α), using (3.3) we have

Ln(α̂n)
Ln(αL

n)
p→ 1.
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Proof of Proposition 4.1. We first prove equation (4.7). Below, by max
α

we mean

maximum over α ∈ Ac
n. Let Zn(α) = (e′P (α)e)/(σ2pn(α)). We first show that

max
α
|Zn(α)| = Op(1). By (6.2)

P [max
α
|Zn(α)− 1| > M ]

≤
∑
α

E|Zn(α)− 1|2m/M2m

≤ C

M2m

∑
α

1
[pn(α)]m

for some constant C > 0 and by (4.5) this can be made arbitrarily small by choosing
suitable M > 0. Thus max

α
|Zn(α) − 1| = Op(1) implying max

α
|Zn(α)| = Op(1).

This implies (1/n)e′P (α)e = op( 1
nλnσ2pn(α)) uniformly in α ∈ Ac

n as λn → ∞.

Proceeding in a similar manner and noting that (1/r)
r∑

i=1

e′iPi(α)ei can be written

as e′M(α)e (see proof of Lemma 2.2) one can prove

1
nr

r∑
i=1

e′iPi(α)ei = op(
1
n

λnσ2pn(α)) uniformly in α ∈ Ac
n.

The result now follows from (4.2), (4.4) and (4.6).
In order to complete the proof of Proposition 4.1, we now prove equation (4.8).
From (4.7),

Γ(αc
n) =

k

n2
e′e +

1
n

λnσ2pn(αc
n) + op

(
1
n

λnσ2pn(αc
n)

)
.

The result follows from (4.1) and (4.2) noting that (4.1) implies (6.5) with max
α∈An

replaced by max
α∈An−Ac

n

.

Proof of (4.18). Note that

max
α∈An−Ac

n

Ln(αc
n)

Ln(α)
= max

α

e′P (αc
n)e

nLn(α)
.

By (6.2) and by arguments used earlier

P

[
max

α∈An−Ac
n

∣∣∣∣e′P (αc
n)e− σ2pn(αc

n)
nRn(α)

∣∣∣∣ > ε

]
≤ C

[
pn

min
α

nRn(α)

]m ∑
α∈An−Ac

n

1
[nRn(α)]m

for some constant C. The result follows from (4.1) and (4.2).
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Abstract:
In statistical exercises where there are several candidate models, the tradi-

tional approach is to select one model using some data driven criterion and use
that model for estimation, testing and other purposes, ignoring the variability
of the model selection process. We discuss some problems associated with this
approach. An alternative scheme is to use a model-averaged estimator, that
is, a weighted average of estimators obtained under different models, as an
estimator of a parameter. We show that the risk associated with a Bayesian
model-averaged estimator is bounded as a function of the sample size, when
parameter values are fixed. We establish conditions which ensure that a model-
averaged estimator’s distribution can be consistently approximated using the
bootstrap. A new, data-adaptive, model averaging scheme is proposed that
balances efficiency of estimation without compromising applicability of the
bootstrap. This paper illustrates that certain desirable risk and resampling
properties of model-averaged estimators are obtainable when parameters are
fixed but unknown; this complements several studies on minimaxity and other
properties of post-model-selected and model-averaged estimators, where pa-
rameters are allowed to vary.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
2 Issues with Model Selection or Averaging . . . . . . . . . . . . . . . . . . 158
3 Risk Profile of Model-Averaged Estimators . . . . . . . . . . . . . . . . . 160
4 Adaptive Model-Averaged Estimators and the Bootstrap . . . . . . . . . . 161
5 A Simulation Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
6 Discussion and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . 168
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

1. Introduction

In typical statistical applications, it is rare that a precise model is available to fit
to the data. Selecting one model from several competing models, is often the first
step in the process. However, in the subsequent analysis, it is common to ignore the
variability in the initial model selection. Two of the many consequences of ignoring
modeling variability are (i) under-estimation of the variability of estimators and
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predictors, and (ii) erroneous inference and prediction, resulting from incorrectly
computing the distributions of estimators and predictors. An alternative to selecting
a model first and then computing an estimator under that model is to consider
several models and appropriately average the estimators computed under these
models.

Several studies have been published recently on the properties of post-model-
selected and model-averaged estimators; see for example, [8], [23] and [24]. These
studies are discouraging as they show that many nice properties associated with
estimators under a known model vanish when there is model uncertainty. For exam-
ple, Yang [23] shows that consistent model selection/averaging, and minimax-rate
optimality cannot be simultaneously obtained. The review of Leeb and Pötscher [8]
contains a discussion of several other problems with inference after model selection.

In view of these negative results, it seems desirable to scale down our expectations
while working under model uncertainty, and strive for positive, if weaker, results.
This may be achieved in one of two ways: we may either impose less stringent
conditions on our estimators, or we may relax the criterion by which an estimator
is evaluated. The latter is the goal of the present study.

The computation of an estimator is generally one of the early steps in a sta-
tistical exercise. Estimators of parameters are used for various purposes, notably
for quantifying evidence for or against scientific hypotheses, obtaining interval es-
timates for the parameter under consideration, for prediction and forecasting, and
for quantifying the accuracy of predictions and forecasts. These applications require
knowledge about the distribution of the estimator, and knowledge about the risk
associated with the usage of such estimators. In this paper, we concentrate on the
risk behavior of a model-averaged estimator, and on approximating the distribution
of a model-averaged estimator using the bootstrap.

In the first part of our study we show that under the traditional frequentist as-
sumption that the parameters are fixed but unknown constants, the mean squared
error in regression estimation under consistent model selection/averaging is bounded
as a function of sample size. This complements Yang [23], where it was shown that
a similar quantity cannot achieve minimax-rate optimality. Several of the negative
results, including those of Yang [23], arise when a parameter is a known constant
in a smaller model, while it is allowed to vary in a local neighborhood of that
constant in a larger model. Recently, Hjort and Claeskens [5] studied model aver-
aged estimators under a local parameter framework. Local parameters are ideal for
mathematical development, but they are not reflective of statistical reality; see [17].
Indeed, as Hjort and Claeskens themselves remark in the rejoinder to the discus-
sion of their paper, “a too literal belief in sample-size-dependent parameters would
clash with Kolmogorov consistency and other requirements of natural statistical
models.” [5]. In view of this, it is meaningful to verify that estimators have rea-
sonable risk behavior under consistent model selection/averaging when parameters
are fixed constants. Our result also implies that integrated risks under consistent
model selection/averaging are bounded, when integrals are taken with respect to
any probability measure on the parameter space that does not depend on sample
size.

In the second part of our study, in addition to the assumption that the parame-
ters are fixed but unknown constants, we also weaken the consistency requirement
of the model averaging procedure. In the terminology of Yang [23], a model selec-
tion/averaging scheme is consistent if it is asymptotically degenerate at the true
model, when the true model is one of the candidate models. When the models are
nested and several of them can correctly describe the data generation process, the
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most parsimonious correct model is taken as the true model. We call this strong
consistency. We define a model selection/averaging scheme as weakly consistent if it
selects or averages over all candidate models that correctly describe the data gen-
eration process. When only one model is correct, the strong and weak consistency
requirements are identical; but if models are nested and several of them are cor-
rect, a weakly consistent scheme may distribute weights among all of them while a
strongly consistent one is asymptotically degenerate at the smallest one. Recently,
Leung and Barron [11] proposed a scheme of model averaging that results in nice
risk behavior. Their scheme is an example of a weakly consistent procedure. We
show that a particular choice of a weakly consistent model-averaged estimator has
a distribution that can be approximated using the bootstrap.

In Section 2 we propose a simple linear regression model framework to study
model uncertainty. We also discuss some of the properties of post-model-selection
estimators that make them unsuitable for further applications, and also some prop-
erties of model-averaged estimators. This is followed in Section 3 with a discussion
of mean squared error of the Bayesian model-averaged estimator. In Section 4 we
propose a new adaptive, model-averaged estimator whose distribution may be con-
sistently approximated using the bootstrap. A simulation example is discussed in
Section 5. Finally, in Section 6 we discuss some aspects of our results, and point to
some open issues relating to model uncertainty.

2. Issues with Model Selection or Averaging

We select a simple regression framework for our study, which is the same as that
used by [8], and similar to that of [24]. The observed data {(Yt,xt = (xt1, xt2)T ), t =
1, . . . , n}, are modeled as

Yt = αxt1 + βxt2 + et,(2.1)

where the et’s are independent, identically distributed N(0, σ2), σ2 known. The
design matrix X with rows given by xT

t = (xt1, xt2) is non-random. We denote
the two columns of X as X1 and X2, the vector of errors as e, and the vector
of observations as Y. The inner products and norms used below are the usual
Euclidean ones. The notation D is used for the determinant of the design matrix,
thus D = ||X1||2||X2||2− < X1, X2 >2. The unknown parameters in this model
are (α, β). Model uncertainty surrounds the issue of whether or not β = 0. In this
paper, for ease in presentation, we consider the problem of estimation of α.

We make the standard assumption that n−1XT X → Q for a positive definite
matrix Q. This, in particular, implies the standard design conditions

||X1||2 = O(n), ||X2||2 = O(n),(2.2)
< X1, X2 > = O(n), D = ||X1||2||X2||2− < X1, X2 >2= O(n2).(2.3)

We also assume that n−1 < X1, X2 > 6−→ 0 as n →∞, since without this restriction
the effect of model uncertainty vanishes in this framework.

The true model, called M0, may be described as

M0 =
{

U (unrestricted) if β 6= 0;
R (restricted) if β = 0.

Under U , we adopt the ordinary least squares or maximum likelihood esti-
mators (̂α, β) = (XT X)−1XT Y. Our notation for these are (α̂(U), β̂(U)). Un-
der R, β̂(R) ≡ 0, and the ordinary least squares or maximum likelihood esti-
mator for α is α̂(R) = [

∑
i x2

1i]
−1

∑
x1iyi. Define V1 = σ−1||X1||−1 < X1, e >
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and V2 = σ−1D−1/2||X1||
{
< X2, e > −||X1||−2 < X1, X2 >< X1, e >

}
, thus V =

(V1, V2)T ∼ N (0, I2). In terms of V, the estimators are



α̂(R)
α̂(U)
β̂(U)


 =




α + β||X1||−2 < X1, X2 > +σ||X1||−1V1,
α + σ||X1||−1V1 − σ||X1||−1D−1/2 < X1, X2 > V2,
β + σ||X1||D−1/2V2.




The dichotomy between the bias of the restricted model R and the variance of the
unrestricted model U can be clearly seen in the above formula. The restricted model
estimator α̂(R) has a bias factor β||X1||−2 < X1, X2 >, which vanishes under R,
while α̂(U) has an extra factor of σ||X1||−1D−1/2 < X1, X2 > V2 that inflates its
variance relative to α̂(R). Hence, model selection or model averaging is essentially
a process of balancing bias and variance; see [20].

Let σβ be the standard deviation of β̂(U). This is a non-random, known number
depending on σ2 and X. The following model selection criterion is used:

M̂ =

{
U if |n−1/2σ−1

β β̂(U)| > c;
R if |n−1/2σ−1

β β̂(U)| ≤ c.

The above criterion may be identified as representative of standard model selection
tools, in the simple regression model. In particular, the above criterion is the tra-
ditional pre-test procedure based on the likelihood ratio, coincides with the Akaike
Information Criterion (AIC) if c =

√
2, and coincides with the Bayesian Infor-

mation Criterion (BIC) if c =
√

log n. The post-model-selection estimator of α
is

α̃ = α̂(R)I{M̂=R} + α̂(U)I{M̂=U}.(2.4)

Several nice properties are known about M̂ and, consequently, it is generally
believed that α̃ will also have good properties. Some of the important properties
include that for all β and as c → ∞, n−1/2c → 0, P [M̂ = M0] → 1, {M̂ = M0} ⊆
{α̃ = α̂(M0)} and thus P [α̃ = α̂(M0)] → 1 (see [15]). Note that α̂(M0) is the
‘oracle’s guess’ about α, and is not a statistic, since it is based on the knowledge of
β. The above properties tend to give the impression that α̃ is a very good estimator.

However, there are some major problems since the above results are asymptotic in
nature, and the asymptotics can take a long time to kick in, as well as be dependent
on the value of β. Our primary reference for this model and its basic properties [8]
identifies this as a problem of non-uniformity in β of the convergence of M̂ and α̃.
It can be immediately seen that the estimator α̃ is super-efficient when c → ∞,
c/
√

n → 0, as with BIC. The major repercussions of super-efficiency of α̃ and the
non-uniformity of its asymptotics is in its risk performance, and in its finite sample
behavior. The mean squared error of α̃ is unbounded and depends on β, while that
of α̂(M0) is a constant. As a consequence, the finite sample behavior of α̃ is erratic
and can be quite unlike its asymptotic approximation. Available simulations confirm
this; see [8]. Several other studies conducted by Leeb, Pötscher, Yang and others
reveal how and why the properties of α̃ and α̂(M0) differ. For further information
see, for example, [6–10, 22, 24, 25].

The super-efficiency of α̃ results in most variations of the bootstrap being in-
applicable. Only subsampling ([14]) and the m-out-of-n bootstrap with m/n → 0
would yield consistent approximations of the distribution of α̃. Unfortunately, these
methods have problems of their own, some details of which can be found in [18] and
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[1]. Specifically, although subsampling is asymptotically consistent, it can perform
miserably in finite samples. For any α ∈ (0, 1), the actual asymptotic coverage of a
standard level (1 − α) subsampling confidence interval can be zero; see [1] for de-
tails. The finite sample properties of subsampling based methods can be improved
sometimes by considering hybrid techniques, calibrations and other modifications,
as documented by [2]. However, the asymptotic zero coverage of subsampling in-
tervals for α̃ cannot be reversed by, for example, size correction, since technical
conditions that allow for such correction to work are not satisfied by α̃.

The above issues with post-model-selection estimators lead to model-averaged
estimators. A model-averaged estimator of α is of the form

α̌ = α̂(R)pR + α̂(U)pU ,(2.5)

where pR and pU are two weights associated with the models R and U . Yang
and his co-authors have extensively studied aggregation across models for several
statistical procedures like estimators and forecasts, in both their algorithmic as
well as theoretical aspects (see [22–25]). In particular, a result of [23] implies that
when the model averaging technique is strongly consistent, the supremum of the
mean squared error of n1/2(α̌ − α) over values of (α, β) tends to infinity. Thus,
strongly consistent model averaging does not attain the minimax rate. Our result
in Section 3 shows that, up to constant terms, it is no worse than the post-model-
selection estimator when (α, β) are held fixed.

Recently, [5] studied several forms of model averaging and showed that a typical
model-averaged estimator converges weakly to a mixture of normal laws, when
the parameters of the true model are in a O(n−1/2) neighborhood of the simplest
candidate in a nesting of models. Since subsampling does not seem to perform
well in practice, it is important to study conditions on model weights under which
bootstrap approximations of finite sample distributions hold, i.e., conditions under
which the statistic under consideration is smooth and asymptotically normal (see
[12], [13]). This is studied in Section 4.

3. Risk Profile of Model-Averaged Estimators

Several problems associated with the post-model-selection estimator can be at-
tributed to its lack of uniformity, as discussed extensively by others [8]. One is the
super-efficiency of α̃, for example, when BIC is used for model selection. The core
problem of lack of uniformity in the convergence pattern of α̃ is unavoidable – even
with model averaging – when a strongly consistent model averaging technique is
used, as described by [23]. In this section we show that when parameter values are
fixed, model averaging is no worse than model selection, up to constant terms.

Under the unrestricted model, U , we choose the prior on (α, β) to be a standard
mean zero, identity covariance bivariate Normal distribution, N(0, I). Under the
restricted model, R, the prior on α is a standard univariate Normal distribution,
N(0, 1). We put equal prior weights, i.e., 1/2, on the models, so the prior odds is
1. Our notation for the posterior probabilities of the two models are πnU and πnR.
Since σ is known, without loss of generality we also assume σ = 1 in this section.
Thus the Bayesian model-averaged estimator of α is

α̂BMA = πnU α̂(U) + πnRα̂(R).(3.6)

We use the pre-selected, least squares estimators α̂(U) and α̂(R) as constituents
of α̂BMA, and consider the squared error loss function. The case where a general
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loss function is used, with α̂(U) and α̂(R) taken to be the Bayes estimators under
models U and R, is very similar. The following Proposition is our main result in
this section.

Proposition 3.1. The normalized risk of α̂BMA, nR(α) = nE(α̂BMA − α)2,
satisfies sup

n
nR(α) < ∞, for every fixed choice of α and β. Hence, the integrated

normalized risk sup
n

∫

α, β

nR(α)dλ(α, β) < ∞ for any probability measure λ(·) that

does not depend on n.

Proof of Proposition 3.1. In the following, we use C as a generic constant, not de-
pending on the parameters α and β or the sample size n.

Note that α̂(R) = α̂(U) + β̂(U)||X1||−2 < X1, X2 >. Therefore,

nR(α) = nE [πnU α̂(U) + πnRα̂(R)− α]2

≤ 2nE (α̂(U)− α)2 + 2n||X1||−4 < X1, X2 >2 E
{

π2
nRβ̂2(U)

}
.(3.7)

Note that E (α̂(U)− α)2 = σ2||X1||−2E
[
V1− < X1, X2 > D−1/2V2

]2

= Cn−1 and

Eπ2
nRβ̂2(U). ≤ 2β2Eπ2

nR + Cn−1. Thus, we need suitable bounds for β2Eπ2
nR. We

now have

pnR = mR(Y)/ (mU (Y) + mU (Y)) =
mR(Y)
mU (Y)

(
1 +

mR(Y)
mU (Y)

)−1

≤ mR(Y)
mU (Y)

.

Then, making use of the moment generating function of a χ2 random variable, we
can deduce that

E

(
mR(Y)
mU (Y)

)2

= Cn2 exp
{−nC0(α2 + β2)

}

for a particular constant C0. This yields, at (3.7), that

nR(α) = Cn−1 + Cn3β2 exp
{−nC0(α2 + β2)

}
.

which is bounded for every fixed (α, β), as a function of n. The rest of the result
follows.

Remark 3.1 A lower bound for nR(α) can also be established using arguments
similar to those above. With slight modification, the above approach using the
moment generating function of a non-central χ2 random variable can be used to
provide an alternative proof of Theorem 2 of [23]. It can also be seen that even when
(α, β) vary over a compact set, the supremum of nR(α) over (α, β) is unbounded.

4. Adaptive Model-Averaged Estimators and the Bootstrap

The results of Hjort and Claeskens [5] and Leeb and Potscher [8] indicate that
the post-model-selection estimator and many model-averaged estimators cannot be
consistently bootstrapped. The problems associated with the risk behavior, and
those associated with bootstrap approximation, arise from two different sources.
Undesirable behavior of the risk function arises from considering scenarios as pa-
rameters vary, while a major reason why the distribution of post-model-selection
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or model-averaged estimators cannot be approximated by bootstrap methods is
because of lack of smoothness of the estimator, or lack of asymptotic normality.

In this section we study the conditions on the model weights which are required
for consistent bootstrap approximation of the distribution of the resulting model-
averaged estimator. Clearly, since the distribution of α̂(U) can be approximated
using the bootstrap, putting the entire weight on model U is an option. However,
balancing between α̂(U) and α̂(R) can lead to a more efficient estimator. We pro-
pose below a data-adaptive model weighing scheme that achieves the dual goals of
reasonable efficiency and bootstrap consistency.

A model-averaged estimator of α is of the form

α̌ = α̂(R)pnR + α̂(U)pnU .(4.8)

Notice that we have adopted a different notation (pnR and pnU ) for the model
weights in this Section, from those (πnR and πnU ) used in Section 3. This is to
emphasize that the nature of these weights may be different. We retain the condition
that the parameters (α, β) are fixed but unknown.

A primary requirement for consistency is pnR +pnU = 1, as pointed out in [5]. In
order to avoid pathologies, we also specify that pnU ∈ [0, 1]. Note that the weights
pnR and pnU may depend on the parameters (α, β), and the random component V,
apart from the known constants X and σ2.

Replacing pnU by 1− pnR, we thus have

α̌ = α + σ||X1||−1V1 + βpnR||X1||−2 < X1, X2 >

−σ||X1||−1D−1/2 < X1, X2 > (1− pnR)V2.

A primary requirement on α̌ is that it should be consistent, and the following
proposition establishes a necessary and sufficient condition for this.

Proposition 4.1. The model-averaged estimator α̌ converges in probability to α if
and only if βpnR converges in probability to zero as n →∞.

Proof of Proposition 4.1. The sufficiency part follows easily from the design condi-
tions (2.2)-(2.3). For the necessity part, suppose that βpnR

p→ c̃ 6= 0 as n → ∞.
This is clearly equivalent to pnR

p→ c = c̃/β 6= 0 as n → ∞ and β 6= 0. Hence, we
also have (1− pnR)

{
σ||X1||−1D−1/2 < X1, X2 > V2

}
p→ (1− c)0 = 0. This implies

α̌
p→ α − c̃γ 6= α, where ||X1||−1 < X1, X2 >→ γ as n → ∞. The case where pnR

does not have a limit can be treated similarly with a little more algebra.

The next proposition is an extension of the previous one, and establishes sufficient
conditions for asymptotic normality of α̌.

Proposition 4.2. The scaled and centered model-averaged estimator n1/2(α̌ − α)
has an asymptotic normal distribution if (i) n1/2βpnR converges in probability to
zero as n → ∞, and (ii) pnR converges in probability as n → ∞ for all values of
(α, β).

Proof of Proposition 4.2. The first condition forces the bias component in α̌ to be
o(n−1/2), while the second condition allows for use of Slutsky’s theorem.

By requiring n1/2βpnR
p→ 0 as n → ∞ we have ensured that, when β 6= 0, we

have n1/2pnR
p→ 0. Thus the model-averaged estimator is close to the unrestricted

model estimator α̂(U), and has the same limiting distribution up to first order
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terms. However, when β = 0, the asymptotic distribution of n1/2(α̌ − α) depends
on the limit of pnR, which is between zero and one. Thus, when the restricted model
holds, the asymptotic variance of α̌ is between that of α̂(R) and α̂(U). The relative
strengths of different candidates for model weight pnR may be evaluated by their
probability limits when β = 0. We note that we consider (α, β) as fixed constants
and do not allow them to vary with n. If, for example, we assumed β = O(n−1/2),
then the first condition of Proposition 4.2 would imply asymptotically zero weight
on the restricted model.

In order to progress towards bootstrap consistency, apart from asymptotic nor-
mality of α̌, we also need pnR to be a smooth function. Thus ruling out the indicator
function pnR = I{|n−1/2σ−1

β
β̂(U)|≤c} used in α̃. Keeping in view the nice properties

of α̃, we now develop an adaptive, data-driven model weight function pnR that is a
smooth version of I{|n−1/2σ−1

β
β̂(U)|≤c}.

For any kn, we split the event {−kn ≤ β̂(U) ≤ kn} into two events, {β̂(U)−kn ≤
0} and {β̂(U)+kn ≥ 0}, and approximate the indicators of these events separately.
Our approximation for I{β̂(U)−kn≤0} is

ξ1n ≡ ξ1n

(
γ1n, β̂(U), kn

)

=
(
1 + exp

{
−γ1n(β̂(U)− kn)

})−1

exp
{
−γ1n(β̂(U)− kn)

}
,

and for I{β̂(U)+kn≥0} is

ξ2n ≡ ξ2n

(
γ1n, β̂(U), kn

)
=

(
1 + exp

{
γ2n(β̂(U) + kn)

})−1

exp
{

γ2n(β̂(U) + kn)
}

.

We take the two tuning values γ1n and γ2n to be always positive. However, they
change with n; and in a major departure from traditional model weights, they are
not equal to each other, and also depend on the data. Thus, γ1n ≡ γ1n(α, β,V) and
γ2n ≡ γ2n(α, β,V) are unequal, random weights.

Equipped with these functions, we define

pnR = 0.5ξ1n + 0.5ξ2n.

We adopt the paired bootstrap as our resampling strategy. Thus, we draw a simple
random sample with replacement of the data pairs (Y ∗

i ,x∗i ), i = 1, . . . , n, from the
original data (Yi,xi), i = 1, . . . , n. The entire process of obtaining α̂(R), α̂(U),
β̂(R), pnR, and α̌ is imitated with the resample (Y ∗

i ,x∗i ), i = 1, . . . , n, and we
approximate the distribution of n1/2(α̌− α) with the distribution of n1/2(α̌∗ − α̌),
conditional on (Yi,xi), i = 1, . . . , n. A technical condition guarantees that the
design matrix from the resampled data is non-singular with high probability; see
condition (1.17) of [3].

The following Theorem is our main result in this section, and establishes consis-
tency of the bootstrap for a adaptively weighted model-averaged estimator.

Theorem 4.1. Assume that sequence of constants kn ↓ 0 as n →∞. Suppose the
tuning constants are chosen as γ1n = anβ̂(U) γ2n = −anβ̂(U) where {an} is a
sequence of positive constants satisfying a−1

n log(n) ↓ 0 as n →∞.
Then n1/2(α̌−α) has an asymptotic Normal distribution and the paired bootstrap

is consistent for it.
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Proof of Theorem 4.1. For the asymptotic normality we only need to check that
the conditions of Proposition 4.2 are met. We illustrate the calculation for verifying
n1/2ξ1n

p→ 0, when β 6= 0.

P
[
|n1/2ξ1n| > ε

]

= P

[
|
(
1 + exp

{
−γ1n(β̂(U)− kn)

})−1

exp
{
−γ1n(β̂(U)− kn) + 0.5 log(n)

}
| > ε

]

≤ P
[
exp

{
−γ1n(β̂(U)− kn) + 0.5 log(n)

}
> ε

]

= P
[
β̂(U) lies between the roots of x2 − knx− 0.5a−1

n log(n) + a−1
n log(ε) = 0

]
.

The roots of the equation x2−knx−0.5a−1
n log(n)+a−1

n log(ε) = 0 are always real
when ε < 1, since k2

n +2a−1
n log(n)− 4a−1

n log(ε) > 0 for all n. Note that the square
of the distance between the roots is given by

(
k2

n + 2a−1
n log(n)− 4a−1

n log(ε)
)
/4.

When kn ↓ 0, k2
n + 2a−1

n log(n) − 4a−1
n log(ε) ↓ 0, hence the Lebesgue measure of

the interval between the roots goes to zero as n →∞, thus ensuring

P
[
β̂(U) lies between the roots of x2 − knx− 0.5a−1

n log(n) + a−1
n log(ε) = 0

]
→ 0,

as n →∞. Note that this result actually does not depend on the value of β, as long
as it is non-zero.

Other parts of the proof for asymptotic Normality may be verified similarly. Since
α̌ is a smooth function of α, β and V, and has an asymptotic Normal distribution,
the consistency of the paired bootstrap procedure follows from [12] and [13].

Remark 4.1. The condition kn ↓ 0 as n →∞ is a weaker restriction than typically
found in literature. Since β̂(U) = Op(n−1/2), the AIC criterion uses kn = O(n−1/2),
while the BIC uses kn = O(n−1/2

√
log(n)).

Remark 4.2. The assumptions of Proposition 4.1 and Proposition 4.2 cannot be
weakened in general. The example of Section 10.6 of [5] provides a test case. It is
a simpler version of the model described in Section 2, and simply has Y1, . . . , Yn

independent, identically distributed as N(µ, 1) random variables. Model uncertainty
is about whether µ = 0, and the natural estimator for µ is Ȳn = n−1

∑n
i=1 Yi in

the unrestricted model, and 0 in the restricted model. A model-averaged estimator
is µ̂ = W (n1/2Ȳn)Ȳn, for some weight W (·) ∈ [0, 1]. Note that under a model with
contiguous alternatives µtrue = n−1/2δ, the requirement that µ̂ be consistent for
µtrue actually places no restriction on the weight W (·), which may take any value
in [0, 1]. However, if we want consistency under arbitrary µ, W (n1/2Ȳn)

p→ 1 is a
requirement.

For asymptotic normality, n1/2µ(1−W (n1/2Ȳn))
p→ 0 and convergence in proba-

bility of W (n1/2Ȳn), are requirements. Under µtrue, this implies that W (n1/2Ȳn)
p→

1 must hold, while for general µ, the stronger condition n1/2(1−W (n1/2Ȳn))
p→ 0

must be satisfied.
Under µtrue, it is of interest to approximate the distribution of the standardized

statistic

Λn = n1/2(µ̂− µtrue) = n1/2W (n1/2Ȳn)Ȳn − δ = W (δ + Zn)(δ + Zn)− δ,

where Zn ∼ N(0, 1).
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A natural question is what should be a bootstrap equivalent of Λn. Suppose
Y ∗

1 , . . . , Y ∗
n are a random sample from the data Y1, . . . , Yn. We consider the boot-

strap equivalent of n1/2Ȳn to be n1/2(Ȳ ∗
n − Ȳn), and not n1/2Ȳ ∗

n . This is in keeping
with [4], who put forth the guideline that for good power performance, resampling
must be done to reflect the null hypothesis. While model selection is not in general
a hypothesis test, some of the same principles are applicable.

Hence, we have µ̂∗ = W (n1/2(Ȳ ∗
n − Ȳn))Ȳ ∗

n . When 1−W (n1/2Ȳn)
p→ 0, it can be

readily seen that the distribution of Λ∗n = n1/2(µ̂∗ − µ̂), conditional on Y1, . . . , Yn,
and that of Λn converge to the same limit law.
Remark 4.3. We conjecture that for the model-averaged estimator proposed in
this section, a result similar to [16] would hold. In the framework of this paper,
the statement corresponding to the main result of [16] would be as follows: Let
Fn,α,β(t) = P

[
n1/2(α̌− α) ≤ t

]
, and let F̂n(t) be an estimator of Fn,α,β(t) satisfy-

ing for every δ > 0 Pn,α,β

[
| F̂n(t)− Fn,α,β(t) |> δ

]
→ 0, as n →∞. Then ∃ δ0 > 0

and ρ0 > 0 such that

sup
(α̃,β̃)∈B((α,β);ρ0/

√
n)

Pn,α̃,β̃

[
| F̂n(t)− Fn,α̃,β̃(t) |> δ0

]
→ 1;(4.9)

where B((α, β); a) = {(α̃, β̃) : ||(α̃, β̃)− (α, β)|| < a

is the open ball of radius a around (α, β). It can be seen that under standard
conditions, if the supremum in (4.9) is taken over B((α, β); an) with an = o(n−1/2)
instead of B((α, β); ρ0/

√
n), the limit would be zero instead of 1. Thus the result

of [16] may be improved to the case where the supremum is taken only over the set
of parameter values that are exact order n−1/2 away from the (α, β) under which
the estimator F̂n(·) is computed. This is easily verified, for example, when α = 0,
σ = 1 and Xt2 ≡ 1.

Note that from a bootstrap approximation point of view, (4.9) is not a negative
result, but a very positive one. The uses of bootstrap approximation are for con-
structing interval estimates, testing hypotheses and so on. Equation (4.9) and other
related results from [16] imply that a bootstrap approximation F̂n(·) constructed
under the ‘null’ (α, β), has sup-norm distance of 1 from the true distributions un-
der parameter values that are exact order n−1/2 away from the (α, β). Thus F̂n(·)
has power 1 in hypothesis testing under contiguous alternatives. This is a further
confirmation of the tenet of [4], that resampling procedure ought to reflect the null
hypothesis.
Remark 4.4. It is of interest to know that the asymptotic variance of α̌ depends
on β, and is given by Var(n1/2(α̌− α))−Var(n1/2(α̂(U)− α)) → 0 if β 6= 0, while
Var(n1/2(α̌−α))−{0.5Var(n1/2(α̂(U)−α))+0.5Var(n1/2(α̂(R)−α))} → 0 if β = 0.
This is established by checking that both ξ1n and ξ2n tend to 1/2 as n →∞ when
β = 0. Thus α̌ performs like the correct estimator α̂(U) when model U is valid, and
balances between the correct and conservative choices when the restricted model R
is true.

5. A Simulation Example

We performed a small simulation experiment to illustrate some of the features of
inference under model uncertainty that have been discussed in the previous sections.
We took n = 50, xi1 ≡ 1, and generated 50 numbers from the Uniform distribution
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Fig 1. Panel (a) is the mean squared error of α̂BMA (solid line), α̂MS (broken line), α̂AMA (dot-
ted line), and α̂(U) (dot-and-dash line). Panel (b) is the ratio of Kolmogorov Smirnov distances
KSRatioj = KSjR/(KSjR +KSjU ), j = MS, BMA, AMA, scaled by 100; between distributions
of centered and scaled estimators and α̂(R) (for KSjR) and α̂(U) (for KSjU ).

supported between zero and three and fixed these as the xi2 values. We fixed α = 1,
and varied the β values.

For different values of β ∈ [−1, 1], we obtained sampling distribution approxima-
tions of (i) the post-model-selected estimator α̂MS , (ii) a version of the Bayesian
model-averaged estimator α̂BMA, and (iii) an adaptive model-averaged estimator
α̂AMA, by 5000 replications for each value of β. For the Bayesian model-averaged
estimator, model R was assigned weight qnR = exp(−BICR/2)/(exp(−BICR/2)+
exp(−BICU/2)) while model U was assigned weight 1− qnR. We define

BICR =
∑

[Yi − α̂Rxi1]
2 + log(n),

BICU =
∑[

Yi − α̂Uxi1 − β̂Uxi1

]2

+ 2 log(n).

For the adaptive model-averaged estimator, we took an = (log(n))2.
The requirement that a−1

n log(n) ↓ 0 suggests that an should be an increasing
sequence, growing faster than log(n). Several choices of an were used initially, and
it turned out that very slowly increasing sequences like an = (log(n))2 or very
quickly increasing sequences like an = n0.499 performed better than others. This
is a reflection on our way of constructing the functions ξ1n and ξ2n using γ1n and
γ2n. Alternative choices, like γ1n = an|β̂(U)|{β̂(U)}−1, are a subject for further
research.

The first object of our study is the mean squared error of the three estimators of
α, namely, α̂MS , α̂BMA, and α̂AMA. Panel (a) in Figure 1 contains the graphs of the
mean squared error (MSE) as β varies between [−1, 1]. In this and all subsequent
figures, the solid line corresponds to α̂BMA, the broken line to α̂MS , and the dotted
line to α̂AMA. In this figure, we have also added the graph for the MSE of α̂(U),
which is the nearly horizontal dot-and-dash line. First, using model selection or av-
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Fig 2. Panel (a) is the subsampling approximation (subsample size 20) for the distribution of
centered and scaled α̂BMA (solid line), α̂MS (broken line), α̂AMA (dotted line). Panel (b) is the
corresponding bootstrap approximation.

eraging is clearly better than using α̂(U) only in the region 0±2/
√

n ≈ (−0.3, 0.3),
where MS, BMA and AMA all perform better than α̂(U). However, in the neigh-
boring regions |β| ∈ (0.3, 0.8), α̂(U) has smaller MSE than the three estimators. For
high values of |β|, using model selection/averaging or the unrestricted model makes
little difference. Thus whether model averaging/selection is useful or not depends
considerably on the value of β. Also note that BMA has a lower MSE compared to
MS for low values of |β| and only marginally higher MSE otherwise, with a much
lower maximum MSE value. The graph for AMA tends to stay closest to the graph
for α̂(U), and thus does better than BMA or MS in the region |β| ∈ (0.05, 0.75),
but is marginally poorer otherwise.

In order to study how the three estimators balance between α̂(R) and α̂(U), we
computed the Kolmogorov–Smirnov distances KSjR and KSjU , between the dis-
tribution of n1/2(α̂j − α), and the distributions of n1/2(α̂R − α) and n1/2(α̂U −
α), where j = MS,BMA,AMA (MS: model selected, BMA=Bayesian model-
averaged, AMA=adaptive model-averaged). We then computed the ratios

KSRatioj = 100
KSjR

KSjR + KSjU
, j = MS, BMA, AMA.

Under ideal circumstances, this ratio ought to be zero at β = 0, and 100 for β 6= 0.
Panel (b) in Figure 1 displays the KSRatioj values for the three estimators j =
MS, BMA,AMA. When β = 0, MS is closest to α̂R, while, as predicted, AMA
balances between α̂R and α̂U . The Bayesian model-averaged estimator BMA lies
between MA and AMA, and is quite close to MS. In the region 0 ± 2/

√
n ≈

(−0.3, 0.3) both MS and BMA are much closer to α̂R than α̂U .
Next, we studied resampling for the three estimators. Subsampling with sub-

sample size m = 20 = 0.4n and the bootstrap was studied. Note that subsam-
pling is consistent for all three estimators, but the bootstrap is consistent only for
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AMA. Panels (a) ((b)) of Figure 2, respectively, present the Kolmogorov–Smirnov
distance, scaled by 100, between the distributions of n1/2(α̂j − α) and its sub-
sampling (bootstrap) version, j = MS, BMA, AMA. We present the graphs for
|β| ≤ 0.4 ≈ 3/

√
n, since there is not much difference between the three graphs for

other values of β. It can be seen that the distances between the actual distribu-
tion and its subsampling/bootstrap versions are much smaller for AMA, while the
resampling approximations for MS and BMA are particularly bad in the regions
{|β| ∈ (0.1, 0.3)}. Also, there is little visual difference between the accuracies of the
subsampling and the bootstrap approximations despite their different asymptotic
behavior, which confirms some of the observations made in [1], [2] and [18].

6. Discussion and Conclusions

The problems associated with post-model-selection estimation have been discussed
by several researchers. In current statistical practice, the process of selecting a
model has similarities with hypothesis testing. On the other hand, estimation of
parameters, some of which may be known constants in some of the models, is
generally entirely separated from model selection. Estimation and testing/selection
are two different paradigms of statistical analysis that are hard to integrate. The
lack of uniformity across models that parameter estimators generally display, and
the issues that arise subsequently, are products of the less than successful attempt
to combine the two processes of estimation and selection.

In the Bayesian paradigm, model averaging seems to be a good integration of
the two, since the selection step here is also an estimation exercise in spirit. The
statement about integrated risks in Proposition 3.1 implies that Bayes’ risks of
model-averaged estimators are bounded. Thus, while minimaxity seems to be an
elusive goal under model uncertainty, a fully Bayesian approach to analyzing risk
behavior may be more successful.

In the context of bootstrapping model-averaged estimators, an alternative to α̌
is to estimate the bias in α̂ in all the models, and define a bias corrected average
of these. As the bias of α̂(R) is β||X1||−1 < X1, X2 >, if we estimate this by
β̂||X1||−1 < X1, X2 >, we get back α̂(U). Nevertheless, in more complex problems
the ‘bias corrected model averaged’ estimator may be an interesting object to study.

In Theorem 4.1 we established the consistency of the paired bootstrap for a data-
adaptive model-averaged estimator. Two other kinds of bootstrap are available in
the linear regression context; namely, parametric bootstrap and the residual-based
bootstrap. When only one model is in use, the parametric bootstrap generates
data from it using estimated values for the unknown parameters, while the residual
bootstrap obtains residuals after fitting the model. The equivalents of these are not
obvious under model uncertainty.

In Section 4 we remarked that the data adaptive weights pnR and pnU may
not share the same properties as the posterior model probabilities πnR and πnU of
Section 3. It would be interesting to study when pnR and pnU can be interpreted as
posterior probabilities, and also under what conditions the frequentist properties
of a Bayesian model-averaged estimator may be elicited using the bootstrap.
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Abstract: In recent years, the literature in the area of Bayesian asymptotics
has been rapidly growing. It is increasingly important to understand the con-
cept of posterior consistency and validate specific Bayesian methods, in terms
of consistency of posterior distributions. In this paper, we build up some con-
ceptual issues in consistency of posterior distributions, and discuss panoramic
views of them by comparing various approaches to posterior consistency that
have been investigated in the literature. In addition, we provide interesting
results on posterior consistency that deal with non-exponential consistency,
improper priors and non i.i.d. (independent but not identically distributed)
observations. We describe a few examples for illustrative purposes.
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1. Introduction

Let θ be an unknown parameter and X1, X2, . . . , Xn be n random variables whose
joint distribution is P

(n)
θ . In order to draw inferences on θ, a Bayesian posits a

prior distribution Π for θ and updates this prior to the posterior distribution given
X1, X2, . . . , Xn, which we denote by Π(·|X1, X2, . . . , Xn). This paper focuses on
some issues related to an asymptotic aspect of this posterior distribution, namely,
consistency.

The sequence of posterior distributions {Π(·|X1, X2, . . . , Xn)} is said to be con-
sistent at θ0, if the posterior converges, in a suitable sense, to the degenerate mea-
sure at θ0.
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172 T. Choi and R. V. Ramamoorthi

Posterior consistency is a kind of frequentist validation of the updating method.
If an oracle were to know the true value of the parameter, posterior consistency
ensures that with enough observations one would get close to this true value. Pos-
terior consistency also assures that as more and more observations accumulate, the
observations have to dominate the role of the prior in inference. There are other
interpretations related to merging of opinions and other concepts. We refer the
reader to Diaconis and Freedman [10].

In order to set the perspective for this paper we begin with a short summary
of earlier results in posterior consistency. Details and additional references can
be found in Ghosh and Ramamoorthi [19]. The first posterior consistency result
goes back to Laplace. In more recent times posterior consistency and asymptotic
normality of the posterior were established for regular finite dimensional models. In
a seminal paper, Freedman [12] gave a nonparameteric example, with integer-valued
observations, where the posterior is inconsistent. In [10], Diaconis and Freedman
showed that in the nonparametric case inconsistency can occur, even in location
models with an Euclidean parameter. They suggested that instead of searching for
priors that would be consistent at all unknown values of the parameter it would be
fruitful to study natural priors and identify points of consistency.

On the positive side, Freedman [12, 13] and soon after Schwartz [25] provided
conditions under which the posterior probability of a set A will go to 0. These condi-
tions involved two parts, one on prior positivity of Kullback–Leibler neighborhoods
and the other on existence of certain test functions. Under the assumption of prior
positivity of Kullback–Leibler neighborhoods, Barron gave necessary and sufficient
conditions for the posterior probability of A to go to 0. These results were then
specialized to weak and L1 neighborhoods by Barron et al. [3], Ghosal et al. [15]
and Walker [32].

One aspect of these results was that they all established exponential consistency.
In this paper we first give a quick review of these results from a slightly different
perspective with a focus on the role of exponential consistency. We then give an ex-
ample where there is consistency but not exponential consistency. The example also
shows that the exponential aspect is not driven by the Kullback–Leibler condition.

Another early result in consistency is due to Doob [11], who showed that posterior
consistency occurs for all θ in a set of prior measure one. In this paper we consider
a study of the non i.i.d. case based on Doob’s result, specifically, the simple linear
regression model. The martingale techniques are not applied here and we discuss
the connection of posterior consistency with orthogonality of product measures.

Consistency is just the beginning of Bayesian asymptotics. Issues such as rates
of convergence and asymptotic normality have received quite a lot of attention. Yet
it appears that even at the level of consistency there are still issues that need to be
clarified. In this paper, we review some conceptual issues in consistency of posterior
distributions, and discuss different approaches to posterior consistency that have
been investigated in the literature; we view this as a followup of Ghosal et al. [14].
We have attempted to elucidate those sufficient conditions to establish posterior
consistency and tie up some loose ends on diverse conceptual issues in consistency
of posterior distributions. The paper also contains some new results along with a
brief commentary to the subject. In general, detailed proofs are omitted and given
only when they are different from standard published materials or when the result
is unpublished.

Section 2 contains a summary of some background material, some of the nota-
tions and assumptions used in the paper. Section 3 largely describes known results
although some of the proofs are reorganized. The criteria based on the uniform
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strong law of large numbers is new and so far we are not aware of any significant
application. The result might still be of interest because of its similarities to results
on the consistency of nonparametric maximum likelihood estimates (NPMLEs) and
also because it affords a natural extension to non i.i.d. cases. Section 4 specializes
the results in Section 2 to the context of consistency. After a brief discussion of
Schwartz’s result, we discuss the known conditions for L1 consistency and the rela-
tionship between these. Section 5 extends the Schwartz theorem to improper priors
and formal posteriors. The result is new even in the parametric case. We have not
pursued conditions for stronger consistency because improper priors usually arise
in finite dimensional situations where weak and strong consistency coincide. Sec-
tion 6 contains an example. All the general consistency results in the literature
actually establish exponential consistency. In Section 6 we give an example where
consistency obtains but not exponential consistency. The example surprised us as
we had believed that, at least in the i.i.d. case, consistency would always be at an
exponential rate.

In the last section we study the extension of consistency results to a non i.i.d.
case. We give an example to show that the analogue of Doob’s theorem will not
always hold, and we prove a Doob theorem for the linear regression model with
nonparametric errors. We also briefly discuss an extension of the theorem of Walker.

2. Preliminaries

In the setup that we consider, Θ is the parameter space ; {fθ : θ ∈ Θ} is a family of
densities with respect to a σ-finite measure µ on a measurable space X . We will use
Pθ to denote the probability distribution generated by fθ. Throughout the paper
we assume that Θ and X are complete separable metric spaces and we also assume
that θ 7→ fθ is 1-1 and (θ, x) 7→ fθ(x) is measurable.

The affinity, Aff(f, g), between any two densities is defined as Aff(f, g) =
∫ √

fgdµ.
Let Π be a prior distribution, i.e., a probability measure on Θ. Given θ, X1, X2, . . . , Xn

are assumed to be i.i.d Pθ. f
(n)
θ (x1, x2, . . . , xn) will stand for the joint density∏n

i=1 fθ(xi).
The Kullback–Leibler (KL) divergence is denoted by K(θ0, θ) = Eθ0 log(fθ/fθ0).

A KL neighborhood Kε(θ0) of θ0 is denoted by {θ : K(θ0, θ) < ε}.
Definition 2.1. A point θ0 is said to be in the KL support of Π if for all ε >
0, Π(Kε(θ0)) > 0.

The posterior distribution Π(A|X1, X2, . . . , Xn), the version that we consider, is
given by the following. For any measurable subset A of Θ,

(2.1) Π(A|X1, X2, . . . , Xn) =
JA(X1, X2, . . . , Xn)
J(X1, X2, . . . , Xn)

where

JA(X1, X2, . . . , Xn) =
∫

A

f
(n)
θ

f
(n)
θ0

(X1, X2, . . . , Xn)Π(dθ)

and

J(X1, X2, . . . , Xn) =
∫

Θ

f
(n)
θ

f
(n)
θ0

(X1, X2, . . . , Xn)Π(dθ).
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3. Exponential Decrease to 0

We begin with a review of results that provide conditions under which, for a mea-
surable subset A of Θ, Π(A|X1, X2, . . . , Xn) goes to 0 exponentially with P∞θ0

prob-
ability 1.

Definition 3.1. Let θ0 ∈ Θ and let P∞θ0
stand for the joint distribution of {Xi}∞i=1

when θ0 is the true value of θ. Then Π(A|X1, X2, . . . , Xn) is said to go to 0 expo-
nentially with P∞θ0

probability 1, if there exists a β > 0 such that

P∞θ0

({Π(A|X1, X2, . . . , Xn) > e−nβ i.o. }) = 0

where i.o. stands for ‘infinitely often’.
Proposition 3.2 goes back to [12] and [25]. For a proof see [19, Lemma 4.4.1].

Proposition 3.2. If θ0 is in the KL support of Π then for all β > 0,

lim
n→∞

enβJ(X1, X2, . . . , Xn) = ∞ a.s. P∞θ0
.

Proposition 3.2 shows that the Kullback–Leibler support condition takes care of
the denominator in (2.1). The exponential convergence to 0 would follow if it can
be established that there exists β0 > 0 such that enβ0JA(X1, X2, . . . , Xn) → 0 a.s.
P∞θ0

. We explore sufficient conditions to achieve this.

Definition 3.3. For a probability measure ν on θ, let q
(n)
ν be the marginal density

of X1, . . . , Xn,

q(n)
ν (x1, x2, . . . , xn) =

∫

Θ

f
(n)
θ (x1, x2, . . . , xn)ν(dθ).

Definition 3.4. Let A ⊂ Θ and δ > 0. The set A and θ0 are said to be strongly δ
separated if for any probability ν on A,

Aff(fθ0 , q
(1)
ν ) < δ.

The relationship H2(f, g) = 1−2Aff(f, g) between the Hellinger distance H(f, g)
and the Affinity Aff(f, g) shows that Aff(fθ0 , q

(1)
ν ) < δ is equivalent to H2(fθ0 , q

(1)
ν ) >

1− δ. Say that A and θ0 are strongly separated if they are strongly δ separated for
some δ > 0.

Example 3.5. Suppose that the L1 distance between fθ∗ and fθ0 is larger than δ∗

for some δ∗ > 0, ‖fθ∗ − fθ0‖ > δ∗. Let

A =
{

θ : ‖fθ∗ − fθ‖ <
δ∗

2

}
.

It is easy to see that A is strongly separated from θ0 for every ν on A.

We begin by isolating a useful consequence of strong separation. The underlying
idea is in [32]. Note that the argument is essentially analytic and does not use
Hoeffding’s inequality as in [19]. Lemma 3.6, we believe, can be extended to non-
i.i.d and even to non-independent cases. We do not pursue this here but will briefly
return to it in Section 7.
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Lemma 3.6. If θ0 and A are strongly δ separated then for all probability ν on A,
for all n,

(3.1) Aff(f (n)
θ0

, q(n)
ν ) < e−nβ0 , where β0 = − log δ.

Proof. The proof is straightforward by induction on n, combined with the definition
of strong separation.

Remark 3.1. The conclusion of Lemma 3.6 holds with β0 = − log δ/k if for all
ν, for some k, Aff(f (k)

θ0
, q

(k)
ν ) < δ, i.e., A and θ0 are strongly separated for the

parametrization θ 7→ f (k)

The next result is the celebrated result of Schwartz [25] stated in terms of strong
separation. A result of LeCam [21] shows that it is equivalent to the formulation of
Schwartz involving an unbiased test for testing H0 : θ = θ0 vs. H1 : θ ∈ A. LeCam’s
theorem is proved using the Hahn–Banach theorem so is essentially an existence
result. Hence the point of view of strong separation could be an easier condition to
verify in some situations.

Theorem 3.7 (Schwartz). If

(1) θ0 is in the KL support of Π
(2) for some k, A and θ0 are strongly separated for the parametrization θ 7→ f (k)

Then Π(A|X1, X2, . . . , Xn) goes to 0 exponentially a.e. P∞θ0
.

Proof. Let Π∗ be the probability measure obtained by restricting Π to A and nor-
malizing it. Then

Pθ0(
√

JA > e−nγ) ≤ enγEθ0(
√

JA)

= enγ
√

Π(A)Aff(f (n)
θ0

, q
(n)
Π∗ )

≤
√

Π(A)enγe−nβ0

Taking γ = β0/4, it follows easily that

Pθ0(
√

JA > e−nγ i.o.) = 0

The proof can be completed easily using Proposition 3.2. For details see [19].

Proposition 3.2 and Lemma 3.6 easily give the following theorem of Walker [32].

Theorem 3.8. If

(1) θ0 is in the KL support of Π
(2) If A = ∪i≥1Ai such that

(a) For some δ > 0 all the Ai’s are strongly δ separated from θ0 and

(b)
∑

i≥1

√
Π(Ai) < ∞

Then Π(A|X1, X2, . . . , Xn) goes to 0 exponentially a.e. P∞θ0
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Proof. It follows by noting

Pθ0(
√

JA > e−nγ) ≤ enγEθ0(
√

JA)

≤ enγEθ0




√∑

i

JAi


 ≤ enγ

∑

i

Eθ0

(√
JAi

)

= enγ
∑

i

√
Π(Ai)Aff(f (n)

θ0
, q

(n)
Π∗

i
)(3.2)

≤ enγe−nβ0
∑

i

√
Π(Ai),

where Π∗ in (3.2) is the normalized restriction of Π∗ to Ai.

The next theorem gives another set of sufficient conditions, in terms of the uni-
form Strong Law of Large Numbers (SLLN), for the posterior probability of a set
to go to 0 exponentially. The conditions are stronger than those of Schwartz [25].
They are similar in spirit to the conditions used in the study of Hellinger consis-
tency of NPMLEs (see [30]) and suggest a parallel between consistency of NPMLEs
and posterior consistency.

Theorem 3.9. Let A ⊂ Θ. If

(1) θ0 is in the KL support of Π
(2) Aff(fθ0 , fθ) < δ for all θ ∈ A

(3) sup
θ∈A

∣∣∣∣∣
∫ √

fθ

fθ0

(x)dPn −Aff(fθ0 , fθ)

∣∣∣∣∣ → 0 a.s P∞θ0
, where Pn is the empirical

distribution obtained from X1, X2, . . . , Xn

Then Π(A|X1, X2, . . . , Xn) goes to 0 exponentially a.e. P∞θ0

Proof. Note that
∫

g(x)dPn = (1/n)
∑n

i=1 g(Xi) for arbitrary function g(x). Thus,

JA =
∫

A

n∏
1

fθ

fθ0

(Xi)Π(dθ)

=
∫

A

exp

{
2n

∫
log

√
fθ

fθ0

(x)dPn

}
Π(dθ)

since log x ≤ x− 1

≤
∫

A

exp

{
2n

∫ (√
fθ

fθ0

(x)− 1

)
dPn

}
Π(dθ).

Take δ∗ = 1− δ. By assumptions 2 and 3, for all large n,

sup
θ∈A

√
fθ

fθ0

dPn ≤ sup
θ∈A

{∣∣∣∣∣

√
fθ

fθ0

dPn −Aff(fθ0 , fθ)

∣∣∣∣∣ + Aff(fθ0 , fθ)

}

≤ δ∗

2
+ 1− δ∗ = 1− δ∗/2,

which in turn implies that JA < Π(A) exp(−nδ∗/2).
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Proposition 3.10. Conditions (2) and (3) of Theorem 3.9 imply that there exists
a uniformly consistent test for H0 : θ = θ0 vs. H1 : θ ∈ A.

Proof. Choose δ0 such that δ + δ0 = β0 < 1.
Let

C =

{
(x1, x2, . . . , xn) : sup

θ∈A

∣∣∣∣∣
∫ √

fθ

fθ0

(x)dPn −Aff(fθ0 , fθ)

∣∣∣∣∣ < δ0

}

By assumption (3) of Theorem 3.9, for any ε > 0 and sufficiently large n,
Pθ0(C) > 1− ε. For each (x1, x2, . . . , xn) in C, for all θ ∈ A,

1
n

∑ √
fθ

fθ0

(xi) ≤ sup
θ∈A

Aff(fθ0 , fθ) + δ0

so that
∑(√

fθ

fθ0

(xi)− 1

)
< n(δ + δ0 − 1) = −nβ0.

Therefore, for θ ∈ A,

Pθ(C) =
∫

C

f
(n)
θ

f
(n)
θ0

(xi)f
(n)
θ0

(xi)
∏

µ(dxi) < Pθ0(C)e−2nβ0 .

Remark 3.2. Salinetti [24] has used the notion of hypo convergence to study con-
sistency of posterior and consistency of maximum likelihood estimates. A somewhat
related result is due to Ghosal and van der Vaart who show that her condition is
related to Schwartz’s testing condition in the discussion of [24].

While the results discussed so far deal with sufficient conditions for Π(A|X1, . . . , Xn)
to go to 0 exponentially, the next basic result due to Barron [2] gives conditions
that are both necessary and sufficient.

Theorem 3.11 (Barron). A ⊂ Θ. Assume that θ0 is in the KL support of Π. Then
the following are equivalent.

(i) There exists a β0 such that

Pθ0{Π(A|X1, X2, . . . , Xn) > e−nβ0 i.o.} = 0.

(ii) There exist subsets Vn,Wn of Θ, positive numbers c1, c2, β1, β2, and a sequence
of tests {φn} , φn based on n observations, such that

(a) A ⊂ Vn ∪Wn,

(b) Π(Wn) ≤ C1e
−nβ1 , and

(c) Pθ0{φn > 0 i.o.} = 0 and inf
f∈Vn

Efφn ≥ 1− c2e
−nβ2 .

4. Consistency

As before, Π stands for a prior and {Π(·|X1, X2, . . . , Xn)} denotes a sequence of
posterior distributions. The sequence of posteriors is said to be consistent at θ0 if
{Π(U |X1, X2, . . . , Xn)} → 1 a.s.P∞θ0

for all neighborhoods U of θ0.
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Typically the parametrization θ 7→ fθ turns out to be continuous when the space
of densities is endowed with weak convergence or with the L1 or the Hellinger
metric. Consequently the neighborhoods of interest are those that arise from weak
or L1 topology.

In view of the last section, what is required then is to verify that the conditions
developed in the last section apply to neighborhoods.

Let g(x) be a bounded measurable function and define

(4.1) Ag =
{

θ :
∫

g(x)fθ(x)µ(dx)−
∫

g(x)fθ0(x)µ(dx) ≥ ε

}
.

Clearly A is strongly ε separated from θ0 and hence if θ0 is in the KL support
of Π then by Theorem 3.7 the posterior probability of A goes to 0 exponentially. If
U is a weak neighborhood then U c is a finite union of sets of the type displayed in
(4.1). This establishes exponential consistency for weak neighborhoods.

Consider the L1 neighborhood

U = {θ : ‖fθ − fθ0‖ < ε}.

In this case, in general, U c cannot be expressed as a finite union of sets strongly
separated from θ0. Unlike the case of weak neighborhoods, in this case we need
conditions beyond requiring that θ0 is in the KL support of Π.

Theorem 3.8 can be easily adapted in this context.

Theorem 4.1. Assume

(1) θ0 is in the KL support of Π
(2) For all δ > 0, there exist sets A1, A2, . . . such that the diameter of Ai,

diam(Ai) < δ,
⋃

Ai = Θ and
∑√

Π(Ai) < ∞.

Then for any L1 neighborhood U of θ0, the posterior probability of U c goes to 0
exponentially a.e. P∞θ0

.

The theorem follows from observing that if U is an ε neighborhood, then taking
{Ai}∞i=1 for δ = ε/3 it is easily seen that the Ai’s that have non-empty intersection
with U c cover U c. These Ai’s satisfy the assumptions of Theorem 3.8.

Definition 4.2 (Bracketing entropy). Let Γ ⊂ Θ. For a δ > 0 define the bracketing
entropy H(Γ, δ) to be the logarithm of the minimum integer k such that, there exist
non negative functions fU

1 , fU
2 , · · · , fU

k satisfying

(1)
∫

fU
i (x)µ(dx) < 1 + δ,

(2) for each θ there exists i such that fθ ≤ fU
i .

Definition 4.3 (Metric entropy). Let Γ ⊂ Θ. For δ > 0 the Metric entropy J(Γ, δ)
is defined to be the logarithm of minimum of all integers k such that there exist
densities f∗1 , f∗2 , · · · , f∗k such that for each θ there exists i such that ‖fθ − f∗i ‖ < δ.

If θ0 is in the KL support of Π then each of the three conditions listed below
ensures that the posterior is exponentially L1 consistent. The first condition (W)
is from Walker’s theorem, Theorem 3.8, the next (BSW) is due to [3] and the third
(GGR) appears in [15]. A formal statement and proof can be found in [3] and [15].

(W) For each δ > 0, there exist sets A1, A2, . . . such that ∪Ai = Θ, L1-diameter
of {fθ : θ ∈ Ai} < δ and

∑
i

√
Π(Ai) < ∞.

(BSW) For each ε > 0, there exist Θn ⊂ Θ, and C, c1, c2, δ all positive such that
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(a) Π(Θc
n) < e−nc2

(b) H(Θn, δ) ≤ nc for c < ([ε−
√

δ]2 − δ)/2, δ < ε2/4.

(GGR) If for each ε > 0, there is a 0 < δ < ε, c1, c2, β < ε2/2 and Θn such that

(a) Π(Θc
n) < c1e

−nβ

(b) J(Θn, δ) ≤ nβ.

The next theorem shows that both (W) and (BSW) imply (GGR). A proof that
(W) ⇒ (GGR) was also communicated to us by Ghosal, S. [personal communica-
tion].

Theorem 4.4. (W)⇒(GGR) and (BSW) ⇒ (GGR)

Proof. (W)⇒(GGR)

Assume without loss of generality that Π(Ai) = Πi is decreasing in i and let∑√
Πi = c < ∞. Set

Θn =
kn⋃
1

Ai.

Since the L1-diameter of {fθ : θ ∈ Ai} < δ, it is easy to see that J(Θn, δ) < log kn.
Thus, by taking kn = exp(nβ) one then obtains sieves with the properties required
by (GGR).

Next, we shall argue that Π(Θc
n) = Π

(⋃
i>kn

Ai

) ≤ 2c2/kn. Note that, for any
j, j

√
Πj ≤

∑j
i=1

√
Πi ≤ c so that j ≤ c/

√
Πj . Therefore,

Π


 ⋃

j>kn

Ai


 ≤

∑

j>kn

Πj ≤ c2
∑

j>kn

1
j2
≤ 2c2

kn

(BSW)⇒(GGR)

Let f1, f2, . . . , fk be functions such that
∫

fi = 1+ ci < (1+ δ) and such that for
any θ ∈ Γ,∃ i such that fθ ≤ fi. Let f∗i = fi/(1 + ci). Then

‖f∗i − fθ‖ ≤ 1
1 + ci

‖fi − (1 + ci)fθ‖
≤ ‖fi − fθ‖+ ci

≤ 2δ

Hence f∗1 , f∗2 , . . . , f∗k forms a 2δ net for Γ and J(Γ, 2δ) ≤ H(Γ, δ).

5. Improper Priors and Formal Posteriors

Suppose that Π is an improper prior on Θ, that is, a σ-finite measure with Π(Θ) =
∞. A formal posterior density given X1 = x1, X2 = x2, . . . Xn = xn is defined as in
Equation (2.1). This is of course well defined only if

J(x1, x2, . . . , xn) =
∫

Θ

f
(n)
θ

f
(n)
θ0

(x1, x2, . . . , xn)Π(dθ) < ∞.
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This situation occurs widely in the context of noninformative priors (see for
example, Ghosh and Ramamoorthi [18] and Kass and Wasserman [20]).

The next theorem shows that if P0 is in the KL support of Π then the posterior is
weakly consistent. Improper priors largely arise in the context of finite dimensional
regular models and in these situations weak consistency and strong consistency
coincide. Hence, we do not develop conditions akin to (W), (BSW) or (GGR) for
improper priors. First, Lemma 5.1 states a result of the KL support of Π(·|x).

Lemma 5.1. Let P0 is in the KL support of Π. Denote by A = {x : J(x) =∫
fθ(x)Π(dθ) < ∞}. Then, for P0 almost all x in A, θ0 is in the KL support of

Π(·|x).

Proof. Fix ε > 0. Consider E = {x ∈ A : Π(Kε|x) = 0}. We shall show that
Pθ0(E) = 0. Note that

Π(Kε|x) =

∫
Θ

IKε(θ)fθ(x)Π(dθ)∫
fθ(x)Π(dθ)

.

Denoting by Π∗ the measure Π(· ∩Kε)/Π(Kε), since, for x ∈ E, Π(Kε|x) = 0, we
have that

Π∗{θ : fθ(x) = 0} = 1.

Consequently
∫
E

∫
Kε

fθ(y)Π∗(dθ)(E)dµ(y) = 0. Interchanging the integrals,
∫

Kε
[
∫

E
fθ(y)dµ(y)]Π∗(dθ) = 0 and hence there exists some θ′ such that∫

E
fθ′(y)dµ(y) = 0 so that Pθ′(E) = 0. For every θ in Kε Pθ dominates Pθ0 , so

Pθ0(E) = 0. Letting ε run through rationals, the lemma is established.

Theorem 5.2. Let Π be an improper prior on Θ. {fθ : θ ∈ Θ} is a family of
densities. Assume that the formal posterior is defined with P∞0 probability one.
Formally, if

An = {x1, x2, . . . , xn : J(x1, x2, . . . , xn) < ∞} then P∞0 (∪An) = 1

If θ0 is in the KL support of Π then the formal posterior is weakly consistent at θ0.

Proof. By Lemma 5.1, for each n, except for those in a set of Pθ0 measure 0, for all
(x1, x2, . . . , xn) ∈ An, θ0 is in the KL support of Π(·|(x1, x2, . . . , xn)).

Since on An, Π(·|(x1, x2, . . . , xn+1)) = Π(x1,x2,...,xn)(·|xn+1), the result follows.

6. Example

All the results discussed so far are related to exponential consistency. The next
example shows that, even in the context of i.i.d. observations, the posterior can be
consistent at a non-exponential rate.

Consider an example where we have a prior Π, f0 is in the KL support of Π and
the posterior is not L1 consistent, i.e., there is a set A which is a complement of a
neighborhood of f0 and whose posterior does not go to 0. Such an example appears,
for instance, in Barron et al. [3].

Consider the prior to Π∗ = .5δf0 + .5Π. Then by Doob’s theorem the posterior
of A goes to 0. It cannot go exponentially, for if it does, by Barron’s theorem (e.g.
[2] and [19, Theorem 4.4.3]), there would be sieves Vn and sets Un of exponentially
small Π∗ probability that cover A. These properties also carry over to Π and now the
first part of Barron’s result would imply that the original prior Π is itself consistent,
in fact, exponentially consistent.
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7. Independent but Non-Identically Distributed Models

7.1. Extension to Posterior Consistency

Here we look at the setup where, as before, Θ is a parameter space and Π is a prior
on Θ. Given θ, we assume that X1, X2, . . . are independent with Xi distributed as
fi,θ.

All the results discussed so far can be easily adapted, but not necessarily easily
applied in the non-identically distributed case. As in Section 1, the posterior can be
written as the ratio of two integrals. A stronger form of KL support (for instance,
see Choudhuri et al. [9] and Amewou-Atisso et al. [1]) takes care of the denominator.
It is not clear if there is a simple version of the (GGR) type of sufficient condition.
Instead, those results for independent but non-identically distributed models as in
Amewou-Atisso et al. [9], Choudhuri et al. [1], Ghosal and Roy [16] and Choi and
Schervish [8], tried to establish the existence of uniformly consistent tests directly,
which makes the numerator in the ratio of two integrals decrease to 0 exponentially.

Alternatively, LeCam [22] and Birge [4] showed that for independent non-identically
distributed variables, tests with exponentially small errors exist when we use the
average squared Hellinger distance to separate densities and convex sets. That is,
uniformly consistent tests are always obtained if the entropy with such a distance
is controlled. In the recent paper by Ghosal and van der Vaart [17], (GGR) type
results have been investigated in the test construction for the convergence rates of
posterior distributions for non i.i.d. observations.

On the other hand, Walker’s sufficient conditions are easily adaptable in this
case. Note that the proof of Lemma 3.6 does not require the assumption of the
identically distributed observations; hence Theorem 3.8 easily follows to this case.
We state it formally below.

Theorem 7.1. If A =
⋃

i≥1 Ai such that

1. For some δ > 0 all the Ai’s are strongly δ separated from θ0 for the model
θ 7→ fi,θ and

2.
∑

i≥1

√
Π(Ai) < ∞

Then for some β0 > 0,

enβ0

∫

A

n∏

i=1

fi,θ(xi)
fi,θ0(xi)

Π(dθ) → 0 a.s
∞∏

i=1

Pi,θ0 .

Similar results to Theorem 7.1 along with regression problems have been dis-
cussed in Walker [33].

Example 7.2 (Orthogonal series expansion). Let

(7.1) Yi = η(Xi) + εi, i = 1, . . . , n

where the εi’s are assumed to be independent N(0, 1) random variables, the Xi’s
are sampled from a known probability distribution, and η(·) is a regression function.
An orthogonal series expansion for the regression function η(x) is a representation
of η(x) by an infinite sum,

η(x) =
∞∑

j=1

ηjφj(x),
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where {φj(x)}∞j=1 is an orthonormal basis for an L2 space containing η. Regarding
either posterior consistency or rate of convergence of posterior distributions, this
model has been investigated by Shen and Wasserman [26], Walker [33] and Choi
and Schervish [8].

Let {φj(·)}∞j=1 be an orthonormal basis for L2[0, 1] such that for some C > 0,
supx∈[0,1] |φj(x)| ≤ C for all j.

In this case, we consider the following δ-covering of Ω, a union of sets of the type

(7.2) {ψ : njδj < ψj < (nj + 1)δj , j = 1, 2, . . .},

which was also examined for Hellinger consistency in density estimation problems
from infinite-dimensional exponential families in Walker [32] and regression prob-
lems in Walker [33]. Based on (7.2), the condition (b) in Theorem 7.1 can be verified
as in Section 6.1 [32]. When the regression function is uniformly bounded, the L1(or
Hellinger) neighborhood of the true density fθ0 becomes equivalent to the L1 neigh-
borhood of the true regression function η0. Therefore, by considering a δ-covering
in (7.2) and its corresponding prior probability, two conditions (a) and (b) are eas-
ily verified. Hence, the conclusion of Theorem 7.1 is achieved when A is in the L1

neighborhood of the true density generating the regression model (7.1).

Example 7.3 (Gaussian process regression). Gaussian process regression is one of
the popular approaches to Bayesian nonparametric regression problems, and it is
used to model the regression function η(x) as a Gaussian process a priori. Poste-
rior consistency based on Gaussian processes has been established in Ghosal and
Roy [16] and Choi [7] for nonparametric binary regression, Tokdar and Ghosh [29]
for density estimation and Choi [6] and Choi and Schervish [8] for nonparametric
regression. Interestingly, all the results mentioned above have been based on con-
structing uniformly consistent tests rather than the condition (b) in Theorem 7.1.
The challenges in the study of posterior consistency based on Gaussian processes
is to find a rate that a prior probability shrinks as we consider a sequence of δ-
coverings that satisfies the condition (b). In this case, the important task to be
achieved is obtaining the exponentially small lower bound for small balls of Gaus-
sian processes. There is a recent investigation in this regard (e.g. see Li and Shao
[23] and van der Vaart and van Zanten [31]). It would be interesting to explore if
this difficulty in verifying (b) under Gaussian process priors can be bypassed when
we apply Theorem 7.1.

7.2. Doob’s Theorem

Doob [11] showed that when Θ is the parameter space and given θ, X1,X2, . . . ,
are i.i.d. Pθ then, for any sequence of posterior distributions Π(·|X1,X2, . . . ,Xn),
under mild set theoretic assumptions (for instance when X and Θ are Borel subsets
of Polish spaces) for any prior Π, there is a ΘΠ ⊂ Θ with Π(ΘΠ) = 1 such that the
posterior is consistent at all θ ∈ ΘΠ. In what follows we explore the analogue of
Doob’s theorem in independent non-identically distributed models.

To change the notation a bit, given θ in Θ, let Y1,Y2, . . . ,be Y valued random
variables with joint distribution Pθ,∞. For any prior Π on Θ, denote by λΠ the
joint distribution induced on Θ×Y∞ by Π and {Pθ,∞ : θ ∈ Θ}. We will denote the
elements of Y∞ by y and of (Y1,Y2, . . . , ) by Y. As before Π(·|Y1,Y2, . . . ,Yn)
will stand for a fixed version of the posterior distribution of θ.
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By going through an appropriate countable set of continuous functions g and
applying the martingale convergence theorem to each posterior mean of g(θ), it can
be seen that there is a conditional probability Π∗(·|y) such that for all y outside a
λΠ null set

Π(·|Y1,Y2, . . . ,Yn)
weakly→ Π∗(·|y).

Clearly the posterior is consistent at θ if Π∗(·|y) = δθ a.e. Pθ,∞.

Proposition 7.4. Consider the following two sets of statements for a given prior
Π:

1. There is a set ΘΠ with Π(ΘΠ) = 1 and the posterior is consistent at all
θ ∈ ΘΠ.

2. There is a set ΘΠ with Π(ΘΠ) = 1 and a measurable set EΠ ⊂ Θ×Y∞ such
that

(a) for each θ ∈ ΘΠ, Pθ,∞(EΠ
θ ) = 1,

(b) EΠ
θ ∩ EΠ

θ′ = ∅ for θ 6= θ′.

The two sets of statements are equivalent.

Proof. Suppose (1) holds. Then it is easy to verify that the set

EΠ = {(θ, y) : Π∗(·|y) = δθ, (θ ∈ ΘΠ)}

is measurable and satisfies the conditions in (2).
On the other hand if (2) holds then define φ(y) = θ if (θ, y) ∈ EΠ. Then, using

a result from set theory [28, Theorem 4.5.7], it can be shown that φ is measurable.
It is easy to verify that Π̃ defined by

Π̃(·|y) = δφ(y)

is a version of the conditional distribution of θ given Y and hence Π∗(·|y) =
Π̃(|y) a.e. λΠ. An application of Fubini’s theorem yields the result.

Our interest is in establishing (1) for all priors Π and it is convenient to work
with a stronger version of (2) by seeking a decomposition that does not depend
upon Π. Formally,

Proposition 7.5. Let Π be a prior for Θ.
Suppose there exists a measurable set E ⊂ Θ× Y∞ such that

1. For each θ ∈ Θ, Pθ,∞(Eθ) = 1 where Eθ is the θ-section {y : (θ, y) ∈ E}.
2. Eθ ∩ Eθ′ = ∅ for θ 6= θ′.

Then there is a set ΘΠ with Π measure 1, such that the posterior is consistent
at all θ ∈ ΘΠ.

Thus, Doob’s theorem is intimately related to uniform orthogonality of {Pθ,∞ :
θ ∈ Θ}. There is a wide literature on singularity and mutual absolute continuity of
measures on infinite product spaces ([27] and [5]). This literature in general deals
with pairwise orthogonality whereas Proposition 7.5 requires uniform orthogonality.
The step from pairwise to uniform orthogonality can be formidable. Yet we feel that
some of these results are likely to be useful in establishing Doob-type theorems in
the non-i.i.d. set up.
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Motivated by Proposition 7.5, we present an example where the Doob-type theo-
rem fails to hold. On the positive side, Proposition 7.5 enables us to prove a theorem
for linear regression models with nonparametric errors.

The case that we consider is

Yi = α + βxi + εi i = 1, 2, . . .

where

1. x1, x2, . . . , are fixed non-random design points.
2. ε1, ε2, . . . are independent and identically distributed random variables with

a probability density symmetric around 0.

Example 7.6. Suppose
∑

i x2
i < ∞ and εi ∼ N(0, 1), and let α = 0. In this case

it follows from a result of Shepp [27] that
∏∞

1 N(βxi, 1) are mutually absolutely
continuous. Hence the decomposition required by Proposition 7.4 fails and Doob’s
theorem cannot hold.

The last example we consider is semiparametric regression, the linear regression
model where the distribution of the noise is assumed to be unknown and thus needs
to be estimated. This example has been investigated in terms of posterior consis-
tency, following from the generalization of the Schwartz theorem in Amewou-Atisso
et al. [1]. We revisit this example in Theorem 7.7 and show that the Doob-type
theorem holds with an assumption on the fixed non-random design points, similar
to that of [1].

Let Assumption A be defined as the following: There exists ε0 > 0 such that the
covariate values xi’s satisfy

∑

i

I(−∞,−ε0)(xi) = ∞ and
∑

i

I(ε0,∞)(xi) = ∞.

Theorem 7.7. Consider the model

Yi = α + βxi + εi i = 1, 2, . . .

where

1. x1, x2, . . . , are fixed nonrandom design points
2. ε1, ε2, . . . are i.i.d. variables with an unknown distribution of which density f

is symmetric, continuous at 0 and f(0) > 0.

If Assumption A holds, then given any prior Π for (α, β, f), there is a set ΘΠ of Π
measure 1 such that the posterior is consistent at all (α, β, f) ∈ ΘΠ.

Proof. Let F be all densities f on the real line which are symmetric, continuous
at 0 and f(0) > 0. Formally, we have as the parameter space Θ = R × R × F
and given (α, β, f), the Yi’s are independent with Yi ∼ fα+βxi , where fα+βxi(y) =
f(y − (α + βxi)).

We now construct a decomposition satisfying the conditions of Proposition 7.5.
Let N1 = {n1, n2, . . .} be the subsequence of all i with xi > ε and M1 =

{m1,m2, . . .} be the subsequence of all i with xi < −ε. Let t be a real number
and define At = (t,∞).

Note that the unknown parameter θ is the triple θ ≡ (α, β, f). Following nota-
tions in Proposition 7.5, let Π be a prior on Θ and let EΠ be the set of all (α, β, f, y)
such that for any real number t,
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1. limn→∞ 1
n

∑n
1 IAt(yi − (α + βxi)) = Pf (At)

2. limk→∞ 1
k

∑k
1 IAt(yni − (α + βxni)) = Pf (At)

3. liml→∞ 1
l

∑l
1 IAt

(ymi
− (α + βxmi)) = Pf (At)

Since N1,M1 are fixed subsequences and since it is enough to work with t -
rational, EΠ is easily seen to be measurable.

Further, for each (α, β, f), [
∏∞

1 Pα+βxi ] (E
Π
α,β,f ) = 1, where EΠ

α,β,f is the (α, β, f)-
section {y : (α, β, f, y) ∈ EΠ} for each (α, β, f) as defined in Proposition 7.5. This
follows by noting that under [

∏∞
1 Pα+βxi

], Y1 − (α + βx1), Y2 − (α + βx2), . . . are
i.i.d. with common density f . An application of the law of large numbers proves
the claim.

We next argue that if (α1, β1, f1) 6= (α2, β2, f2) then EΠ
α1,β1,f1

∩ EΠ
α2,β2,f2

= ∅.
If α1 = α2, β1 = β2 and f1 6= f2, and if y ∈ EΠ

α,β,f1
∩EΠ

α,β,f2
then a contradiction

is easily obtained by considering a t for which Pf1(At) 6= Pf2(At).
Now suppose that for some ∆ > 0, α1−α2 > ∆ and β1−β2 > ∆. Clearly for every

ni ∈ N1, (β1−β2)xni > ∆ε. Choose η such that η < ∆ε and inf |x|<η f1(x) > C > 0.
Since f is symmetric and η > 0, Pf1(Aη) < 1/2. We will get a contradiction by

showing that if y ∈ EΠ
α1,β1,f1

∩ EΠ
α2,β2,f2

, then Pf1(Aη) ≥ 1/2.
If y ∈ EΠ

α1,β1,f1
∩ EΠ

α2,β2,f2
, then for all t,

1
k

k∑
1

IAt(yni − (α1 + β1xni)) → Pf1(At)(7.3)

1
k

k∑
1

IAt(yni − (α2 + β2xni)) → Pf2(At)(7.4)

α1 + β1xni = α2 + β2xni + (α1 − α2) + (β1 − β2)xni

≥ α2 + β2xni + η

and hence

IAt(yni − (α1 + β1xni)) ≥ IAt(yni − (α2 + β2xni + η)) = IAt−η (yni − (α2 + β2xni))

In particular with t = η,

IAη (yni − (α1 + β1xni)) ≥ I(0,∞)(yni − (α2 + β2xni)).

Consequently

1
k

k∑
1

IAt(yni − (α1 + β1xni)) ≥
1
k

k∑
1

I(0,∞)(yni − (α2 + β2xni)) → Pf2(0,∞) =
1
2

The case when α1 − α2 < ∆, β1 − β2 > ∆ can be handled by considering the
subsequence M1. Similarly, the other remaining cases follow.

Acknowledgments

This paper, like all my research endeavours, has benefitted from J.K. Ghosh. Bayesian
nonparametrics is but a small part of all that I have learned from him, and I am

imsart-lnms ver. 2007/09/18 file: TChoi.tex date: November 29, 2007



186 T. Choi and R. V. Ramamoorthi

but one among many who owe their intellectual development to his influence. My
association with J.K. Ghosh, JKG as I call him, began more than thirty five years
ago in the form of student and teacher. This equation has remained constant but
over the years, on top of it, has developed a friendship that I greatly cherish. This
article is dedicated to JKG with admiration, appreciation, affection and .... grati-
tude.

R.V. Ramamoorthi

References

[1] Amewou-Atisso, M., Ghosal, S., Ghosh, J. K., and Ramamoorthi,
R. V. (2003). Posterior consistency for semi-parametric regression problems.
Bernoulli 9, 2, 291–312. MR1997031 (2004f:62075)

[2] Barron, A. (1988). The exponential convergence of posterior probabilities
with implications for Bayes estimators of density functions. Tech. Rep. 7, Dept.
of Statistics, Univ. Illinois, Champaign.

[3] Barron, A., Schervish, M. J., and Wasserman, L. (1999). The consistency
of posterior distributions in nonparametric problems. Ann. Statist. 27, 536–561.
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Abstract: This paper explores large sample properties of the two-parameter
(α, θ) Poisson-Dirichlet Process in two contexts. In a Bayesian context of es-
timating an unknown probability measure, viewing this process as a natural
extension of the Dirichlet process, we explore the consistency and weak con-
vergence of the the two-parameter Poisson-Dirichlet posterior process. We also
establish the weak convergence of properly centered two-parameter Poisson-
Dirichlet processes for large θ + nα. This latter result complements large θ
results for the Dirichlet process and Poisson-Dirichlet sequences, and com-
plements a recent result on large deviation principles for the two-parameter
Poisson-Dirichlet process. A crucial component of our results is the use of
distributional identities that may be useful in other contexts.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188
2 Consistency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

2.1 Some More Limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
3 Bernstein–von Mises and Functional Central Limit Theorems . . . . . . . 193

3.1 Continuous Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
4 Asymptotic Behavior of a Poisson-Dirichlet (α, θ + nα) Process . . . . . . 196

4.1 Dirichlet Process Asymptotics for θ →∞ . . . . . . . . . . . . . . . 198
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

1. Introduction

In this work, for 0 ≤ α < 1 and θ > −α, we are interested in the two-parameter
class of random probability measures that are formed by

(1.1) Pα,θ(·) d=
∞∑

k=1

Vk

k−1∏

j=1

(1− Vj)δZk
(·)

where the Vk are independent beta(1−α, θ+kα) random variables and, independent
of these, the (Zk) are an i.i.d. sequence with values in some Polish space I with com-
mon (non-atomic) distribution H. That is to say Pα,θ is a random probability mea-
sure taking values in PI , where PI is the set of all probability measures on I. We will
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simply say that a random probability measure P is a two-parameter (α, θ) Poisson-
Dirichlet process, having law say Πα,θ on PI , suppressing dependence on H, if P can

be represented as in (1.1). That is P (·) d= Pα,θ(·). For shorthand we write P ∼ Πα,θ.
We denote the expectation operator corresponding to the law Πα,θ as Eα,θ, which
is such that Eα,θ[P (·)] = H(·). We note that the Vk are obtained by size-biasing
a ranked sequence of probabilities known as the two-parameter Poisson-Dirichlet
sequence. It follows that by permutation invariance Pα,θ may also be represented
in terms of this sequence. Many properties of the two-parameter Poisson-Dirichlet
sequence, as it primarily relates to Bessel and Brownian phenomena, were discussed
in [36]. This sequence has gained in importance as it is seen to arise in a number
of different areas including, for instance, Bayesian statistics, population genetics
and random fragmentation and coalescent theory connected to physics. See [34] for
some updated references and [19] for some connections to Dirichlet means.

When α = 0 then P is a Dirichlet process in the sense of Ferguson [9]. Pitman [35]
showed that within a Bayesian context, these random probability measures can be
seen as natural and quite tractable extensions of the Dirichlet process. In particular
Pitman [35] showed that if random variables X1, . . . , Xn given P are i.i.d. P and P
has prior distribution Πα,θ, then the posterior distribution of P |X1, . . . , Xn, denoted
as Π(n)

α,θ, corresponds to the law of the random probability measure,

P
(n)
α,θ (·) = Rn(p)Pα,θ+n(p)α(·) + (1−Rn(p))Dn(·)

where

Dn(·) =
n(p)∑

j=1

∆jδYj (·).

(∆1, . . . , ∆n(p)) is a Dirichlet(e1−α, . . . , en(p)−α) random vector. All the random
variables appearing on the right hand side are conditionally independent given the
data. Rn(p) is a beta(θ+n(p)α, n−n(p)α) random variable and {Y1, . . . , Yn(p)} de-
notes the 1 ≤ n(p) ≤ n unique values of {X1, . . . , Xn.} Furthermore, Pα,θ+n(p)α ∼
Πα,θ+n(p)α. ej is the number of Xi equivalent to Yj for j = 1, . . . , n(p)., When
α = 0 one obtains the posterior distribution derived in Ferguson [9]. The notation
ej and n(p) are taken from Lo [29], as discussed in Ishwaran and James [17]. Fur-
thermore, a generalization of the Blackwell–MacQueen [4] prediction rule is given
by

(1.2) P (Xn+1 ∈ · |X1, . . . , Xn) =
θ + n(p)α

θ + n
H(·) +

n(p)∑

j=1

(ej − α)
θ + n

δYj (·).

Note also that
P (Xn+1 ∈ · |X1, . . . , Xn) = E[P (n)

α,θ (·)].
We also write

F̃n(·) =
n(p)∑

j=1

(ej − α)
n− n(p)α

δYj (·)

which importantly reduces to the empirical distribution when α = 0, or when
n(p) = n.

Let P∞0 denote a product measure on I∞ making Xi for i = 1, . . . ,∞ indepen-
dent with common (true) distribution P0. In this paper, extending the known case
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of the Dirichlet process, we show that as n → ∞ the posterior distribution Π(n)
α,θ

behaves as follows. When P0 is discrete then Π(n)
α,θ converges weakly to a point mass

at P0 a.s. P∞0 . When P0 is continuous, that is, non-atomic, Π(n)
α,θ converges weakly

to a point mass at the mixture αH + (1− α)P0. Thus when P0 is discrete/atomic
the posterior distribution is consistent. However, when P0 is non-atomic the poste-
rior distribution is inconsistent, unless either α = 0 which corresponds to the case
of the Dirichlet process, or more implausibly one chooses H = P0. In addition to
this result we establish a functional central limit theorem, for the case where P0

is non-atomic, by showing that the process P
(n)
α,θ centered at its expectation (1.2),

indexed over classes of functions, converges weakly to a Gaussian process. This is in
line with nonparametric Bernstein–Von Mises results of for instance, [31], [30],[28],
[5] and [22]. Additionally, we note that the weak convergence of the two-parameter
Poisson-Dirichlet process may be of interest in other fields. In particular, in order
for us to discuss the posterior weak convergence, when P0 is non-atomic, we will
need to address the weak convergence of the centered process

να,θ+nα(·) =
√

n(Pα,θ+nα −H)(·),

as n →∞, which poses additional challenges. Note this process does not depend on
the data, except through the sample size n. Furthermore, the study of να,θ+nα is
more in line with the literature on the behavior of Dirichlet processes and Poisson-
Dirichlet sequences when θ →∞. See, for instance, [21], [7] and [32]. Additionally,
our work is complementary to a recent result of [8] on large deviation principles for
the two-parameter Poisson-Dirichlet process.

Returning to the consistency result, in terms of estimating the true P0 in a non-
parametric statistics setting, our result shows that unlike the case of the Dirichlet
process, it is perhaps unwise to use Πα,θ as a prior. However we should point out
that Ishwaran and James [17, 18], owing to the attractive results in [35], suggested
that one could use Πα,θ in a mixture modeling setting analogous to the case of the
Dirichlet process in Lo [29]. In this more formidable setting one can deduce strong
consistency of the posterior density, induced by the priors Πα,θ on the mixing dis-
tribution, by using the results of Lijoi, Prünster and Walker [25]. In fact, in a work
subsequent to ours, this was recently shown by Jang, Lee and Lee[20]. We also note
that those authors also obtain our consistency result as a special case. For some
more results on the modern treatment of Bayesian consistency in nonparametric
settings one may note, for instance, the works of Ghosal, Ghosh and Ramamoorthi
[11], Barron, Schervish and Wasserman [2] and Ghosal, Ghosh and van der Vaart
[12]; and the book of Ghosh and Ramamoorthi [13].

2. Consistency

This section describes the consistency behavior of the posterior distribution in the
case where the true distribution P0 is either continuous or discrete. First we note
the following fact;

Lemma 2.1. Let f and g denote measurable functions on I, then for 0 ≤ α < 1
and θ > −α,

Eα,θ[P (f)P (g)] =
θ + α

θ + 1
H(g)H(f) +

1− α

θ + 1
H(fg).
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Proof. The proof proceeds by using disintegrations. First the joint distribution of
(X1, P ) can be written as,

P (dx1)Πα,θ(dP ) = Πα,θ(dP |x1)H(dx1)

where Πα,θ(dP |x1) = Π(1)
α,θ(dP ). Then,

P (dx2)Πα,θ(dP |x1) = Π(2)
α,θ(dP )E[P (dx2)|X1 = x1]

where Π(2)
α,θ(dP ) = Πα,θ(dP |x1, x2) and

E[P (dx2)|X1 = x1] =
θ + α

θ + 1
H(dx2) +

1− α

θ + 1
δx1(dx2).

Now this gives

Eα,θ[P (dx1)P (dx2)] = H(dx1)
[
θ + α

θ + 1
H(dx2) +

1− α

θ + 1
δx1(dx2)

]
.

which by writing P (g)P (f) =
∫

I

∫
I
g(x1)f(x2)P (dx1)P (dx2) completes the result.

We proceed as in Diaconis and Freedman[10] by showing that the posterior dis-
tribution concentrates around the prediction rule. First using Diaconis and Freed-
man ([10], p.1117), we define a suitable class of semi-norms such that convergence
under such norms implies weak convergence. Let A =

⋃∞
i=1 Ai be a partition of I.

Then define the semi-norm between probability measures

(2.1) | P −Q |A=

√√√√
∞∑

i=1

[P (Ai)−Q(Ai)]
2
,

for a suitable generating sequence of partitions A where, naturally for any Q,∑∞
i=1 Q(Ai) = 1. Now similar to ([10], Equation 14) for the Dirichlet process,

we will show that the posterior distribution concentrates around the prediction
rule (1.2).

In order to do this one only needs to evaluate the posterior expectation, express-
ible as,

(2.2) E
[
| P (n)

α,θ − E[P (n)
α,θ ] |2A

]

where E[P (n)
α,θ ] equates with the prediction rule probability given in (1.2.) We obtain,

Lemma 2.2.
E

[
| P (n)

α,θ − E[P (n)
α,θ ] |2A

]
≤ 1

θ + n + 1
.

Proof. First using basic ideas we expand, for each set Ai,

(P (n)
α,θ (Ai)− E[P (n)

α,θ (Ai)])
2
.

Furthermore,

(P (n)
α,θ (Ai))2 = R2

n(p)P
2
α,θ+n(p)α(Ai)

+ 2Rn(p)(1−Rn(p))Pα,θ+n(p)α(Ai)Dn(Ai) + (1−Rn(p))
2
D2

n(Ai).
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Now from Lemma 2.1

E[P 2
α,θ+n(p)α(Ai)] =

θ + n(p)α + α

θ + n(p)α + 1
H2(Ai) +

1− α

θ + n(p)α + 1
H(Ai).

Additionally,

E[R2
n(p)] =

(θ + n(p)α)(θ + n(p)α + 1)
(θ + n)(θ + n + 1)

,

E[(1−Rn(p))
2] =

(n− n(p)α)(n− n(p)α + 1)
(θ + n)(θ + n + 1)

,

and

E[∆l∆j ] =
(ej − α)(el − α)

(n− n(p)α)(n− n(p)α + 1)
.

It follows that

E[(P (n)
α,θ (Ai))

2
] =

(θ + n(p)α)(θ + n(p)α + α)
(θ + n)(θ + n + 1)

H2(Ai)

+ 2
(θ + n(p)α)(n− n(p)α)

(θ + n)(θ + n + 1)
F̃n(Ai)H(Ai)

+
(n− n(p)α)2

(θ + n)(θ + n + 1)
F̃ 2

n(Ai).

Now

(E[P (n)
α,θ (Ai)])

2
=

(θ + n(p)α)2

(θ + n)2
H2(Ai)

+ 2
(θ + n(p)α)(n− n(p)α)

(θ + n)2
F̃n(Ai)H(Ai)

+
(n− n(p)α)2

(θ + n)2
F̃ 2

n(Ai).

Taking differences and using the fact that
∑∞

i=1 Fn(Ai)H(Ai) ≤ 1 and similar
arguments completes the result.

Proposition 2.1. If P0 is continuous then the posterior distribution Π(n)
α,θ converges

weakly to point mass at the distribution

αH(·) + (1− α)P0(·) a.e. P∞0 .

Hence the posterior is consistent only if either P is a Dirichlet process or H = P0.

Proof. From Lemma 2.2 it follows that the posterior distribution must concentrate
around the prediction rule. Now, under P0 (assuming a continuous P0) the predic-
tion rule becomes,

(2.3) P (Xn+1 ∈ · |X1, . . . , Xn) =
θ + nα

θ + n
H(·) +

n∑

j=1

(1− α)
θ + n

δXj (·).

It is clear that under P0, that P{Xn+1 ∈ · |X1, . . . , Xn} converges uniformly
over appropriate Glivenko–Cantelli classes to

αH(·) + (1− α)P0(·)
for almost all sample sequences. One gets this by simple algebra and classical results
about empirical processes (the second term in (2.3)) appropriately modified.
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The previous results says that the posterior distribution is inconsistent for all
non-atomic P0 unless α = 0 or one has chosen H = P0. The behavior in the case
where P0 admits ties is quite different and is summarized in the next result

Proposition 2.2. Suppose that P0 is a discrete law such that n(p)/n → 0 then the
posterior distribution Π(n)

α,θ converges weakly to point mass at P0, a.e. P∞0 , for all
0 ≤ α < 1 and θ > −α.

Proof. Since, n(p)/n → 0, it follows that

(2.4) P (Xn+1 ∈ · |X1, . . . , Xn) =
θ + n(p)α

b + n
H(·) +

n(p)∑

j=1

(ej − α)
θ + n

δYj
(·),

converges uniformly to P0 for almost all sample sequences X1, X2, . . . ,. This is true
since,

n(p)∑

j=1

(ej − α)
θ + n

δYj =
n∑

i=1

1
θ + n

δXi −
n(p)∑

j=1

α

θ + n
δYj

where the second term on the right converges to zero.

2.1. Some More Limits

Note that one obtains some information on the limit behavior of the random prob-
ability measure Pα,θ+n(p)α which has law Πα,θ+n(p)α. This type of result is more in
line with large θ type asymptotics. In this case large θ is replaced by large n(p)α.

Proposition 2.3. Suppose that P0 is such that n(p) →∞, then the two-parameter
Poisson-Dirichlet law Πα,θ+n(p)α converges weakly to point mass at H.

Proof. The proof proceeds by again utilizing the semi-norm in (2.1). We have that
Eα,θ+n(p)α[P ] = H. Furthermore, from Lemma 2.1. the variance of P (A) under
Πα,θ+n(p)α is, for each A, equal to,

1− α

θ + n(p)α + 1
H(A)(1−H(A)).

Hence if P has law Πα,θ+n(p)α, then,

Eα,θ+n(p)α

[|P −H|2A
] ≤ 1− α

θ + n(p)α + 1
,

completing the result.

3. Bernstein–von Mises and Functional Central Limit Theorems

In this section we address the more formidable problem of establishing functional
central limit theorems for centered versions of the two-parameter process. We will
restrict ourselves to the case where P0 is continuous which presents some difficul-
ties. In particular, in that setting, we are interested in the asymptotic behavior in
distribution, as n →∞, of the posterior process

ν
(n)
α,θ(·) =

√
n(P (n)

α,θ − E[P (n)
α,θ ])(·)
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conditional on the sequence X1, X2, . . ., and the asymptotic behavior of the process,

να,θ+nα(·) :=
√

n(Pα,θ+nα −H)(·),
uniform over classes of functions F . For clarity, we first mention some elements
of the (modern) framework of weak convergence of stochastic processes on general
function indexed Banach spaces. There is a rich literature on this subject, here we
use as references [39], ([38], Ch. 10) and [14]. Let F denote a collection of measurable
functions f : I → < and let `∞(F) denote the set of all uniformly bounded real
functions on F . Now for a random probability measure Qn, and the probability
measure defined as its expectation E[Qn] := Q, we consider the maps from F → <
given by the linear functional

f → Qn(f) =
∫

I

f(x)Qn(dx),

and
f → Q(f) =

∫

I

f(x)Q(dx).

Gn(·) =
√

n(Qn−Q)(·) denotes its centered process and letGQ denote a Gaussian
process with zero mean and covariances

(3.1) E[GQ(f)GQ(g)] = Q(fg)−Q(f)Q(g).

A Gaussian process with covariance (3.1) is said to be a Q-Brownian bridge. We will
assume that F possesses enough measurability for randomization and write, as in
([37], p. 2056), F ∈ M(Q). The notation L2(Q) represents the equivalence class of
square integrable functions. Furthermore, a function F (x) such that |f(x)| ≤ F (x)
for all x and f ∈ F is said to be an envelope.

We are interested in the cases where the sequence of processes {Gn(f) : f ∈
F} ∈ `∞(F) converges in distribution to a Gaussian process GQ uniformly over F .
In that case we write

Gn Ã GQ in `∞(F).

Furthermore, because we are interested in the convergence of posterior distribu-
tions, if Gn depends on data X1, X2 . . ., we will need the more delicate notion of
conditional weak convergence of Gn(·) for almost all sample sequences X1, X2 . . . ,
and we write

Gn Ã GQ in `∞(F) a.s. .

More formally, one may say that the processes converge in the sense of a bounded
Lipschitz metric outer almost surely (see [14], and [39]).

The rich theory of weak convergence of empirical processes addresses the cases
where Qn = Pn = n−1

∑n
i=1 δXi(·) is the empirical measure, and Q = EP0 [Pn] = P0

is the true underlying distribution of the data. Hence one has,

(3.2)
√

n(Pn − P0) Ã GP0 in `∞(F)

for many classes of F . The classes are said to be P0-Donsker. The classical case
of the empirical distribution function, Fn(t) =

∑n
i=1 I(Xi≤t)/n arises by setting

ft(x) = I(−∞<x≤t) for t ranging over <; see ([38], Example 19.6).
The most notable results for convergence conditionally on the data, center around

the bootstrap and its exchangeably weighted extensions where

Qn(·) := PW (·) =
∞∑

i=1

WiδXi(·)
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for (Wi) an exchangeable sequence of positive weights summing to 1. In particular,
we will use the following result of ([37],Theorem 2.1),

(3.3)
√

n(PW − Pn) Ã cGP0 in `∞(F), a.s.

provided that (3.2) holds, P0(F 2) < ∞, and the weights satisfy certain conditions
as given in [37]. The constant c is determined by the weights. The result generalizes
the result of [16] for Efron’s bootstrap empirical measure. In the case of Efron’s
bootstrap and the Bayesian bootstrap c = 1. For results on the real line see [3], [27]
and [33].

As mentioned at the beginning of this section, we will consider the behavior of
the process ν

(n)
α,θ in the case where P0 is continuous. We shall see that we can handle

part of the weak convergence of ν
(n)
α,θ by utilizing results in [37]. This is very much

in the spirit of [27], [26] and [5]. However we will also need to deal with the behavior
of the process να,θ+nα. This process is considerably more challenging to handle as
it is not obviously related to an empirical-type measure. However, in section 4, we
will exploit an important distributional identity that allows us to treat να,θ+nα, as
a measurelike sum of i.i.d. processes in the sense of [1], ([39], section 2.11.1.1) and
[41]. Throughout we will assume that F ∈ M(H) and that there exist an envelope
F (x) satisfying H(F 2) < ∞.

We shall also have need of the (unconditional) multiplier central limit theorem
on Banach spaces for i.i.d. random variables in the Lorentz L2,1 space, which is
found in [24]. More details may be found in [39] (see also [15]and [14]). A random
variable ξ (see [39], section 2.9) is said to be in L2,1 if

‖ξ‖2,1 =
∫ ∞

0

√
P (|ξ| > x)dx < ∞.

Finiteness of ‖ξ‖2,1 requires slightly more the a second moment but is implied by
a 2 + ε absolute moment. In our case, the L2,1 condition is easily satisfied as the
variables we shall encounter are gamma random variables having all moments.

3.1. Continuous Case

We now address the case of weak convergence of ν
(n)
α,θ when P0 is continuous. Here we

will need to consider the process να,θ+nα. Because, we will not be working strictly
with empirical-type processes, but actually measure-like processes, we will restrict
ourselves to the quite rich class of F that constitute a Vapnik–Chervonenkis graph
class (VCGC) (see for instance ([41], p.239)). This avoids the need to otherwise
state uniform entropy-type conditions. We now present the result below for ν

(n)
α,θ .

We will present a partial proof of this result and then address the behavior of
να,θ+nα, in the next section.

Theorem 3.1. Let F be a VCGC subclass of L2(P0) and L2(H) with envelope F

such that P0(F 2) < ∞ and H(F 2) < ∞. For 0 ≤ α < 1, and θ > −α, let ν
(n)
α,θ(·)

denote the posterior, Π(n)
α,θ, process centered at its mean and scaled by

√
n. Then

when P0 is continuous, conditional on the sequence X1, X2, . . . ,

ν
(n)
α,θ Ã

√
1− αGP0 +

√
α(1− α)GH +

√
αÑ(P0 −H) in `∞(F) a.s. .

Where GP0 and GH are independent Gaussian processes, independent of Ñ which
is a standard Normal random variable.
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Proof. The process ν
(n)
α,θ is equivalent to

√
n(1−Rn)(Dn − F̃n) +

√
n(Rn − θ + nα

θ + n
)(H − F̃n) + Rnνα,θ+nα.

Now since P0 is continuous it follows that F̃n equates with the empirical measure
Pn(·) = n−1

∑n
i=1 δXi

(·), and Dn = PW where PW has weights

Wi =
G1−α,i∑n
l=1 G1−α,l

where G1−α,i are i.i.d. gamma(1 − α, 1) random variables. Furthermore, Rn is
beta(θ + nα, n(1 − α)) and hence converges in probability to α as n → ∞. So
the first term is asymptotically equivalent to the process

√
n(1− α)(PW − Pn)

and it follows that the result of ([37], Theorem 2.1) applies. Hence the process,
without the (1 − α) term, satisfies (3.3) with c = 1/

√
1− α. It is easy to see that

Rn centered by its mean and scaled by
√

n converges to a Normal distribution,
hence the second term converges in distribution to

√
αÑ(H−P0). Finally, the limit

of να,θ+nα will be verified in the next section.

4. Asymptotic Behavior of a Poisson-Dirichlet (α, θ + nα) Process

In this last section we establish the weak convergence of the process να,θ+nα. Since
Pα,θ+nα is closely associated with various properties of Brownian and Bessel pro-
cesses we expect that this result will be of interest in those settings. The establish-
ment of this result requires a few non-trivial maneuvers as Pα,θ+nα does not appear
to have any similarities to an empirical process. We first establish an important
distributional identity

Proposition 4.1. Let Pα,θ+nα denote a random probability measure with law Πα,θ+nα,
then

Pα,θ+nα(·) d=
Gθ

Gθ+nα
Pα,θ(·) +

n∑

i=1

Gα,i

Gθ+nα
P (i)

α,α(·)

where P
(i)
α,α are i.i.d. Πα,α random probability measures independent of Gθ, (Gα,i),

where Gα,i are i.i.d. gamma(α, 1) random variables, Gθ is gamma(θ, 1), independent
of (Gα,i) and Gθ+nα = Gθ +

∑n
i=1 Gα,i.

Proof. It is enough to establish this result for Pα,θ+nα(g), for an arbitrary bounded
measurable function g. The result follows by noting that for any θ > 0,

E[e−λGθPα,θ(g)] =
[∫

I

(1 + λg(x))α
H(dx)

]−θ/α

which is equivalent to the Cauchy–Stieltjes transform of order θ of Pα,θ(g), whose
form was obtained by [40]. It follows that,

E[e−λGθ+nαPα,θ+nα(g)] =
[∫

I

(1 + λg(x))α
H(dx)

]−θ/α−n
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which is the same as

E[e−λGθPα,θ(g)]
n∏

i=1

E[e−λGα,iP
(i)
α,α(g)].

Thus we can conclude that

Gθ+nαPα,θ+nα
d= GθPα,θ +

n∑

i=1

Gα,iP
(i)
α,α(·).

Now, using the fact that Gθ+nα = Gθ +
∑n

i=1 Gα,i is gamma(θ + nα, 1), it follows
using the calculus of beta and gamma random variables that

Gθ+nαPα,θ+nα(·) d= Gθ+nα

[
Gθ

Gθ+nα
Pα,θ(·) +

n∑

i=1

Gα,i

Gθ+nα
P (i)

α,α(·)
]

where on the right hand side, Gθ+nα is independent of the term in brackets. Now we
use the fact that gamma random variables are simplifiable to conclude the result.
See Chaumont and Yor ([6], sec. 1.12 and 1.13) for details on simplifiable random
variables.

Proposition 4.1 now allows us to write

να,θ+nα =
√

n
Gθ

Gθ+nα
Pα,θ(·) +

√
n

∑n
i=1 Gα,i

Gθ+nα

n∑

i=1

Gα,i∑n
i=1 Gα,i

P (i)
α,α(·)−√nH(·).

Additionally one has for θ > 0, the covariance formula

cov(
Gθ

θ
(Pα,θ −H)(f),

Gθ

θ
(Pα,θ −H)(g)) =

1− α

θ
[H(fg)−H(f)H(g)],

which follows from Lemma 2.1. Using these points we obtain the next result.

Theorem 4.1. Let F be a VCGC subclass of L2(H) with envelope F such that
H(F 2) < ∞. Let, for 0 < α < 1 and θ > −α, Pα,θ+nα denote the random
probability measure with Poisson-Dirichlet law Πα,θ+nα, and define να,θ+nα(·) :=√

n(Pα,θ+nα −H)(·). Then as n →∞,

να,θ+nα Ã
√

1− α√
α

GH in `∞(F).

Proof. The key to this result is of course Proposition 4.1, which allows us to express
να,θ+nα, in terms of i.i.d. processes P

(i)
α,α having mean H and variance for each A,

as
1− α

1 + α
H(A)[1−H(A)].

In particular, it follows that the asymptotic distributional behavior of να,θ+nα is
equivalent to that of

√
n

n∑

i=1

Gα,i∑n
j=1 Gα,i

(P (i)
α,α −H)(·).

Appealing, again, to the law of large numbers we may instead use the process

1√
n

n∑

i=1

Gα,i

α
(P (i)

α,α −H)(·)
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which decomposes into the sum of two asymptotically independent pieces,

1√
n

n∑

i=1

(
Gα,i

α
− 1)(P (i)

α,α −H)(·) +
1√
n

n∑

i=1

(P (i)
α,α −H)(·).

The second term is a measure-like process in the sense of [1] and ([39], section
2.11.1.1). However since we have chosen the class to be VCGC, convergence of
this process follows by using arguments similar to that in ([41], section 7.8). The
first term then converges by the multiplier CLT in Banach spaces ([24] or ([23],
Proposition 10.4)).

4.1. Dirichlet Process Asymptotics for θ → ∞

The next result describes weak convergence of a centered Dirichlet process as θ →
∞.

Theorem 4.2. Let F be a VCGC subclass of L2(H) with envelope F such that
H(F 2) < ∞. Let, for θ > 0, P0,θ denote a Dirichlet Process with law Π0,θ, having
mean H, and define τθ(·) :=

√
θ(P0,θ − H)(·). Assume without loss of generality

that θ = nκ, for κ a fixed positive number. Then as n →∞,

τθ Ã GH in `∞(F),

where GH is a H-Brownian bridge. Furthermore the limit does not depend on κ.

Proof. By an argument similar to Proposition 4.1, one can write

GθP0,θ
d=

n∑

i=1

Gκ,iP
(i)
0,κ.

Hence τθ is asymptotically equivalent to
√

κ√
n

n∑

i=1

(
Gκ,i

κ
− 1

)
(P (i)

0,κ −H)(·) +
√

κ√
n

n∑

i=1

(P (i)
0,κ −H)(·).

The result then follows analogous to Theorem 4.1.
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[16] Giné, E. and Zinn, J. (1990). Bootstrapping general empirical measures.
Ann. Probab. 18, 851–869.

[17] Ishwaran, H. and James. L.F. (2003). Generalized weighted Chinese restau-
rant processes for species sampling mixture models. Statist. Sinica 13 1211–
1235.

[18] Ishwaran, H. and James. L.F. (2001). Gibbs sampling methods for stick-
breaking priors. J. Amer. Statist. Assoc. 96, 161–173.

[19] James, L.F., Lijoi, A. and Prünster, I.(2006). Distributions of
linear functionals of two-parameter Poisson-Dirichlet random measures.
http://arxiv.org/abs/math.PR/0609488. To appear Ann. Appl. Probab.

[20] Jang, J., Lee, J. and Lee, S. (2007). Posterior consistency of species sam-
pling models. Preprint.

[21] Joyce, P., Krone, S. M. and Kurtz, T. G. (2002). Gaussian limits asso-
ciated with the Poisson–Dirichlet distribution and the Ewens sampling formula.
Ann. Appl. Probab. 12 101–124.

[22] Kim, Y. and Lee, J. (2004). A Bernstein-von Mises theorem in the nonpara-
metric right-censoring model. Ann. Statist. 32, 1492–1512.

[23] Ledoux, M. and Talagrand, M. (1991). Probability in Banach spaces.
Isoperimetry and processes. Ergebnisse der Mathematik und ihrer Grenzgebiete
(3) [Results in Mathematics and Related Areas (3)], 23. Springer-Verlag, Berlin.

[24] Ledoux, M. and Talagrand, M. (1986). Conditions d’intégrabilité pour les
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Abstract: We review definitions and properties of reproducing kernel Hilbert
spaces attached to Gaussian variables and processes, with a view to appli-
cations in nonparametric Bayesian statistics using Gaussian priors. The rate
of contraction of posterior distributions based on Gaussian priors can be de-
scribed through a concentration function that is expressed in the reproducing
Hilbert space. Absolute continuity of Gaussian measures and concentration
inequalities play an important role in understanding and deriving this result.
Series expansions of Gaussian variables and transformations of their reproduc-
ing kernel Hilbert spaces under linear maps are useful tools to compute the
concentration function.
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1. Introduction

Ghosal, Ghosh and van der Vaart considered in [4] the rate of contraction of a
posterior distribution based on i.i.d. observations to the true density. Given prior
probability measures Πn defined on a set P of densities p relative to a given σ-
finite measure on a measurable space (such that the maps (x, p) 7→ p(x) are jointly
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measurable) and observations X1, . . . , Xn, they characterized the rate εn ↓ 0 at
which the posterior distribution

(1.1) Πn(B|X1, . . . , Xn) =

∫
B

∏n
i=1p(Xi) dΠn(p)∫ ∏n

i=1p(Xi) dΠn(p)

contracts to p0 if the observations are an i.i.d. sample from this density, i.e. the
rate for which

Ep0Πn

(
p: d(p, p0) > Mεn|X1, . . . , Xn

) → 0,

for sufficiently large M . In their results d can be the Hellinger distance, the L1-
distance, or the L2-distance if the densities are uniformly bounded above.

The paper [15] applied these results to priors Πn constructed from Gaussian
processes. They consider a prior Πn constructed as the distribution of pW , for W
a Gaussian random element in a Banach space

(
B, ‖ · ‖) and w 7→ pw a map such

that, for some constant C and all v, w ∈ B with ‖v − w‖ bounded above by some
fixed constant,

d(pv, pw) ≤ C‖v − w‖,
K(pv, pw) ≤ C‖v − w‖2,
V (pv, pw) ≤ C‖v − w‖2.

Here K(p, q) =
∫

log(p/q) p dµ is the Kullback-Leibler divergence and V (p, q) =∫ (
log(p/q)

)2
p dµ. This setting covers, for instance, the case of density estimation

on [0, 1] as considered in Tokdar and Ghosh [14], with d the Hellinger distance, the
Banach space equal to B = C[0, 1] and

pw(x) =
ewx

∫ 1

0
ewy dy

.

It also covers logistic or probit regression as considered in [5] with appropriate
choices and several other situations, as shown in [15].

In the latter paper it is shown that if the true density takes the form p0 = pw0 ,
then the rate of posterior contraction εn is characterized by the pair of equations

inf
h∈H:‖h−w0‖<εn

‖h‖2H ≤ nε2
n,(1.2)

− log P
(‖W‖ < εn

) ≤ nε2
n.(1.3)

Here (H, ‖ · ‖H) is the reproducing kernel Hilbert space (RKHS) of the Gaussian
variable, and P

(‖W‖ < ε
)

is its small ball probability (cf. [11]). Both equations
have a minimal solution εn, and the rate is the worse of the two solutions. The
second depends only on the prior, and gives a maximal rate regardless of the true
parameter w0, whereas the first involves the true parameter.

The reproducing kernel Hilbert space arises because it determines the support
and the ‘geometry’ of the concentration of the Gaussian measure, which are crucial
for its success as a prior. Results on RKHSs of Gaussian variables are spread over
many research papers, and sometimes seem to belong to what is ‘well known’ with-
out clear references. Moreover, there are different definitions for stochastic processes
and Borel measurable maps in a separable Banach space. In this paper we review
definitions, investigate when the different definitions agree, and derive results that
are useful for the construction of priors and the study of posterior distributions.
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2. Definitions and Elementary Properties

In this section we give and compare two definitions of RKHS, one for stochastic
processes and one for Borel measurable maps in a Banach space.

2.1. Gaussian Processes

A zero-mean Gaussian stochastic process W = (Wt: t ∈ T ) is a set of random vari-
ables Wt indexed by an arbitrary set T and defined on a common probability space
(Ω,U , P) such that each finite subset possesses a zero-mean multivariate normal
distribution. The finite-dimensional distributions of such a process are determined
by the covariance function K:T × T →R, defined by

K(s, t) = EWsWt.

The reproducing kernel Hilbert space (RKHS) attached to the Gaussian process W
is the completion H of the linear space of all functions

(2.1) t 7→
k∑

i=1

αiK(si, t), α1, . . . , αk ∈ R, s1, . . . , sk ∈ T, k ∈ N,

relative to the norm induced by the inner product

(2.2)
〈 k∑

i=1

αiK(si, ·),
l∑

j=1

βjK(tj , ·)
〉
H

=
k∑

i=1

l∑

j=1

αiβjK(si, tj).

It can be checked that this definition is independent of the representation of the
functions on the left, and that this defines a valid inner product.

The completion of the collection of functions (2.1) is an abstract metric-
topological operation using the metric induced by the inner product (2.2) only.
As such the completion is not a space of functions f : T → R. However, it can be
identified with a space of functions f : T 7→ R, through the reproducing formula

f(t) = 〈f, K(t, ·)〉H.

For f a linear combination of the form
∑k

i=1αiK(si, ·) this formula follows from the
definition (2.2) of the inner product 〈·, ·〉H. For general f ∈ H the (extended) inner
product on the right (with the extended function K(t, ·)) is well defined through
the completion operation, and can be used to define a function f : T 7→ R.

Alternatively, the function in (2.1) can be written as

(2.3) t 7→ EWtH, H =
∑

i

αiWsi .

With the function in the display written as EW·H, the inner product (2.2) is equal
to 〈

EW·H1,EW·H2

〉
H = EH1H2.

Thus the map H 7→ EW·H is an isometry for the norm of the L2-space attached to
the probability space (Ω,U , P) on which the process W is defined and the RKHS-
norm. The stochastic process RKHS H, which is defined as the completion of the
set of functions (2.3), is therefore precisely the set of functions t 7→ EWtH with
H ranging over the closure of the set of linear combinations H =

∑
i αiWsi in

L2(Ω,U ,P) (known as the first order chaos of W ). It follows again that we can
view H as a Hilbert space of functions on T .
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2.2. Gaussian Elements in a Banach Space

A Borel measurable random element W with values in a separable Banach space
(B, ‖ · ‖) is called Gaussian if the random variable b∗W is normally distributed for
any element b∗ of the dual space B∗ of B, and it is called zero-mean if the mean
of every such variable b∗W is zero. Henceforth we shall only consider zero-mean
Gaussian variables.

It is well known that the norm ‖W‖ of a zero-mean Gaussian variable, which is
a finite random variable by the assumption that W takes its values in B, has sub-
Gaussian tails. (cf. Corollary 5.1 below, or, e.g., ([17], Propositions A.2.1 and A.2.3)
for a direct proof.) In particular, all moments E‖W‖p are finite. We set

σ2(W ) = sup
b∗∈B∗:‖b∗‖=1

Eb∗(W )2.

This is a finite number, bounded by E‖W‖2.
For every element b∗ ∈ B∗ we define Sb∗ ∈ B as the Pettis integral EWb∗(W )

of the B-valued random element Wb∗(W ). By definition, this Pettis integral is an
element Sb∗ of B such that b∗2(Sb∗) = Eb∗2(W )b∗(W ) for every b∗2 ∈ B∗. The following
lemma allows us to derive the existence of the Pettis integral from the fact that
E‖W‖2 < ∞.

Lemma 2.1. If X is a Borel measurable map in a separable Banach space B with
E‖X‖ < ∞, then there exists an element b ∈ B such that b∗(b) = Eb∗(X) for every
b∗ ∈ B∗.
Proof. Because the Banach space is assumed separable, the map X is automatically
tight (e.g. [17], 1.3.2). Therefore, for any n ∈ N there exists a compact set K such
that E‖X‖1X /∈K < 1/n. This compact set can be partitioned into finitely many
sets Bi of diameter smaller than 1/n. Without loss of generality these partitions
can be chosen as successive refinements for increasing n. Let Xn =

∑
i bi1X∈Bi

for bi arbitrary points in the partitioning sets. Then EXn: =
∑

i biP(X ∈ Bi)
satisfies b∗(EXn) = Eb∗(Xn) for every b∗ ∈ B∗. Furthermore, the sequence EXn is
a Cauchy sequence in B, because ‖EXn − EXm‖ = sup‖b∗‖=1 |Eb∗(Xn − Xm)| ≤
E‖Xn − Xm‖ → 0 as n,m → ∞. Because E‖Xn − X‖ < 2/n, we have that
b∗(EXn) = Eb∗(Xn) → Eb∗(X) for every b∗ ∈ B. The strong limit b of the sequence
EXn is of course also a weak limit, whence b∗(b) = Eb∗(X) for every b∗ ∈ B∗.

The reproducing kernel Hilbert space (RKHS) H attached to W is the completion
of the range SB∗ of the map S:B∗ → B defined by Sb∗ = EWb∗(W ) for the inner
product

〈Sb∗1, Sb∗2〉H = Eb∗1(W )b∗2(W ).

By the Hahn–Banach theorem and the Cauchy–Schwarz inequality,

‖Sb∗‖ = sup
b∗2∈B∗:‖b∗2‖=1

|b∗2(Sb∗)| = sup
b∗2∈B∗:‖b∗2‖=1

|Eb∗2(W )b∗(W )|

≤ σ(W )
(
Eb∗(W )2

)1/2 = σ(W )‖Sb∗‖H.(2.4)

It follows that the RKHS-norm on the set SB∗ is stronger than the original norm,
so that a ‖ · ‖H-Cauchy sequence in SB∗ ⊂ B is a ‖ · ‖-Cauchy sequence in B.
Consequently, the RKHS, which is by definition the completion of the set SB∗
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under the RKHS norm, can be identified with a subset of B. In terms of the unit
balls B1 and H1 of B and H the preceding display can be written as

(2.5) H1 ⊂ σ(W )B1.

In other words, the norm of the embedding i:H→ B is bounded by σ(W ).

Lemma 2.2. The map S:B∗ → H is weak-* continuous.

Proof. The unit ball B∗1 of the dual space is weak-* metrizable ([12], 3.16). Therefore
the restricted map S:B∗1 → H is weak-* continuous if and only if weak-* convergence
of a sequence b∗n in B∗1 to an element b∗ implies that Sb∗n → Sb∗ inH. Now the weak-*
convergence b∗n → b∗ is by definition pointwise convergence on B. Then the sequence
(b∗n− b∗)(W ) tends to zero (almost) surely, and hence also in distribution. Because
each of these variables is zero-mean Gaussian, this implies that the variances tend
to zero, i.e. ‖Sb∗n − Sb∗‖2H = E(b∗n − b)2(W ) → 0. (Alternatively, use the uniform
integrability of the variables b∗W instead of the Gaussianity.)

This concludes the proof that the restriction of S to the unit ball B∗1 is continuous.
A weak-* converging net b∗n in B∗ is necessarily bounded in norm, by the Banach–
Steinhaus theorem ([12], 2.5), and hence is contained in a multiple of the unit ball.
The continuity of the restriction then shows that Sb∗n → Sb∗, which concludes the
proof.

Corollary 2.1. If B∗0 is a weak-* dense subset of B∗, then H is the completion of
SB∗0.

By the definitions 〈Sb∗, Sb∗〉H = Eb∗Wb∗W = b∗(Sb∗), for any b∗, b∗ ∈ B∗. By
continuity of the inner product this extends to the reproducing formula:

(2.6) 〈Sb∗, h〉H = b∗(h),

which is valid for every h ∈ H and b∗ ∈ B∗.
Just as for stochastic processes there is an alternative representation of the RKHS

through ‘first chaos’, in the present setting defined as the closed linear span of the
variables b∗W in L2(Ω,U , P). The elements Sb∗ of the RKHS can be written Sb∗ =
EHW for H = b∗W , and the RKHS-norm of Sb∗ is by definition the L2(Ω,U , P)-
norm of this H. This immediately implies the following lemma. Note that EHW is
well defined as a Pettis integral for every H ∈ L2(Ω,U , P), by Lemma 2.1.

Lemma 2.3. The RKHS is the set of Pettis integrals EHW for H ranging over
the closed linear span of the variables b∗W in L2(Ω,U ,P) with inner product
〈EH1W,H2W 〉H = EH1H2.

It is useful to decompose the map S:B∗ → B as S = A∗A for A∗: L2(Ω,U ,P) → B
and A:B∗ → L2(Ω,U , P) given by

A∗H = EHW,

Ab∗ = b∗W.

It may be checked that the operators A and A∗ are indeed adjoints, after identifying
B with a subset of its second dual space B∗ under the canonical embedding ([12],
3.15, 4.5), as the notation suggests. By the preceding lemma the RKHS is the
image of the first chaos space under A∗. Because R(A)⊥ = N(A∗) the full range
R(A∗) = A∗

(
L2(Ω,U ,P)

)
is not bigger than the image of the first chaos, although
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the map A∗:L2(Ω,U , P) → H is an isometry only if restricted to the first chaos
space.

Recall that an operator is compact if it maps bounded sets into precompact sets,
or, equivalently, maps bounded sequences into sequences that possess a converging
subsequence.

Lemma 2.4. The maps A∗: L2(Ω,U , P) → B and A:B∗ → L2(Ω,U ,P) and S:B∗ →
B are compact for the norms.

Proof. In general an operator is compact if and only if its adjoint is compact,
and a composition with a compact operator is compact (see ([12], 4.19). To prove
the compactness of A fix some sequence b∗n in the unit ball B∗1. As the unit ball
is weak-* compact by the Banach–Alaoglu theorem ([12], 4.3(c)), there exists a
subsequence along which b∗nj

converges pointwise on B to a limit b∗. Consequently
b∗nj

(W ) → b∗(W ) almost surely, and hence in second mean.

As a consequence we can conclude that the unit ball of the RKHS is precompact
in B. Indeed,H1 = A∗U1 for U1 the unit ball of L2(Ω,U ,P), and hence is precompact
by the compactness of A∗.

Example 2.1 (Hilbert space). The covariance operator of a mean zero Gaussian
random element W in a Hilbert space B with inner product 〈·, ·〉 is the map S:B→ B
that satisfies E〈W, b1〉〈W, b2〉 = 〈b1, Sb2〉. It is well known that S is continuous,
linear, positive, self-adjoint, and of finite trace, and hence it possesses a square root,
which is another positive, self-adjoint operator S1/2:B→ B such that S1/2S1/2 = S.
(The square root can also be described as having the same eigenfunctions as S with
eigenvalues the square roots of the eigenvalues of S.) The RKHS of W can be
characterized as the range of S1/2 equipped with the norm ‖S1/2b‖H = ‖b‖.

To see this note that the covariance operator S is exactly the operator S as defined
previously, after the usual identification of the dual space B∗ with B itself: b ∈ B
corresponds to the element b1 7→ 〈b, b1〉 of B∗. Hence the RKHS is the completion
of the elements Sb under the square norm ‖Sb‖2H = E〈W, b〉2 = 〈b, Sb〉 = ‖S1/2b‖2.
This is the same as the completion of the set of functions S1/2c (with c = S1/2b)
under the norm ‖S1/2c‖2V = ‖c‖2. The latter set is of course already complete, so
that completion is superfluous.

2.3. Comparison

If the sample paths t 7→ Wt of a stochastic process W = (Wt: t ∈ T ) belong to
a Banach space of functions, then the process can be viewed as a map W into
the Banach space. If it is a Borel measurable map, then the preceding gives two
definitions of a RKHS. The two definitions will coincide provided the dual space
can be appropriately related to the covariance function. In particular, if the coor-
dinate projections πt:B → R, defined by b 7→ b(t), are elements of the dual space,
then Wt = πt(W ) and the covariance function K(s, t) = EWsWt takes the form
Eπs(W )πt(W ) = 〈Sπs, Sπt〉H. If the other elements Sb∗ are determined by the ele-
ments Sπt, then the two definitions should be the same. It appears that in general
some conditions are needed to make the link between the two definitions. For the
Banach space `∞(T ) of uniformly bounded functions z: T → R equipped with the
uniform norm ‖z‖ = sup{|z(t)|: t ∈ T}, this can always be done.

The following result is probably known to the experts, but we do not know a
published reference.
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Theorem 2.1. If W is a Borel measurable zero-mean Gaussian random element
in a complete separable subspace of `∞(T ) equipped with the uniform norm, then
the Banach space RKHS and the stochastic process RKHS coincide. Furthermore
Sπt = K(t, ·).
Proof. For a given tight Borel measurable random element W in `∞(T ) there exists
a semimetric ρ on T under which T is totally bounded and such that W takes
its values in the subspace UC(T, ρ) of functions f : T → R that are uniformly
continuous relative to ρ (e.g. [17], Lemma 1.5.9). Thus we may assume without loss
of generality that W takes its values in UC(T, ρ) for such a semimetric ρ. The space
UC(T, ρ) is a Banach space under the supremum norm ‖f‖ = sup{|f(t)|: t ∈ T}.
Let K(s, t) = EWsWt.

The coordinate projections πt: f 7→ f(t) belong to the dual space UC(T, ρ)∗. The
corresponding Pettis integral Sπt is the function K(t, ·). This follows because it is
contained in UC(T, ρ) and, furthermore, for every s ∈ T ,

πs

(
K(t, ·)) = K(t, s) = EWsWt = Eπs(W )πt(W ).

Because the coordinate projections πtf identify f uniquely it follows that K(t, ·) =
EWπt(W ) = Sπt.

Thus the stochastic process RKHS, defined as the completion of the linear com-
binations (2.1), is contained in the Banach space RKHS. The inner products on the
two spaces agree, because

〈Sπs, Sπt〉H = Eπt(W )πs(W ) = K(s, t) =
〈
K(s, ·),K(t, ·)〉H.

By the Riesz representation theorem an arbitary element of UC(T, ρ)∗ is a map
f 7→ ∫

f̄(t) dµ(t) for a signed Borel measure on the completion T̄ of T and f̄ : T̄ →R
is the continuous extension of f . Because T is totally bounded we can write it for
each m ∈ N as a finite union of sets of diameter smaller than 1/m. If we define µm

as the measure obtained by concentrating the masses of µ on the partitioning sets
in a fixed, single point in the partitioning set, then

∫
f̄ dµm → ∫

f̄ dµ as m → ∞,
for each f ∈ UC(T, ρ). The map f 7→ ∫

f̄ dµm is a linear combination of coordinate
projections. It follows that for any b∗ ∈ UC(T, ρ)∗ there exists a sequence b∗m of
linear combinations of coordinate projections that converges pointwise on UC(T, ρ)
to b∗. In other words, the linear span B∗0 of coordinate projections is weak-* dense
in UC(T, ρ)∗, and hence the RKHS is the completion of SB∗0, by Lemma 2.1.

Example 2.2. The preceding theorem applies, for instance, to the space of contin-
uous functions z: T →R on a compact metric space T . For instance C[0, 1].

A more general connection between the two definitions of a RKHS can be made
by embedding the Banach space B in its second dual (see [12], 4.15). This is some-
what technical and will not be needed in the rest of the paper. The canonical
embedding is, as usual, the identification of b ∈ B with the map b∗∗:B∗ → R de-
fined by b∗∗(b∗) = b∗(b). A Borel measurable random element W in B becomes
identified in this way with the stochastic process W ∗∗ =

(
b∗(W ): b∗ ∈ B∗), which

has covariance function

K(b∗1, b
∗
2) = Eb∗1(W )b∗2(W ).

The stochastic process RKHS H attached to this process in Section 2.1 is the
completion of the set of functions K(b∗, ·):B∗ →R relative to the inner product

〈K(b∗1, ·),K(b∗2, ·)〉H = K(b∗1, b
∗
2) = Eb∗1(W )b∗2(W ).
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The function K(b∗, ·) is exacly the Pettis integral EWb∗(W ), written Sb∗ in the
preceding and now viewed as an element of B∗∗; and the inner product in the
display is exactly 〈Sb∗1, Sb∗2〉H. Thus the two definitions of RKHS coincide, after
identification of B and its image in B∗∗ under the canonical embedding.

3. Absolute Continuity

Given a zero-mean Gaussian process W = (Wt: t ∈ T ) with covariance kernel K
defined on a probability space (Ω,U ,P) with RKHS H as defined in Section 2.1, we
can define a map U :H→ L2(Ω,U , P) by defining

(3.1) UK(t, ·) = Wt,

and extending linearly and continuously. This map is an Hilbert space isometry,
since

EUK(s, ·)UK(t, ·) = EWsWt = K(s, t) =
〈
K(s, ·),K(t, ·)〉H.

This isometry property also implies the existence of the extension. It follows that
the process (Uh: h ∈ H) is the iso-Gaussian process indexed by H: a mean-zero
Gaussian process with covariance function EUgUh = 〈g, h〉H.

The process W induces a distribution PW on the product σ-field of RT . For
a function f :T 7→ R the process (Wt + f(t): t ∈ T ) induces another distribution
PW+f on the same space.

Lemma 3.1. If f ∈ H, then PW+f and PW are equivalent and

dPW+f

dPW
(W ) = eUf− 1

2‖f‖
2
H , a.s..

Proof. The process W is the ‘subprocess’ WG = (Ug: g ∈ G) of the iso-Gaussian
process WH = (Uh:h ∈ H) for G the set of functions K(t, ·) with t ranging over T .
From the general theory of Gaussian processes

(3.2)
dPWH+(〈h,f〉H:h∈H)

dPWH

(
WH)

= eUf− 1
2‖f‖

2
H , a.s..

The process WG arises from the iso-Gaussian process by the projection πG:RH →
RG. The corresponding Radon–Nikodym derivative can be found as the conditional
expectation

dPWG+(〈g,f〉H:g∈G)

dPWG

(
WG)

= E
(dPWH+(〈h,f〉H:h∈H)

dPWH

(
WH)|WG

)
.

Because lin (G) is dense in H by construction and U is continuous, the variable Uf is
the L2(Ω,U , P)-limit of a sequence Ugn with (gn) ⊂ lin (G) and hence is measurable
relative to the completion of the σ-field generated by WG. Consequently, the right
side of (3.2) is WG-measurable as well and hence the conditional expectation in the
preceding display is unnecessary.

Finally, note that the shift 〈g, f〉H is exactly the function f after the identification
g ↔ K(t, ·), by the reproducing property: f(t) = 〈K(t, ·), f〉H for every t ∈ T .

Let H be the abstract RKHS attached to a zero-mean, Borel measurable, Gaus-
sian random element W in a separable Banach space B defined on a probability
space (Ω,U , P). Let U :H→ L2(Ω,U ,P) be the isometry defined by

(3.3) U(Sb∗) = b∗(W ), b∗ ∈ B∗,
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and extending continuously. It is the same map U as in (3.1) if we make the iden-
tification Sπt = K(t, ·) of Theorem 2.1; also US = A for A defined in Section 2.2.
As before the map U is an isometry. The preceding lemma can be translated to the
present situation.

Lemma 3.2. If h ∈ H then the distributions PW+h and PW of W + h and W on
B are equivalent and

dPW+h

dPW
(W ) = eUh− 1

2‖h‖
2
H , a.s..

Proof. The process W ∗∗ =
(
b∗(W ): b∗ ∈ B∗) arising from W through the canonical

embedding generates the same σ-field on the underlying probability space as W
and can be viewed as a measurable transformation of W under the map φ:B →
RB∗ given by φ(b)(b∗) = b∗(b). The process W + h is transformed in the process
W ∗∗ + h∗∗ = φ(W + h). The result therefore follows from Lemma 3.1.

The following alternative proof is given in Proposition 2.1 in [3]. The isometry
property of U shows that E(Uh)2 = ‖h‖2H. Because Uh is in the closed linear span
of the zero-mean Gaussian variables USb∗ = b∗W , it is itself zero-mean Gaussian.
It follows that

dQ = eUh− 1
2‖h‖

2
H dP

defines a probability measure on (Ω,U). For any b∗1, b
∗
2 ∈ B∗ the joint distribution

of (USb∗1, USb∗2) = (b∗1W, b∗2W ) is bivariate normal with mean zero and covariance
matrix

(〈Sb∗i , Sb∗j 〉H
)
i,j=1,2

. By taking limits we see that for every h ∈ H the joint
distribution of (b∗1W,Uh) is bivariate normal with mean zero and covariance matrix
Σ with Σ1,1 = ‖Sb∗1‖2H, Σ1,2 = 〈Sb∗1, h〉H and Σ2,2 = ‖h‖2H. Thus

EQeib∗1W = Eeib∗1W eUh− 1
2‖h‖

2
H = e

1
2 (i,1)Σ(i,1)T

e−
1
2‖h‖

2
H = e−

1
2Σ1,1+iΣ1,2 .

The right side is also equal to

Eeib∗1W+i〈Sb∗1 ,h〉H = Eeib∗1(W+h).

The last step follows from the reproducing formula (2.6). We conclude that the
distribution of W + h under P is the same as the distribution of W under Q, i.e.
P(W + h ∈ B) = EQ1B(W ) = E1B(W )(dQ/dP).

The preceding lemma requires that the shift h is contained in the RKHS. If this
is not the case, then there is no density.

Lemma 3.3. If b /∈ H then the distributions PW+b and PW of W + b and W on
B are orthogonal.

Proof. By Lemma 5.1 (below) the closure H̄ of H in B is the support of W . Because
the affine spaces H̄ and H̄+b are disjoint if b /∈ H̄, the assertion is clear if b ∈ B−H̄.
Therefore, it is not a loss of generality to assume that B is the closure of H.

Fix a sequence {b∗n} ⊂ B∗ whose linear span is dense (for the norm) in B∗ and
is such that the variables b∗nW are i.i.d. standard normal variables. We prove the
existence of such a sequence at the end of the proof. We claim that H = {b ∈
B:

∑∞
n=1(b

∗
nb)2 < ∞}. Indeed, the sequence hn = Sb∗n is orthonormal in H by the

definition of the inner product in H and lin (hn) = S lin (b∗n) is dense in SB∗ by
construction of the sequence b∗n and continuity of S. By the reproducing formula
b∗nh = 〈h, hn〉H for every h ∈ H, whence

∑
n(b∗nh)2 < ∞. Conversely, if

∑
n(b∗nb)2 <
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∞, then h: =
∑

n(b∗nb)hn is a well-defined element of H, with b∗mh = b∗mb for every
m because b∗mhn = 〈hn, hm〉H = δmn. Because the linear span of the sequence (b∗n)
is dense in B∗ it follows that b∗h = b∗b for every b∗ and hence b = h, which is
contained in H.

The map φ:B → R∞ defined by b 7→ (b∗nb) is well defined and measurable. It
maps W onto a sequence (Zn) = φ(W ) of standard normal variables and maps
W + b onto the sequence (Zn + b∗nb) of independent shifted normal variables. By
Kakutani’s dichotomy the latter two laws are orthogonal if

∑
n(b∗nb)2 = ∞. This

implies the orthogonality of the laws of W and W + b.
Finally we prove the existence of (b∗n) as claimed. Starting with an arbitrary

dense sequence (b∗n) in B∗, we can make this linearly independent by removing
from left to right in the sequence b∗1, b

∗
2, . . . every b∗n that can be written as a

linear combination of the preceding (left-over) b∗j . This procedure yields a linearly
independent sequence (b∗n) whose span is dense in B∗. The random variables b∗nW
are automatically linearly independent in L2(Ω,U ,P), because

∑
n λnb∗nW = 0,

almost surely for a sequence λn with finitely many nonzero elements. This implies
that

∑
n λnb∗n is zero on a set with probability one under the law of W , and hence

by continuity also on the support of this law, which is B by assumption. Thus
we can apply the Gramm–Schmidt procedure to turn the sequence b∗nW into a
sequence of standard normal variables (Zn). Then Zn =

∑n
i=1λi,nb∗i W for every n

for a triangular array of coefficients (λi,n) with λn,n 6= 0 for every n. The sequence∑n
i=1λi,nb∗i has the desired properties.

4. Series Representation

Suppose that the covariance kernel K of the Gaussian process W = (Wt: t ∈ T ),
defined on the probability space (Ω,U , P), can be written in the form

(4.1) K(s, t) =
∞∑

j=1

λjφj(s)φj(t)

for positive numbers λ1, λ2, . . . and arbitrary functions φj : T →R, where the series
is assumed to converge pointwise on T×T . The convergence on the diagonal implies
that

∑
j λjφ

2
j (t) < ∞ for all t ∈ T . Then by the Cauchy–Schwarz inequality the

series
∑∞

j=1 wjφj(t) converges absolutely for every sequence (wj) of numbers with∑
j w2

j /λj < ∞, for every t, and hence defines a function from T to R. We assume
that the functions φj are linearly independent in the sense that

∑
j wjφj(t) = 0 for

every t ∈ T for some sequence (wj) with
∑

j w2
j /λj < ∞ implying that wj = 0 for

every j ∈ N.

Theorem 4.1. If the covariance function K of the mean-zero Gaussian process
W = (Wt: t ∈ T ) can be represented as in (4.1) for numbers λj and functions
φj : T → R which satisfy

∑∞
j=1 λjφ

2
j (t) < ∞ for every t ∈ T and are linearly

independent as indicated, then the RKHS of the stochastic process W is the set of
all functions

∑∞
j=1 wjφj(t) with

∑∞
j=1 w2

j /λj < ∞, and the inner product is given
by

(4.2)
〈 ∞∑

i=1

viφi,

∞∑

j=1

wjφj

〉
H

=
∞∑

j=1

vjwj

λj
.
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Proof. Under the condition that
∑∞

k=1 λkφ2
k(t) < ∞ for every t ∈ T , the infinite

sum defining K(s, t) converges for every (s, t) ∈ T × T , by the Cauchy–Schwarz
inequality, and hence the kernel is well defined. Let H be the set of all series∑∞

k=1 fkφk when (fk) ranges over the sequences with
∑∞

k=1 f2
k/λk < ∞. (These

series were noted to converge pointwise absolutely before the statement of the the-
orem.) By the assumed linear independence of the functions φj , the coefficients
(fj) are identifiable from the corresponding functions

∑
j fjφj ∈ H. Therefore we

can define a bijection i: H → `2 by i:
∑

k fkφk 7→ (fk/
√

λk). The set H becomes a
Hilbert space under the inner product induced from `2, which is given on the right
side of (4.2), and which we denote by 〈·, ·〉H . We must prove that this inner product
agrees with the inner product of H and that H and H are the same as sets.

The function K(s, ·) has a representation
∑∞

k=1 fkφk for fk = λkφk(s), and hence
is contained in H. It also follows that

〈
K(s, ·),K(t, ·)〉

H
=

∞∑

k=1

λkφk(s)λkφk(t)
λk

= K(s, t) =
〈
K(s, ·),K(t, ·)〉H,

where the second equality follows from the series representation of K, and the third
is (2.2). Thus the inner products of H and H agree. We conclude that H contains
H isometrically.

The space H has the reproducing property: 〈f, K(t, ·)〉H = f(t) for every t ∈ T
and f ∈ H. This follows from

〈
f, K(t, ·)〉

H
=

〈∑

k

fkφk,
∑

k

λkφk

〉
H

=
∑

k

fkλkφk(t)
λk

= f(t).

If f ∈ H with f ⊥ H, then in particular f ⊥ K(t, ·) for every t ∈ T and hence
f(t) = 0 by the reproducing formula. Thus H = H.

Series expansions of the type (4.1) are not unique, and some may be more useful
than others. They may arise as an eigenvalue expansion of the operator correspond-
ing to the covariance function. However, this is not a requirement of the proposition,
which applies to arbitrary functions φj .

Example 4.1. Suppose that (T, Θ, ν) is a measurable space and
∫ ∫

K2(s, t) dν(s) dν(t) < ∞.

Then the integral operator K:L2(T, Θ, ν) → L2(T, Θ, ν) defined by

Kf(t) =
∫

f(s)K(s, t) dν(t)

is compact and positive self-adjoint. Thus there exists a sequence of eigenvalues
λk ↓ 0 and an orthonormal system of eigenfunctions φk ∈ L2(T,Θ, ν) (thus Kφk =
λkφk for every k ∈ N) such that (4.1) holds, where the series converges in L2(T ×
T, Θ×Θ, ν×ν). The series

∑
k fkφk now converges in L2(T, Θ, ν) for any sequence

(fk) in `2. By the orthonormality of the functions φk, they are certainly linearly
independent.

If the series (4.1) also converges pointwise on T ×T , then in particular K(t, t) =∑
k λkφ2

k(t) < ∞ for all t ∈ T and Theorem 4.1 shows that the RKHS is the set of
all functions

∑
k fkφk for sequences (fk) such that (fk/

√
λk) ∈ `2.

If the kernel is suitably regular, then we can apply the preceding with many choices
of measure ν, leading to different eigenfunction expansions.
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If the process itself can be expanded as a series

W =
∞∑

j=1

µjZjφj ,

for a sequence of i.i.d. standard normal variables (Zj) and suitable functions φj ,
where the series converges in L2(Ω,U ,P), then (4.1) holds with λj = µ2

j and the
stochastic process RKHS takes the form given by the preceding proposition. The
following proposition gives a Banach space version of this result.

Theorem 4.2. Let (hi) be a sequence of elements in a separable Banach space B
such that

∑∞
i=1 wihi = 0 for a sequence w ∈ `2, where the convergence is in B,

implying that w = 0. Let (Zi) be an i.i.d. sequence of standard normal variables
and assume that the series W =

∑∞
i=1 Zihi converges almost surely in B. Then the

RKHS of W as a map in B is given by H = {∑∞
i=1 wihi: w ∈ `2 < ∞} with squared

norm ‖∑
wihi‖2H =

∑
i w2

i .

Proof. The almost sure convergence of the series W =
∑∞

i=1 Zihi in B implies
the almost sure convergence of the series b∗W =

∑∞
i=1 Zib

∗hi in R, for any b∗ ∈
B∗. Because the partial sums of the last series are zero-mean Gaussian, the series
converges also in L2(Ω,U ,P). Hence for any b∗, b∗ ∈ B∗,

Eb∗Wb∗W = E
∞∑

i=1

Zib
∗hi

∞∑

i=1

Zib
∗hi =

∞∑

i=1

b∗hib
∗hi.

In particular, the sequence (b∗hi) is contained in `2 for every b∗ ∈ B∗, with square
norm E(b∗W )2.

For w ∈ `2 and natural numbers m < n, by the Hahn–Banach theorem and the
Cauchy–Schwarz inequality,

∥∥∥
∑

m<i≤n

wihi

∥∥∥
2

= sup
‖b∗‖≤1

∥∥∥
∑

m<i≤n

wib
∗hi

∥∥∥
2

≤
∑

m<i≤n

w2
i sup
‖b∗‖≤1

∑

m<i≤n

(b∗hi)2.

As m, n →∞ the first factor on the far right tends to zero, since w ∈ `2. By the first
paragraph the second factor is bounded by sup‖b∗‖≤1 E(b∗W )2 ≤ E‖W‖2. Hence
the partial sums of the series

∑
i wihi form a Cauchy sequence in B, whence the

infinite series converges.
Because

∑
i(b

∗hi)2 was seen to converge, it follows that
∑

i(b
∗hi)hi converges

in B, and hence b∗(
∑

i(b
∗hi)hi) =

∑
i b∗hib

∗hi = Eb∗Wb∗W , for any b∗ ∈ B∗.
This shows that Sb∗ =

∑
i(b

∗hi)hi and the RKHS is not bigger than the space, as
claimed.

The space would be smaller than claimed if there existed w ∈ `2 that is not in
the closure of the linear span of the elements (b∗hi) of `2 when b∗ ranges over B∗.
We can take this w without loss of generality as orthogonal to the latter collection,
i.e.

∑
i wib

∗hi = 0 for every b∗ ∈ B∗. This is equivalent to
∑

i wihi = 0, which has
been excluded for any w 6= 0.

It should be noted that the sequence (hi) in the preceding lemma consists of
arbitrary elements of the Banach space, only restricted by the linear independence
condition that

∑
i wihi = 0 for w ∈ `2, implying that w = 0 (and the convergence of
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the random sequence
∑

i Zihi). Combined with an i.i.d. standard normal sequence
as coefficients, this sequence turns into an orthonormal basis of the RKHS.

From the proof it can be seen that the linear independence is necessary. If it
fails, then the RKHS is the set of linear combinations

∑
i wihi with w restricted to

the closure in `2 of the set of sequences (b∗hi) when b∗ ranges over B∗ and square
norm

∑
i w2

i . (Taking these linear combinations for all w ∈ `2 gives the same set,
but the `2-norm should be computed for a projected w.)

Example 4.2. For Z0, . . . , Zk i.i.d. standard normal variables consider the polyno-
mial process t 7→ ∑k

i=0 Zit
i/i! viewed as a map in (for instance) C[0, 1]. The RKHS

of this process is equal to the set of kth degree polynomials Pa(t) =
∑k

i=0 ait
i/i! with

square norm ‖Pa‖2H =
∑k

i=0 a2
i , i.e., the kth degree polynomials P with square norm

‖P‖2H =
∑k

i=0 P (i)(0)2.

Conversely, any Gaussian random element W in a separable Banach space can
be expanded in a series W =

∑∞
j=1 Zjhj for i.i.d. standard normal variables Zi and

any orthonormal basis (hi) of its RKHS, where the series converges in the norm of
the Banach space. Because we can rewrite this expansion as W =

∑
j ‖hj‖Zj h̃j ,

where h̃j = hj/‖hj‖ is a sequence of norm one, the corresponding ‘eigenvalues’ λi

are in this case the square norms ‖hi‖2. To prove this result, recall the isometry
U :H→ L2(Ω,U ,P) defined in (3.3).

Theorem 4.3. Let (hi) be a complete orthonormal system in the RKHS H of a
Borel measurable, zero-mean Gaussian random element W in a separable Banach
space B. Then Uh1, Uh2, . . . is an i.i.d. sequence of standard normal variables and
W =

∑∞
i=1(Uhi)hi, where the series converges in the norm of B, almost surely.

Proof. It is immediate from the definitions of U and the RKHS that U :H →
L2(Ω, U,P) is an isometry. Because U maps the subspace SB∗ ⊂ H into the Gaus-
sian process b∗W , it maps the completion H of SB∗ into the completion of the linear
span of this process in L2(Ω,U ,P), which consists of normally distributed variables.
Because U retains inner products, it follows that Uh1, Uh2, . . . is a sequence of i.i.d.
standard normal variables.

By the definition of U and its continuity, for any b∗ ∈ B∗,

b∗W = U(Sb∗) = U
( ∞∑

i=1

〈Sb∗, hi〉Hhi

)
=

∞∑

i=1

〈Sb∗, hi〉HUhi =
∞∑

i=1

b∗(hi)Uhi,

where the last equality follows from the reproducing formula (2.6) and the series
converges in L2(Ω,U , P). In other words, for any b∗ ∈ B∗, b∗

(∑n
i=1hi(Uhi)

) ≡∑n
i=1(b

∗hi)Uhi converges in L2(Ω,U , P) to b∗W . We wish to strengthen this to
convergence almost surely of Wn: =

∑n
i=1hi(Uhi) to W in B. This is an immediate

consequence of the Lévy–Ito–Nisio theorem, as given in, e.g., ([9], Theorem 2.4),
according to which convergence in distribution of all ‘marginals’ b∗

∑n
i=1Xi to the

marginals b∗W of some Borel measurable map W in a separable Banach space, for
b∗ ∈ B∗, implies the almost sure convergence of the series

∑
i Xi.

An alternative proof based on a martingale argument is given in ([9], Propo-
sition 3.6). Let Z1, Z2, . . . be an orthonormal basis of the closed linear span
of the variables b∗W in L2(Ω,U , P). Then it can be seen that, for every n,
E(W |Z1, . . . , Zn) =

∑n
i=1Zihi in a Banach space sense, for hi = EZiW . Conver-

gence of the infinite series follows by a martingale convergence theorem for Banach
space valued variables.
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5. Support and Concentration

The RKHS of a zero-mean Gaussian random element W in a separable Banach
space B is essential for an understanding of the spread of its distribution.

To begin with, the support of W , the smallest closed set B0 in B with P(W ∈
B0) = 1, is the closure of the RKHS.

Lemma 5.1. The support of a mean-zero Gaussian random element W in a sepa-
rable Banach space B is the closure of its RKHS in B. It is also the closure of the
set SB∗ in B.

Proof. We first show that the probability P
(‖W‖ < ε

)
of an arbitrary open ball

centered around 0 is positive. Let V be an independent copy of W . Because we can
cover B with countably many balls of radius ε, there exists some ball B(h, ε) with
positive measure under the law of W . The difference B(h, ε)−B(h, ε) is contained
in the ball of radius 2ε around 0. It follows that

P
(
V −W ∈ B(0, 2ε)

) ≥ P(V ∈ B(h, ε)
)
P(W ∈ B(h, ε)

)
> 0.

Now (V −W )/
√

2 is a zero-mean Gaussian process with the same covariance func-
tion as W , and hence has the same distribution as W . It follows that P(W ∈
B(0,

√
2ε)

)
> 0 for every ε > 0.

Since the distribution of W − h is equivalent to the distribution of W for any h
in the RKHS, by Lemma 3.2, it follows that P

(‖W − h‖ < ε
)

> 0 for any ε > 0
and h ∈ H.

This remains true for an element h ∈ B that can be approximated arbitrarily
closely by elements from the RKHS. Thus the support of W contains the closure of
the RKHS in B.

By the Hahn–Banach theorem this closure H̄ can be written as

H̄ =
⋂

b∗∈B∗:b∗H=0

N(b∗),

where b∗H = 0 means b∗h = 0 for all h ∈ H and N(b∗) = {b ∈ B: b∗(b) = 0}
is the kernel of b∗. If b∗H = 0, then in particular b∗(Sb∗) = E(b∗(W ))2 = 0, and
hence b∗(W ) = 0 almost surely. It follows that P

(
W ∈ N(b∗)

)
= 1 for every b∗

in the display. By the preceding display the complement B − H̄ is a union of the
open sets N(b∗)c. Because an open set in a separable metric space is Lindelöf ([6],
section 10) this union can be written as a union of countably many of the sets
N(b∗)c. Equivalently, the intersection in the preceding display can be restricted to
a suitable countable subset. It follows that P(W ∈ H̄) = 1.

The second assertion follows, because the RKHS-norm is stronger than the norm
of the containing Banach space. Completing the set SB∗ for the RKHS-norm before
taking the closure in B does therefore not give a bigger set.

An inequality of [1] gives further insight in the concentration of the distribution
of W . Let H1 and B1 be the unit balls of the RKHS and the space B, respectively.
The inequality involves the (centered) small ball probability

e−φ0(ε) = P(W ∈ εB1).

Theorem 5.1. (Borell’s inequality.) For any ε > 0 and M ≥ 0,

P
(
W ∈ εB1 + MH1

) ≥ Φ
(
Φ−1(e−φ0(ε)) + M

)
.
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Here Φ is the cumulative distribution function of the standard normal distribu-
tion. For fixed ε > 0 the right side decreases as M →∞ according to the tails of the
standard normal distribution. This shows that the ‘geometry of the concentration’
of W is given by the unit ball of the RKHS. Summing the small ball εB1 to the
multiple MH1 can be seen as enlarging the latter set with an ε-neighbourhood. In
general this is necessary to capture the mass of the W , because the support of W is
the closure of the RKHS; the RKHS itself may have probability zero. For M →∞
we obtain the equality P(W ∈ εB1 + H) = 1, for any ε > 0, which (again) shows
that W is supported within the closure of H.

Example 5.1. For a mean-zero normal vector W in B = Rk with covariance
matrix Σ, the RKHS is the range of the covariance matrix equipped with the inner
product 〈Σg, Σh〉H = gT Σh. This follows, because B∗ = Rk and, for the element
g ∈ B∗ given by h 7→ hT g, we have Sg = EWWT g = Σg. The inner product of the
RKHS is 〈Sg, Sh〉H = EgT WhT W = gT Σh.

The unit ball H1 is the set {Σh: hT Σh ≤ 1}. For nonsingular Σ this set is the
ellipsoid determined by the inverse matrix Σ−1, i.e., the ellipsoid determined by
the level sets of the density. For singular Σ the distribution is concentrated on a
lower-dimensional subspace, and we have a similar interpretation after projection
on this subspace.

Borell’s inequality is often quoted as only an exponential inequality on the norm
‖W‖, but this is in fact a consequence. The distribution of the norm ‖W‖ of a
non-zero Borel measurable Gaussian map W does not have atoms (cf., [2]) and
therefore has a unique median M(W ).

Corollary 5.1. For any x > 0,

P
(‖W‖ −M(W ) > x

) ≤ 1− Φ
(
x/σ(W )

)
.

Proof. For ε = M(W ) we have P(W ∈ εB1) = P
(‖W‖ ≤ M(W )

)
= 1/2. Hence

the choices ε = M(W ) and M = x/σ(W ) in Borell’s inequality yield the inequality
P

(
W ∈ M(W )B1 + (x/σ(W ))H1

) ≥ Φ
(
x/σ(W )

)
. Because H1 ⊂ σ(W )B1 by (2.5),

the left side is smaller than P
(
W ∈ (M(W ) + x)B1

)
, which is 1 minus the left side

of the corollary.

According to Anderson’s lemma (e.g., ([9], p73), ([16], p72), or ([17], 3.11.4)) a
ball of fixed radius receives maximum mass of a zero-mean Gaussian distribution
if centered at the origin. The following lemma gives a lower bound on the decrease
in mass if the ball is centered at an element of the RKHS. The lemma is implicit
in the proof of the main result in [7], and appears explicitly as (4.16) in [8].

Lemma 5.2. If h ∈ H, then for every Borel measurable set C ⊂ B with C = −C,

P(W − h ∈ C) ≥ e−
1
2‖h‖

2
HP(W ∈ C).

Proof. By symmetry W and −W are identically distributed and hence P(W + h ∈
C) = P(−W + h ∈ −C) = P(W − h ∈ C). By Lemma 3.2,

P(W + h ∈ C) = E1C(W + h) = EeUh− 1
2‖h‖

2
H1C(W ).

This is true with −h instead of h as well. Combining these facts yields that

P(W − h ∈ C) = 1
2EeUh− 1

2‖h‖
2
H1C(W ) + 1

2EeU(−h)− 1
2‖−h‖2H1C(W )
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= e−
1
2‖h‖

2
HEcosh(Uh)1C(W ) ≥ e−

1
2‖h‖

2
HP(W ∈ C),

since cosh x = (ex + e−x)/2 ≥ 1 for every x.

The lemma with C equal to the ball of radius ε around 0 refers to the noncentered
small ball probabilities P

(‖W −w‖ < ε
)
, for every w in the RKHS. Up to constants

these can be completely characterized through the corresponding centered small
ball probabilities and approximation of the center w from the RKHS. Define

(5.1) φw(ε) = inf
h∈H:‖h−w‖≤ε

1
2‖h‖2H − log P

(‖W‖ < ε
)
.

For w = 0 this agrees with the negative exponent φ0(ε) of the small ball probability
P

(‖W‖ < ε
)

= e−φ0(ε) defined previously. Up to constants this quantity gives the
exponent of the small ball probability at center w.

Lemma 5.3. For any w in the support of W and every ε > 0,

φw(ε) ≤ − log P
(‖W − w‖ < ε

) ≤ φw(ε/2).

Proof. For any h ∈ H with ‖h − w‖ ≤ ε we have ‖W − w‖ ≤ ε + ‖W − h‖ and
hence P

(‖W −w‖ < 2ε
) ≥ P

(‖W −h‖ < ε
)
. The latter probability can be bounded

below by exp
(− 1

2‖h‖2H
)
P

(‖W‖ < ε
)
, in view of the preceding lemma. We conclude

by optimizing over h ∈ H.
The set Bε = {h ∈ H: ‖h − w‖ ≤ ε} is convex and closed in H, because the

RKHS topology is stronger than the norm topology. Therefore the (convex) map
h 7→ ‖h‖2H attains a minimum on Bε at some point hε. Because (1−λ)hε +λh ∈ Bε

for every h ∈ Bε and 0 ≤ λ ≤ 1, it follows that ‖(1− λ)hε + λh‖2H ≥ ‖hε‖2H, which
implies that 2λ〈h− hε, hε〉H+ λ2‖h− hε‖2H ≥ 0. The fact that this is true for every
0 ≤ λ ≤ 1 can be seen to imply that 〈h, hε〉H ≥ ‖hε‖2H for every h ∈ Bε.

By Theorem 4.3 the process W can be written as W =
∑∞

i=1(Uhi)hi, for any
given complete orthonormal system h1, h2, . . . in H, where the series converges al-
most surely in norm. The truncated series Wm =

∑m
i=1(Uhi)hi takes its values

in H. If ‖W − g − w‖ < ε and some arbitrary g ∈ H, then ‖Wm − g − w‖ < ε
for sufficiently large m, almost surely. Equivalently, Wm − g ∈ Bε and hence the
preceding paragraph implies that 〈Wm − g, hε〉H ≥ ‖hε‖2H, eventually as m → ∞,
almost surely. Here 〈Wm, hε〉H =

∑m
i=1(Uhi)〈hi, hε〉H = U

∑m
i=1 hi〈hi, hε〉H. By

the continuity of U the right side converges in L2(Ω,U ,P) to Uhε as m →∞, and
hence almost surely along a subsequence. We conclude that Uhε−〈g, hε〉H ≥ ‖hε‖2H
almost surely on the event {‖W − g − w‖ < ε}. In particular the choice g = −hε

yields that Uhε ≥ 0 almost surely on the event {‖W + hε − w‖ < ε}.
By Lemma 3.2,

P
(
W ∈ w + εB1

)
= P

(
W − hε ∈ w − hε + εB1

)

= Ee−Uhε− 1
2‖hε‖2H1W∈w−hε+εB1 ≤ e−

1
2‖hε‖2HE1W∈w−hε+εB1 ,

by the preceding paragraph. The probability on the right side is smaller than P(W ∈
εB1) by Anderson’s lemma.

6. Small Ball Probability and Entropy

The unit ball of the RKHS not only expresses the shape of the Gaussian mea-
sure, but also allows a quantitative estimate of the small ball probability e−φ0(ε) =
P

(‖W‖ < ε
)

through its entropy within the Banach space.
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Let N
(
ε,H1, ‖ · ‖

)
be the smallest number of balls of radius ε > 0 needed to

cover the unit ball H1 of the RKHS. This is bounded by the maximal number D(ε)
of points hi in H1 with ‖hi − hj‖ ≥ ε for i 6= j. Because each ball of radius ε/2
around a point hi has probability at least e−1/2P

(‖W‖ < ε/2
)

by Lemma 5.2 and
these balls are disjoint, it follows that 1 ≥ D(ε)e−1/2P

(‖W‖ < ε/2
)
, whence D(ε)

is finite for every ε > 0. This shows that the RKHS unit ball H1 is precompact in
B.

The following results, which were proved by [7] and [10], refine this argument,
and show roughly that for regularly behaved entropy ε 7→ log N

(
ε,H1, ‖ · ‖

)
and

small ball exponent ε 7→ φ0(ε), and for small ε,

log N
( ε√

φ0(ε)
,H1, ‖ · ‖

)
³ φ0(ε).

However, the exact statement has several constants in it.

Lemma 6.1. Let f : (0,∞) → (0,∞) be regularly varying at zero. Then

(i) log N
(
ε/

√
2φ0(ε),H1, ‖ · ‖

)
& φ0(2ε).

(ii) If φ0(ε) . f(ε), then log N
(
ε/

√
f(e),H1, ‖ · ‖

)
. f(ε).

(iii) If log N
(
ε,H1, ‖ · ‖

)
& f(ε), then φ0(ε) & f

(
ε/

√
φ0(ε)

)
.

(iv) If log N
(
ε,H1, ‖ · ‖

)
. f(ε), then φ0(2ε) . f

(
ε/

√
φ0(ε)

)
.

Lemma 6.2. For α > 0 and β ∈ R, as ε ↓ 0, φ0(ε) ³ ε−α(log 1/ε)β if and only if
log N

(
ε,H1, ‖ · ‖

) ³ ε−2α/(2+α)(log 1/ε)2β/(2+α).

7. RKHS under Transformation

If a Gaussian process is transformed into another Gaussian process under a one-to-
one, continuous, linear map, then the RKHS is transformed in parallel.

Lemma 7.1. Let T :B → B be a one-to-one, continuous, linear map from a sep-
arable Banach space B into a Banach space B and let W be a Borel measurable,
zero-mean Gaussian random element in B with RKHS H. Then the RKHS of the
Gaussian random element TW in B is equal to TH and T :H → H is an isometry
for the RKHS-norms.

Proof. Let T ∗:B∗ → B∗ be the adjoint of T . The RKHS H of TW is by definition
the completion of the set of Pettis integrals

Sb∗ = E(TW )b∗(TW ) = T (EWb∗(TW )) = TST ∗b∗,

for the inner product

〈Sb∗1, Sb∗2〉H = Eb∗1(TW )b∗2(TW ) = E(T ∗b∗1W )(T ∗b∗2W ) = 〈ST ∗b∗1, ST ∗b∗2〉H.

It follows that the element Sb∗ of H is the image under T of the element ST ∗b∗ of
H, and its norm is the same: ‖Sb∗‖H = ‖ST ∗b∗‖H. Thus T : ST ∗B∗ ⊂ H→ H is an
isometry for the RKHS-norms. It extends by continuity to a linear map from the
completion H0 of ST ∗B∗ in H to H. Because T is continuous for the norm of B, this
extension agrees with T . Because T :ST ∗B∗ → SB∗ is onto, T is an isometry for
the RKHS-norms, and H0 and H are by definition the completions of ST ∗B∗ and
SB∗, we have that T :H0 → H is an isometry onto H. It remains to be shown that
H0 = H.
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Because T is one-to-one, the range T ∗B∗ of its adjoint is weak-* dense in B∗
([12], Corollary 4.12). By Lemma 2.2 the map S:B∗ → H is continuous relative to
the weak-* and RKHS topologies. Combined this yields that S(T ∗B∗) is dense in
SB∗ for the RKHS-norm of H and hence is dense in H.

Taken together the preceding shows that T :H→ H is an isometry onto H.

8. RKHS Relative to Different Norms

A stochastic process W can often be viewed as a map into several Banach spaces.
For instance, a process indexed by the unit interval with continuous sample paths
is a Borel measurable map in the space C[0, 1], but also in the space L2[0, 1]; a
process with continuously differentiable sample paths is a map in C[0, 1], but also
in C1[0, 1]. The RKHS obtained from using a weaker Banach space is typically the
same.

Lemma 8.1. Let (B, ‖·‖) be a separable Banach space on B and let ‖·‖′ be a norm
on B with ‖b‖′ ≤ ‖b‖. Then the RKHS of a Borel measurable zero-mean Gaussian
random element in (B, ‖ · ‖) is the same as the RKHS of this map viewed in the
completion of B under ‖ · ‖′.
Proof. Let B′ be the completion of B relative to ‖ · ‖′. The assumptions imply that
the identity map I: (B, ‖ · ‖) → (B′, ‖ · ‖′) is continuous, linear and one-to-one. The
proposition therefore is a consequence of Lemma 7.1.

Example 8.1. Let W be a mean zero Gaussian process indexed by the unit interval
[0, 1] with covariance function K(s, t) = EWsWt.

If W has continuous sample paths, then it is a random element in C[0, 1]. The
RKHS of W viewed as a random element in C[0, 1] is the completion of the linear
span of the functions K(t, ·) under the inner product (2.2).

If W is a measurable process and
∫ 1

0
W 2

s ds < ∞ surely, then W is a random el-
ement in L2[0, 1]. The dual space of L2[0, 1] consists of the maps g 7→ ∫

g(s)f(s) ds
for f ranging over L2[0, 1], and Sf(t) = EWt

∫
Wsf(s) ds =

∫
K(s, t)f(s) ds.

Therefore, the RKHS of W viewed as a random element in L2[0, 1] is the com-
pletion of the linear span of the functions t 7→ ∫

K(s, t) f(s) ds for f ranging over
L2[0, 1] under the inner product 〈Sf, Sg〉H =

∫ ∫
K(s, t)f(s)g(t) dsdt.

If W has continuous sample paths, then its covariance kernel is continuous, and
it can be shown by direct arguments that the two RKHSs agree. This also follows
from the preceding lemma.

9. RKHS under Independent Sums

If a given Gaussian prior misses certain desirable ‘directions’ in its RKHS, then these
can be filled in by adding independent Gaussian components in these directions. A
closed linear subspace B0 ⊂ B of a Banach space B is complemented if there exists
a closed linear subspace B1 with B = B0 + B1 and B0 ∩ B1 = {0}.
Lemma 9.1. Let V and W be independent Borel measurable, zero-mean, jointly
Gaussian maps from a given probability space into a separable Banach space with
supports BV and BW such that BV ∩ BW = {0} and the subspace BV is comple-
mented by a subspace that contains BW . Then the RKHS of V + W is the direct
sum of the RKHSs of V and W and the RKHS norms satisfy ‖hV + hW ‖2HV +W =
‖hV ‖2HV + ‖hW ‖2HW .
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Proof. By the independence of V and W the Pettis integral SV +W b∗ = E(W +
V )b∗(V + W ) can be written as SV +W b∗ = SV b∗ + SW b∗. The assumptions of
trivial intersection BV ∩BW = {0} and of complementation of BV entail that there
exists a continuous linear map Π:B → BV such that Πb = b if b ∈ BV and Πb = 0
if b ∈ BW ; (cf., [6], 29.2). Then b∗ ◦ Π ∈ B∗, ΠV = V and ΠW = 0 almost
surely, whence SW (b∗ ◦ Π) = 0 and hence SV +W (b∗ ◦ Π) = SV b∗. It follows that
SV B∗ ⊂ SV +WB∗ and by symmetry SWB∗ ⊂ SV +WB∗. Also, for any b∗1, b

∗
2 ∈ B∗,

〈SV b∗1, S
W b∗2〉HV +W = 〈SV +W b∗1 ◦Π, SV +W b∗2 ◦ (I −Π)〉HV +W

= E
(
b∗1 ◦Π(V + W )

) (
b∗2 ◦ (I −Π)(V + W )

)

= E(b∗1V ) (b∗2W ) = 0.

We conclude that SV B∗ ⊥ SWB∗ inHV +W , so thatHV +W is the direct (orthogonal)
sum of HV and HW . Furthermore ‖SV +W b∗‖2HV +W = E(b∗(V + W ))2 = E(b∗V )2 +
E(b∗W )2.

By the Hahn–Banach theorem the assumption of complementation is certainly
satisfied as soon as one of the supports of V and W is finite-dimensional.

The assumption that BV ∩ BW = {0} can be interpreted as requiring ‘linear
independence’ rather than some form of orthogonality of the supports of V and W .
The stochastic independence of V and W translates the linear independence into
orthogonality in the RKHS of V + W .

The assumption requires trivial intersection of the supports of the variables V
and W , rather than of sets that carry probability one. Because the RKHS is in-
dependent of the norm (Lemma 8.1) the closure operation involved in computing
the support may be taken for the strongest norm which is defined on the random
elements.

The assumption that BV ∩ BW = {0} cannot be removed. For instance, if V =∑
i µiZiψi and W =

∑
i µ′iZ

′
iψi are series expansions with independent standard

normal variables (Zi), (Z ′i) on a common basis (ψi), then the sum process can be
written V + W =

∑
i µ′′i Z ′′i ψi for µ′′i =

√
µ2

i + (µ′i)2 and Z ′′i independent standard
normal variables. The RKHS of V + W is then the set of series

∑
i wiψi with

coefficients (wi) satisfying
∑

i(wi/µ′′i )2 < ∞ (see Section 4). Thus the RKHS is
not an orthogonal sum and, asymptotically as i →∞, the eigenvalues (µ′′i )2, which
determine the presence of the directions ψi in the RKHS, are determined by the
slowest of the two sequences µi and µ′i. If µi/µ′i → 0, then the RKHS of V + W is
essentially the same as the RKHS of W .

10. Examples

The RKHS of standard Brownian motion, viewed as a random element in C[0, 1],
is well known to be the set

(10.1)
{
f : [0, 1] →R, f ∈ AC, f(0) = 0,

∫
f ′(t)2 dt < ∞},

where f ∈ AC is the assumption that f is absolutely continuous. The RKHS inner
product is

〈f, g〉H =
∫ 1

0

f ′(t)g′(t) dt.

Lemma 10.1. The RKHS of a standard Brownian motion W on [0, 1] is given by
(10.1) with the inner product as indicated.
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Proof. We use the definition of the RKHS in Section 2.1 and the fact that the
covariance kernel of Brownian motion is given by s∧t. The RKHS is the completion
of the linear span of the functions t 7→ s ∧ t as s ranges over [0, 1], under the inner
product determined by

〈s1 ∧ ·, s2 ∧ ·〉H = s1 ∧ s2 =
∫

(s1 ∧ t)′(s2 ∧ t)′ dt,

where the prime denotes differentiation relative to t, in the sense of absolute con-
tinuity.

The linear span of the functions t 7→ s ∧ t contains every function that is
0 at 0, continuous, and piecewise linear on a partition 0 = s0 < s1 · · · <
sN = 1. Indeed to obtain such a function with slopes α1, . . . , αN on the intervals
(s0, s1), . . . , (sN−1, sN ), first determine the coefficient of sN ∧ · to have a correct
slope on (sN−1, sN ), next determine the coefficient of sN−1∧· to have a correct slope
on (sN−2, sN−1), etc. The derivatives of these functions are piecewise constant, and
the set of piecewise constant functions is dense in L2[0, 1].

Given the RKHS of Brownian motion it is now easy to derive the RKHS of
several processes related to it.

• To release Brownian motion at zero, we may start it at an independent stan-
dard normal variable Z, giving the process t 7→ Z + Wt. The RKHS of the
constant process t 7→ Z are the constant functions, which have trivial inter-
section with the RKHS of Brownian motion. A given function f : [0, 1] → R
can be decomposed as f = f(0) +

(
f − f(0)), where the second part is in

the RKHS of Brownian motion if it is absolutely continuous with square
integrable derivative. By Lemma 9.1, the RKHS of Z + W is the set of all
absolutely continuous functions f : [0, 1] →R equipped with the inner product
〈f, g〉H = f(0)g(0) +

∫
f ′(s)g′(s) ds.

• To smooth Brownian motion we may consider its k-fold integral Ik
0+W , where

(I1
0+f)(t) =

∫ t

0
f(s) ds and Ik

0+ = Ik−1
0+ I1

0+. Taking a primitive is a continuous,
linear, one-to-one map from C[0, 1] → C[0, 1], and hence by Lemma 7.1 the
RKHS of Ik

0+W is the set of functions Ik
0+f for f in the RKHS of Brownian

motion, equipped with the inner product 〈Ik
0+f, Ik

0+g〉H =
∫ 1

0
f ′(s)g′(s) ds.

This space can be described simply as the set of all functions f : [0, 1] → R
that are k-times differentiable with an absolutely continuous kth derivative
with square-integrable f (k+1), equipped with the inner product 〈f, g〉H =∫ 1

0
f (k+1)(s)g(k+1)(s) ds.

• The sample paths of k-fold integrated Brownian motion Ik
0+W have k vanish-

ing derivatives at zero, which negatively affects its approximation properties
to smooth functions. (See Example 10.1 below.) We can release the deriva-
tives by adding a polynomial and considering the process t 7→ ∑k

i=0 Zit
i/i! +

(Ik
0+W )t, for Z0, . . . , Zk i.i.d. standard normal variables, independent of

W . The supports of the polynomial process t 7→ ∑k
i=0 Zit

i/i! and Ik
0+W

in C[0, 1] do not have a trivial intersection, and hence we cannot apply
Lemma 9.1 in that setting. However, we may consider these processes as
Borel measurable random elements in the space C(k)[0, 1] of k-times differ-
entiable functions, equipped with the norm ‖f‖k = ‖f‖∞ + ‖f (k)‖∞. Ac-
cording to Lemma 8.1, this does not change the RKHS. The support of the
process Ik

0+W in C(k)[0, 1] contains only functions with k vanishing deriva-
tives at 0, and hence does have trivial intersection with the support of the
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polynomial process t 7→ ∑k
i=0 Zit

i/i!, which is the set of kth degree poly-
nomials. Applied in this setting Lemma 9.1 yields that the RKHS of the
process t 7→ ∑k

i=0 Zit
i/i! + (Ik

0+W )t is the set of functions f : [0, 1] → R
that are k-times differentiable with an absolutely continuous kth derivative
with square-integrable f (k+1), equipped with the inner product 〈f, g〉H =∑k

i=0 f (i)(0)g(i)(0)+
∫ 1

0
f (k+1)(s)g(k+1)(s) ds. To see the latter, note that any

f can be uniquely written as f = Pk + (f −Pk) for Pk(t) =
∑k

i=0 f (i)(0)ti/i!,
the kth degree Taylor polynomial and f − Pk a function with k vanishing
derivatives at zero. The polynomial Pk is contained in the RKHS of the poly-
nomial process t 7→ ∑k

i=0 Zit
i/i! with square RKHS-norm

∑k
i=0 P

(i)
k (0)2 by

Example 4.2, and the function f − Pk is contained in the RKHS of Ik
0+W by

the preceding.

The preceding can be extended to fractional integrals of Brownian motion.
Rather than studying the fractional integral operator in detail, we give a direct
derivation of the RKHSs. For α > 0 and W a standard Brownian motion the
Riemann–Liouville process with Hurst parameter α > 0 is defined as

Rα
t =

∫ t

0

(t− s)α−1/2 dWs, t ≥ 0.

The process Rα is a centered Gaussian process with continuous sample paths. It
can be viewed as a multiple of the (α + 1/2)-fractional integral of the “derivative
dW of Brownian motion”. For α > 0 and a (deterministic) measurable function f
on [0, 1] the (left-sided) Riemann–Liouville fractional integral of f of order α (if it
exists) is defined as (cf., [13])

Iα
0+f(t) =

1
Γ(α)

∫ t

0

(t− s)α−1f(s) ds.

For α a natural number, the function Iα
0+f is just the α-fold iterated integral of f ,

and for α > 1/2 the Rieman–Liouville process is equal to Γ(α + 1/2)Iα−1/2
0+ W for

Iα
0+ the fractional integral.

Lemma 10.2. The RKHS of the Riemann–Liouville process with parameter α > 0
viewed as a random element in C[0, 1] is H = I

α+1/2
0+ (L2[0, 1]) and the RKHS-norm

is given by

‖Iα+1/2
0+ f‖H =

‖f‖2
Γ(α + 1/2)

.

Proof. We use the characterization of the RKHS as the completion of the functions
(2.1) under the inner product (2.2). With fs the function defined by fs(u) = (s −
u)α−1/2

+ , we have, for all s, t ≥ 0 and 〈·, ·〉2 the inner product of L2[0, 1],

ERα
t Rα

s =
∫

(t− u)α−1/2
+ (s− u)α−1/2

+ du = 〈ft, fs〉2 = Γ(α + 1/2)Iα+1/2
0+ fs(t).

Hence every simple element of H of the form (2.1) is given by I
α+1/2
0+ f for some

f ∈ L2[0, 1]. Moreover, the inner product (2.2) of two such elements I
α+1/2
0+ f and

I
α+1/2
0+ g is given by

(10.2)
〈
I

α+1/2
0+ f, I

α+1/2
0+ g

〉
H

=
〈f, g〉2

Γ2(α + 1/2)
.
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It follows that the RKHS H is a subspace of the Hilbert space obtained by endowing
I

α+1/2
0+ (L2[0, 1]) with the inner product (10.2). To prove the converse inclusion,

suppose that g ∈ I
α+1/2
0+ (L2[0, 1]) is orthogonal to H. Then g = I

α+1/2
0+ f for some

f ∈ L2[0, 1] and g is, in particular, orthogonal to every element I
α+1/2
0+ ft of H.

Hence, for every t ∈ [0, 1],

0 =
〈
I

α+1/2
0+ f, I

α+1/2
0+ ft

〉
H

=
〈f, ft〉2

Γ2(α + 1/2)
=

I
α+1/2
0+ f(t)

Γ(α + 1/2)
.

The injectivity of the operator I
α+1/2
0+ : L2[0, 1] → L2[0, 1] (see [13], Theorem 13.1)

then implies that f = 0, whence g = 0. We conclude that H = I
α+1/2
0+ (L2[0, 1]), and

the inner product on H is given by (10.2).

Example 10.1. The process t 7→ Z +
∫ t

0
Ws ds, for Z a standard normal variable

and W an independent Brownian motion, has sample paths of regularity 3/2 and
can take any value at 0, but the derivative at 0 is 0. We shall show that the latter
makes the process inappropriate as a prior model for 3/2-smooth functions.

By similar arguments as before the RKHS H of the process can be seen to be
the set of all functions h: [0, 1] →R with absolutely continuous derivative such that∫ 1

0
h′′(s)2 ds < ∞ and h′(0) = 0, with square norm

‖h‖2H = ‖h′′‖22 + h(0)2.

We shall show that for the identity function id we have

inf{‖h‖2H: h ∈ H, ‖h− id‖∞ < ε} & 1
ε
.

This may be contrasted with the approximation by the RKHS of the process t 7→
Z0 + Z1t +

∫ t

0
Ws ds, which is of order (1/ε)2/3 for every function in C3/2[0, 1] (see

[15]).
To prove the claim note that ‖h − id‖∞ < ε implies that h(3ε) − h(0) > ε.

Therefore the quantity in the display is bounded below by

inf
{∫ 3ε

0

h′′(s)2 ds: h(3ε)− h(0) > ε, h′(0) = 0
}

.

For a given h as in the display we can define g by

g(y) =
h(3εy)− h(0)

ε
.

Then g′(y) = 3h′(3εy), g′′(y) = 9h′′(3εy)ε, and

g(0) = 0, g′(0) = 0, g(1) > 1.

∫ 3ε

0

h′′(s)2 ds =
∫ 3ε

0

g′′(s/(3ε))2
1

(9ε)2
ds =

∫ 1

0

g′′(u)2
1

27ε
du.

Thus the preceding display is bigger than
( 1

27ε

)
inf

{∫ 1

0

g′′(u)2 du: g(1) > 1, g(0) = g′(0) = 0
}

.

The infimum is nonzero, because g′′ = 0 implies that g is a linear function, hence
identically 0 because g(0) = g′(0) = 0, contradicting g(1) > 1.
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Abstract: In public health management there is a need to produce subna-
tional estimates of health outcomes. Often, however, funds are not available to
collect samples large enough to produce traditional survey sample estimates for
each subnational area. Although parametric hierarchical methods have been
successfully used to derive estimates from small samples, there is a concern
that the geographic diversity of the U.S. population may be oversimplified in
these models. In this paper, a semi-parametric model is used to describe the
geographic variability component of the model. Specifically, we assume Dirich-
let process mixtures of normals for county-specific random effects. Results are
compared to a parametric model based on the base measure of the Dirichlet
process, using binary health outcomes related to mammogram usage.
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1. Introduction

Large national surveys are generally constructed to provide estimates for a diverse
group of data users. Estimates, from a single survey, often cover scores of topics and
are usually provided for as many population groups as the sample size will support.
Population groups of interest consist of both large and demographic groups and
subnational areas. As the data users are thought to hold a variety of prior opinions,
estimates for a particular group are usually constructed using only sample data
from the group in question along with randomization theory. Often estimates are
needed for small population subgroups that do not contain enough data for precise
estimation. In this situation, small area estimation methods, based on statistical
models and parametric exchangeability assumptions that use data from similar
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groups are often used. These exchangeability assumptions are generally applied
across small areas if there is no a priori evidence to the contrary. Of course, this
assumption may be incorrect and, without alternatives to this assumption, will
remain throughout the inference.

We propose a semi-parametric, hierarchical model for small area estimation. The
model produces estimates for a small area that selectively use data from only subsets
of other small areas. The uncertainty about which subsets are valid is automatically
accounted for. This model is useful when, a priori, one suspects that all small
areas are not equally similar but one does not know where the dissimilarities are.
The model is an extension of currently used parametric hierarchical models for
small area estimation. Although the parametric hierarchical models are flexible
enough to adjust for the amount of ‘borrowing’, it is required that the subsets
where ‘borrowing’ can take place be prespecified. In practice, subset identity may
not be known. In addition, some small areas may be outliers and should not be
used in drawing inference about other areas and, vice versa, other areas should
not be used in drawing inference about them. The semiparametric model, proposed
here, will adapt to such outliers. The desired flexibility is accomplished by using a
Dirichlet process (DP) prior to define a probability model on possible partitions of
small areas. Specifically, the DP prior defines partitions of the set of all counties.
Conditional on an assumed partition the model assumes a homogeneous population
within all counties in a partitioning subset. This alleviates the difficult problem of
specifying a large number of prior probabilities for possible partitions as in Malec
and Sedransk (1992). In addition, the DP model is computationally tractable. The
model is applied to the National Health Interview Survey (NHIS) for estimates of
mammography utilization.

We begin with a historical overview of methodological improvements for small
area estimation in Section 2. This is followed, in Section 3, by a description of
the NHIS and how the variables were selected for the model of mammography
utilization. In Section 4 we motivate and describe the prior model on the random
effects. Section 5 discusses details of the implementation by Markov chain Monte
Carlo simulation. In Section 6 we apply the model to the NHIS and compare results
with alternative approaches.

2. Early and Current Methods for Small Area Estimation

Early estimates for small areas were based on the assumption that an outcome is
primarily a function of demographic class. By knowing the demographic charac-
teristics of a small area and estimating the national-level prevalence of outcomes
within the same demographic groups, one can derive small area estimates. Esti-
mates based on this assumption are known as ‘synthetic estimates’. One of the first
publications using this method pertained to synthetic state estimation of disability
[14].

A systematic, empirical study of biases in synthetic estimation was undertaken
by Schaible et al. [20]. Little data is usually available to evaluate the bias of actual
small area estimates. However, using a wide range of outcomes available in the U.S.
decennial census, it was shown that the basic homogeneity assumptions underlying
synthetic estimation were frequently unwarranted. To alleviate this problem, the
biases in synthetic small area estimates can be modeled as random effects. Related
estimates of this type have been proposed in Fay and Herriot [3], Dempster and
Tomberlin [2] and Battese and Fuller [1]. The model-based approach using ran-
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dom effects opens up the possibility for a variety of models, resulting in realistic
estimators that may combine data in a nonlinear manner.

Much of the recent development in small area estimation has concentrated on
obtaining estimates from random effect models without resorting to asymptotic
approximations using Bayesian Inference and Markov chain Monte Carlo methods
(see, e.g., [10]). In current research, the distributional assumptions of the random
effects models are being questioned. For example, alternative models which allow
for spatial effects have been employed by Ghosh et al. [5] and others. Maiti [7] uses
finite mixture models for random effects.

For a recent more detailed review of small area estimation, see Rao [16].

3. The NHIS and the Selection of Variables for Estimation

The NHIS is typical of many national, representative, personal interview surveys. A
personal interview can be relatively costly but response rates are generally higher
than for other modes of interview and complicated questions, especially questions
involving visual cues, can be asked. A substantial contributor to the total cost of a
personal interview survey is travel cost. To minimize travel costs, each interviewer
usually conducts interviews near his or her residence. Hence, sampling units are
usually small geographic land areas. As a result, there is a relatively large sample
size in these selected areas but relatively few areas selected across the country. In
addition, the overall sample size is selected to produce traditional, randomization-
based survey estimates at the national level. Due to high sampling costs, the sample
size is usually inadequate to make precise design-based estimates for most small
areas. However, estimates are usually desired at smaller levels, for example, for
allocation of funds or for assessing and administering health services. The required
precision of these estimates is usually of the same order of magnitude as that
required for national estimates, resulting in an extreme shortfall of data for making
small area estimates.

The NHIS is redesigned every ten years following the decennial census, taking
advantage of up-to-date population data. The NHIS is based on a complex sample
design of clusters of housing units, called segments. Segments are selected from
within a Primary Sampling Unit (PSU), which is usually a group of contiguous
counties. PSUs are sampled from strata, constructed to contain PSUs with similar
socio-demographic content. See Massey et al. (1989) for details. The segment is
the smallest sampling unit for many questions asked in the NHIS. Subsamples,
within segments, are also collected on special health topics from either a subsample
of households or from people within households. The questions on mammography
usage, studied here, are from a subsample of housing units, within segments sampled
during years 1993 and 1994.

The sampled outcomes from the NHIS are not an i.i.d. sample from the popu-
lation. They should not be considered a simple random sample due to both non-
response and to possible selection bias due to the sampling design. Nonresponse is
accounted for by poststratifying by county, age and race groups. Sample selection
effects are countered by including design variables in the model. An example of an
alternative approach, in which the sample selection process is modeled directly, is
given by Malec et al. [8].

In this paper we consider inference related to one of the questions in the NHIS
which asks whether a mammogram had been obtained within the past two years.
Periodic mammograms for screening of breast cancer are highly recommended for
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women of certain ages. Estimation of the mammography utilization rate by age
and race for local areas is important for evaluation purposes. Although NHIS data
based on single years of age by race within each county is available, as are census
population estimates for counties by race and five-year age groups, we chose to
evaluate the D = 6 demographic groups defined by the three age groups (30-39,
40-49, 50+) crossed with race (black, non-black).

We consider a model:

P (yidk = 1) = pid,

where yidk = 1 if the k-th person in demographic group d and county i did re-
ceive a mammogram in the past two years, and yidk = 0 otherwise. It is assumed
throughout that there may be differences between local effects of mammography
utilization due to demographic groups. This is why six different prevalence rates,
pid, d = 1, . . . , D, are used for each county i. The first step in the model selection
process is to select county covariates to account for small area effects. The county
variables used are from the Area Resource File [22]. Twenty-two county covariates
were evaluated. These covariates comprised regional status of the county, urban
variables, percent of population working in white collar jobs, percent of population
working in agriculture and construction, urban status, unemployment rate, per-
cent of households that are renters, percent minority (black, asian, hispanic and
mexican), degree of education, population density, and median home value. Let xi

denote a vector of all possible county-level covariates and let µd denote demographic
effects, d = 1, . . . , D. Using a model

(1) Pid = logit(pid) = µd + x′ib,

and Schwarz’s criterion we identified two county-level covariates: percent of work-
force in white collar jobs (xi1) and percent of persons aged 25+ with no more than
a ninth-grade education (xi2). A second model-fitting step was used to determine
whether interactions of the two county variables with the D demographic groups
were present. Using a logistic regression model like (1) with additional interactions
of county variables and demographic groups, we again used Schwarz’s criterion and
by forward stepwise selection identified the best set of interactions. We found in-
teractions of both covariates with the demographic group of 30-39 year old whites.
The estimated interaction term amounted to dropping all covariate effects on this
particular demographic group. As a last check, plots of average residuals were used
to determine that a linear relationship with the logits appeared reasonable.

Although the county covariates used in the model selection are close to the
variables that were used to design sampling strata, Malec et al. [10] found that
strata effects may still be present in the data. Sampling strata were defined by
grouping the county-based PSUs into 198 strata so that the PSUs in each stratum
have similar summary measures of socio-economic status [11]. By assuring that
each stratum contains a prespecified sample size, a more systematic coverage of
the population is possible. We will include stratum effects in the model to account
for this important prior knowledge based on the design. We shall use an additional
subindex s in psid and xsid to indicate strata.

In the prior specification, instead of assuming that all stratum effects are dis-
tributed i.i.d., we allow their variability to be distinct within broad mega strata.
We defined two mega-strata by grouping the 198 strata into those representing the
very large metropolitan areas (like the New York City area) versus all others.
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4. A Semi-Parametric Randomized Block Model

Based on the discussion above, we include random stratum effects νs as well as
random (county by demographic) group effects βsid. Let nsid denote the num-
ber of individuals interviewed in demographic domain d, d = 1, . . . , D, county i,
i = 1, . . . , I, and stratum s, s = 1, . . . , S. Counties are nested within strata, and
demographic domains are crossed with counties.

Let ysid ∼ Bin(nsid, psid) denote the number of positive responses among these
nsid individuals. Let s(i) denote the stratum containing county i, and let βi =
(βsid, s = s(i), d = 1, . . . , D) denote the D dimensional random effects vector for
county i. Since county indices i are unique across stata, the subindex s in βsid is
redundant and we use it only when it helps to clarify the hierarchical structure
of the model. We assume a logistic regression of the success probabilities psid on
some quantitative covariates xsid and county-specific and stratum-specific random
effects:

(2) Psid = logit(psid) = x′sidb + βsid + vs(i),

with priors

βi ∼ h(βi), vs ∼ N(0, δ2
m(s)), b ∼ N(mb, Vb), δ−2

m ∼ Ga(aδ, bδ)

m = 1, . . . , M . Here m(s) denotes the mega-stratum containing stratum s, and
Ga(a, b) denotes a gamma distribution with mean a/b. In words, the random effects
βi are generated by some distribution h(·), details of which will be discussed below.
The stratum random effects are a priori normal with random variance δm. The
model is completed with conjugate hyperpriors for δm and b, with the latter pos-
sibly non-informative by choosing V −1

b = 0. While a large number of experimental
units are available to inform inference about the county-specific random effects βi,
only a moderate (198) and small (2) number of stratum and mega-stratum-specific
effects are included in the model. Therefore, we use fully parametric random effects
distributions for νs and δm, but a flexible non-parametric model for βi.

The choice of the prior model h(·) is guided by the following considerations. First,
health related outcomes always vary by age and race, but are correlated within
counties. Thus we need a multivariate prior on (βi1, . . . , βiD) allowing for different
effects in different demographic domains, and interactions between these effects.
Second, the model includes only few covariates, leaving significant heterogeneity
due to other un-recorded covariates. To account for such heterogeneity the model
needs to allow for possible clusters of sub-populations not identified by the given
covariates and overdispersion. Third, as with any health outcome the model needs
to accommodate outliers without unduly influencing inference. Finally, the model
should be a natural generalization of more conventional multivariate normal random
effects distributions.

These considerations lead us to use a mixture of normals prior model. Let ϕθ(·)
denote a multivariate normal probability density function with moments θ = (µ, Σ).
Then

βi ∼
∞∑

j=1

wjN(βi; µ′j ,Σ
′
j︸ ︷︷ ︸

θ′
j

) =
∫

ϕθ(βi)dG(θ),

where

G =
∞∑

j=1

wjδθ′
j
.
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The mixture of normals model (4) allows for heterogeneity, outliers, skewness etc.,
as desired. The model includes a simple multivariate normal prior model as a special
case. By choosing a hyperprior on G which a priori favors a few dominating terms
in the mixture we formalize the idea that a priori we assume simple structure, but
as the data dictates the model allows introduction of more complicated structure
a posteriori , like a discrete mixture of a few dominating normal kernels. This is
achieved using a DP prior on G, G ∼ DP (αGν). Here Gν is the (standardized) base
measure and α > 0 is the total mass parameter. The base measure can possibly
depend on further hyperparameters ν. Below, we will specify a base measure and
hyperprior on ν and the total mass parameter α. See Ferguson [4] for a complete
description of the DP; a discussion of DP and DP mixture models like (4) can be
found in, e.g., [6], [13], and [23].

We summarize some properties which are relevant in the context of our applica-
tion.

1. The base measure Gν has an interpretation as the prior mean for the ran-
dom measure; the total mass parameter α is a precision parameter. For any
measurable set A we have

E{G(A)} = Gν(A) and V ar{G(A)} = Gν(A){1−Gν(A)}/(1 + α).

2. The random measure G is a.s. discrete. Let F0 and F denote the c.d.f. of Gν

and G, respectively. Then F can be thought of as a random step function
approximating F0. The size wj of the steps depends on α. The larger the α,
the smaller the weights, i.e., steps sizes, wj .

3. Consider a random sample θi ∼ G, i = 1, . . . , n. Because of the discreteness
of G, with positive probability some of the θi will be identical. Specifically, we
have the prior probabilities P (θi = θj |θh) = 1/(α+n−1) for j < i, i 6∈ {j, h}.

A commonly used device in posterior simulation when the likelihood involves a
mixture like in (4) is to break the mixture by introducing latent variables [18]. We
implement this by rewriting the DP mixture model (4) as

(3) βi ∼ N(βi; µi, Σi), (µi, Σi) ∼ G, G ∼ DP (α, Gν).

The model is completed by specifying a base measure Gν ,

(4) Gν(µ, Σ) = N(µ; m,B) W [Σ−1; s, (sS)−1],

and a hyperpior for ν = (m,B, S) and α,

(5) S ∼ W [q, (R/q)], m ∼ N(a,A), B−1 ∼ W [c, (cC)−1], α ∼ G(aα, bα).

Here W (n,A) denotes a Wishart distribution with scalar parameter n and matrix
parameter A, and G(a, b) denotes a Gamma distribution with shape parameter a
and scale parameter b, parameterized such that the expected value of G(a, b) is a/b.

The model is summarized in Figure 1.
We will refer to model (2) together with prior (4) or, equivalently, (3) and hy-

perprior (4) and (5) as the MDP (Dirichlet process mixture) model. Alternatively
to the MDP prior one could choose fully parametric normal mixture models as
proposed by, for example, Roeder and Wasserman [19] or Richardson and Green
[17]. Based on experience with similar models, we would expect predictive inference,
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Fig 1. Graphical model representation. Circles indicate the variables, including the data, param-
eters, covariates and hyperparameters. Solid arrows indicate that the probability models for the
target variable are indexed by the variable at the sources of the arrow. Dashed lines represent the
deterministic expression for Psid. Fixed hyperparameters are not indicated.
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like the posterior predictive inference for state totals, including counties without
samples, not to be much different under these models than inference using mixture
models with DP priors. Still, we prefer the semi-parametric formulation for sev-
eral reasons. First, the prior parameters Gν and α in the DP prior model have a
straightforward interpretation as the mean and dispersion parameters (‘equivalent
prior sample size’). It is not immediately clear what implication certain choices
for priors on the parameters of the mixture model would have on the marginal
distribution of y in the finite mixture model. Second, the computational effort is
comparable in all three models.

5. Posterior Simulation

Model (2) with prior (3) – (5) can be estimated by Markov chain Monte Carlo
simulation. We shall use β for β = (βi, i = 1, . . . , I), µ for µ = (µ1, . . . , µI), etc.
Let y denote the data vector, yi = (ysid, d = 1, . . . , D) denote the data vector
for county i (with s = s(i) equal to the stratum containing county i), and ys =
(ysid, i : s(i) = s, d = 1, . . . , D) denote the data vector for stratum s. An entry
of the type a|b, c, y indicates that parameter a is being updated conditional on the
currently imputed values of b and c and the data y. Absence of a variable d in the
conditioning set indicates conditional independence of a and d or that the model is
being marginalized over d. We outline the sequence of the updating scheme, with
details discussed below.

Let

(i) b|β, v, y, (ii) βi|µi, Σi, b, v, yi, (iii) v|b, β, δ, y, (iv) δ|v, (v) µ, Σ, ν, α|β.

Steps (i) - (v) describe the transition probability of a Markov chain in (b, β, v, µ, Σ).
Step (v) refers to updating the parameters of the mixture model h(·), including
µi, Σi, i = 1, . . . , I, the hyperparameters ν of the base measure Gν , and the to-
tal mass parameter α. In a straightforward Gibbs sampler implementation each of
the updating steps would draw from the respective complete conditional posterior
distribution to generate a new imputed value of the respective parameter. Unfortu-
nately this is only possible for Step (iv). In all other steps the conditional posterior
distribution is not in a format allowing efficient random variate generation. The ap-
propriate MCMC implementation for steps (i) - (iii) is explicated in the Appendix.
Step (v) is described in [15].

By construction, the stationary distribution of this chain is the desired posterior
distribution p(b, β, v, µ, Σ|y). Most posterior inferences take the form of integrals
with respect to the posterior, such as the posterior mean b̄ =

∫
b dp(b, β, v, µ, Σ|y),

and such posterior integrals can be approximated by ergodic averages. For example
b̄ ≈ 1/T

∑T
t=1 bt, where bt denotes the value of b after t iterations of the Markov

chain.
The aim of the small area estimation model (2) is to provide inference for both

the sampled units and for the sampling units for which no data is available, and
to summarize such inference by subpopulations of interest, like states, etc. The
posterior simulation described earlier in this section allows us to compute such
inference with minimal additional computational cost. Index with i = I + 1, . . . , J
counties not included in the available sample. Denote with Nsid, i = 1, . . . , J, s =
s(i), d = 1, . . . , D, the total populations in each cell of county and demographic
domain. The population totals Nsid and covariates xsid are available for all counties
i = 1, . . . , J , from census data. To compute inference for state totals, we proceed by
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the following steps. Index the states with a = 1, . . . , A. Denote with a(i) the index
of the state a containing county i. Let Ysid denote the total number of subjects in
county i and demographic domain d who had a mammogram within the last two
years. Let Ya =

∑
{i:a(i)=a}

∑
d Ysid denote the total for state a.

At each iteration of the Markov chain Monte Carlo simulation we have imputed
values for b, βsid, i = 1, . . . , I, and vs, s = 1, . . . , S. To impute random effects for
counties absent in the sample, i = I +1, . . . , J , we simulate values for θi = (µi, Σi),
i = I + 1, . . . , J , using the following probabilities:

P (θi = θj) = 1/(α + i− 1), j = 1, . . . , i− 1,

P (θi 6= θj , j < i) = α/(α + i− 1) and P (θi|θi 6= θj , j < i) = Gν(θi),(6)

and P (βi|θi) = N(µi, Σi). Given imputed values for the random effects for all
counties and all strata, and for the logistic regression coefficients b, we can now
impute success probabilities psid for all counties, and simulate total counts Ysid ∼
Bin(Nsid, psid) for all counties. Adding up the state totals Ya =

∑
i:a(i)=a

∑
d Ysid

we get simulated values Ya ∼ p(Ya|y) from the posterior distribution on the state
totals.

6. The National Health Interview Survey

Figure 2 shows the final inference on the state totals (as a percentage of total
population Na for state a). Note how inference from the semi-parametric model
corresponds to a compromise between the oversmoothing synthetic estimates, and
the overfitting empirical means (based on observed data in each state only). The
states are sorted by decreasing imputed probability to facilitate comparison. The
posterior standard deviations in the state percentages are between 2 and 6 percent-
age points. This is the uncertainty due to estimating the state totals based on the
partial sample information only. Another source of error is due to evaluating the
posterior means numerically by simulation only. The corresponding uncertainties
are negligible relative to the inherent posterior standard deviations. Figure 3 shows
the same information in a geographical map of the U.S.

Figure 4 shows a summary of the imputed random effects βsid. Clearly, assuming
random effects for different domains to be i.i.d. generated from some univariate
random effects distribution would be inappropriate. Posterior correlations of βsid

across d range from −0.5 to 0.6. Figure 5 shows some features of the estimated
mixing distribution G. A fully parametric model would correspond to either a point
mass G, or a conjugate multivariate normal (in µ) measure G, corresponding to a
hierarchical model. Neither seems to be a good approximation to G. Figure 6 shows
the posterior distribution on the number of distinct µi in the mixture model (4).
The estimated stratum-specific random effects vs are shown in Figure 7.

7. Discussion

The proposed approach addressed some limitations of currently used models in
small area estimation by substituting a non-parametric model for the random ef-
fects distribution of the county- and domain-specific random effects. Resulting in-
ference allows more fidelity to the data than oversmoothing synthetic estimates,
without completely abandoning the borrowing of strength across counties, domains
and strata as formalized in the hierarchical model. Still, several assumptions remain
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Fig 2. Estimated state totals E(Ya|y) under the proposed model (bar plot), the synthetic method
(dashed line) and as sample averages over observed samples in each state (dotted line). The
short bars below the horizontal axis show one posterior s.d. SD(Ya|y) for the state totals. Error
bars at each sample average estimate indicate corresponding sampling errors (assuming that all
observations in a given state were independent). The sample did not include any data for NE
and ND. Thus, there is no ‘sample estimate’ for these states.

in the model. This includes the linear regression implied by the term x′sidb in (2)
and the normal prior on the stratum-specific random effects. While residual plots
(not shown here) indicate that the linear regression assumption was not severely
contraindicated by the data, a less restrictive approach is desirable. Given the mas-
sive data available to fit the model, more general non-parametric regression models
are possible. Also, the skewed distribution in Figure 7 indicates the need for less
restrictive prior models on the stratum-specific random effects vs. Both general-
izations are possible with methods discussed in this paper and will be pursued in
future research.

Other extensions could add additional robustness by, for example, replacing the
informal variable selection that we used for the demographic covariates by model
averaging, by allowing stratum-specific random effects for the regression on demo-
graphic covariates, and by including spatial smoothing. Besides the basic test of fit
by residual plots one could carry out specific model validation to investigate the
use of such model extensions.

Appendix: Resampling the logistic regression parameters

Steps (i), (ii) and (iii) in Section 5 require the updating of logistic regression
parameters. We describe an independence chain implementation for Step (i). Steps
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Fig 3. Posterior predictive means per state for the percentage of women who had a mammogram
done in the past two years. The solidly filled fraction of the thermometer in each state corresponds
to the estimated mammogram utilization in that state. To highlight the differences between states,
the measurements are shown relative to the minimum and maximum estimated percentage usage.
A fully filled thermometer corresponds to 58.4%, an entirely empty thermometer corresponds to
37%.
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Fig 4. Boxplots of imputed random effects βsid, split by domain d, based on the random effects
as imputed after 3000 iterations of the simulation.
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Fig 5. Estimated mixing distribution G(µ).
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Fig 6. The posterior distribution p(k|y) on the number k of distinct µi in the mixture model (4).
There is a total of I = 3060 counties in the sample, i.e., 1 ≤ k ≤ 3060.
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Fig 7. E{vs|y}, s = 1..S. The figure shows a histogram of imputed stratum-specific effects vs.
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(ii) and (iii) allow analogous implementations.
To update b = (b1, . . . , bp), we first compute the moments of the normal approx-

imation to the likelihood based on the linearized logistic link function in a logistic
regression model (cf., [12], p41). Denote the moments of the resulting p-dimensional
normal approximation by (m1, V1).

The N(m1, V1) approximation of the likelihood is now combined with the N(mb, Vb)
prior to obtain a bivariate normal approximation of the conditional posterior p(b|β, v,D).
Let m3 and V3 denote the moments of this approximation. Draw a candidate
b̃ ∼ N(m3, V3), and compute the following acceptance probability. Let ω denote
the full parameter vector, and ω̃ the parameter vector with b replaced by b̃.

(7) a(b, b̃) = min
{

1,
p(y|ω̃) ϕ(b;m1, V1)
p(y|ω) ϕ(b̃;m1, V1)

}
,

where ϕ(x; m,V ) denotes a normal density with moments m and V , evaluated at
x. Replace b by b̃ with probability a.

To derive expression (7) consider the general expression for acceptance proba-
bilities in a Metropolis–Hastings algorithm (see, for example, [21]). Denote with
g(ω̃|ω) the proposal distribution. Then

a(ω, ω̃) = min
{

1,
p(ω̃|y)
p(ω|y)

g(ω|ω̃)
g(ω̃|ω)

}
.

Substitute for g(ω̃|ω)/g(ω|ω̃):

ϕ(β̃i; m3, V3)
ϕ(βi; m3, V3)

=
ϕ(β̃i;m1, V1)ϕ(β̃i; m2, V2)
ϕ(βi;m1, V1)ϕ(βi; m2, V2)

Also, p(ω̃|y)/p(ω|y) = [p(yi|ω̃i)ϕ(β̃i; m2, V2)]/[p(yi|ωi)ϕ(βi; m2, V2)]. The factors
ϕ( · ; m2, V2) in p(ω̃|y)/p(ω|y) cancel against the same factors in g(ω̃|ω)/g(ω|ω̃)
and we arrive at (7).
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Abstract: We propose a hierarchical Bayesian model to estimate the propor-
tional contribution of source populations to a newly founded colony. Samples
are derived from the first generation offspring in the colony, but mating may
occur preferentially among migrants from the same source population. Geno-
types of the newly founded colony and source populations are used to estimate
the mixture proportions, and the mixture proportions are related to environ-
mental and demographic factors that might affect the colonizing process. We
estimate an assortative mating coefficient, mixture proportions, and regression
relationships between environmental factors and the mixture proportions in a
single hierarchical model. The first-stage likelihood for genotypes in the newly
founded colony is a mixture multinomial distribution reflecting the colonizing
process. The environmental and demographic data are incorporated into the
model through a hierarchical prior structure. A simulation study is conducted
to investigate the performance of the model by using different levels of popu-
lation divergence and number of genetic markers included in the analysis. We
use Markov chain Monte Carlo (MCMC) simulation to conduct inference for
the posterior distributions of model parameters. We apply the model to a data
set derived from grey seals in the Orkney Islands, Scotland. We compare our
model with a similar model previously used to analyze these data. The results
from both the simulation and application to real data indicate that our model
provides better estimates for the covariate effects.
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1. Introduction

Fisheries scientists and marine biologists are often faced with the problem of iden-
tifying proportions of individuals in a single catch that come from different stocks.
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Estimating these proportions is necessary for evaluating the effect of commercial
fisheries on individual fisheries stocks and for understanding the ecological factors
that influence the relative contributions of different stocks. Similarly, those who
study marine mammals are often interested in identifying the source populations
for newly founded colonies as well as environmental or demographic factors that
influence the relative contributions of different sources. The increasing ease with
which genetic data are collected and the tendency for populations of species to
become genetically differentiated over time has led to the increase in using ge-
netic markers to estimate the proportional contribution of source populations to
mixed stocks. The rationale is simple: allele frequencies are likely to differ among
source populations, and genotype frequencies in the harvest site/new habitat are
determined by the proportional contributions of the source populations. Both the
differences among source populations and the mixture proportions can be detected
by appropriate statistical models.

Several methods have been developed for the inference of the proportional con-
tribution, m, where mi is the percentage of individuals in the mixed population
originating from source i. Conditional Maximum Likelihood Estimates (MLEs) have
been widely used [8, 9]. The conditional MLE assumes the sampled source popu-
lations are exhaustive lists of all possible sources and the allele frequency of the
sources are known without error. Neither assumption is satisfied for real samples.
Smouse et al [12] extended conditional MLEs to unconditional MLEs in which the
source allele frequencies are treated as estimated parameters and unknown sources
are allowed to be presented in the model.

In recent years, several authors have applied Bayesian methods to the stock mix-
ture problem [2–4, 9, 11]. One advantage of a Bayesian model is that the influence
of the genotype data from the mixture population on the estimation of source allele
frequency is fully incorporated through the joint likelihood and is reflected in the
posterior distribution of allele frequencies. Another advantage is that we can in-
clude non-genetic information in the model through appropriate priors. We can, for
example, set the prior distribution of mixture proportions as a function of ecological
or demographic parameters.

Until recently interest has largely focused on inference of the proportional stock
contributions, but there is increasing interest in understanding the ecological fac-
tors that influence those proportions, e.g., source population size and the distance
between the source and mixture habitat [3, 9]. While including these relationships is
difficult to implement in classical models, a hierarchical Bayesian model can easily
incorporate these relationships into the prior for the vector of proportional contri-
butions, m. Existing approaches for inference on m either use an additive logistic
transformation with parameters assumed to have normal priors on the logistic scale
[9] or model m directly on the simplex using a Dirichlet with parameters assumed
to be lognormal [3]. In this paper, we propose an alternative formulation of Dirichlet
prior structure that is both more efficient in separating mean and variance effects
and also directly interpretable. We conduct a simulation study to demonstrate our
approach and investigate its performance by varying the level of differentiation
among source populations and number of genetic markers. We apply our model to
the data derived from grey seals in the Orkney Islands and compare our results
with those obtained with a Dirichlet-lognormal prior [3] and with a model using a
uniform prior for m.
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2. Models

We conduct our analysis in a Bayesian framework. The parameters, such as (rela-
tive) allele frequency, P, and proportional contribution, m, are considered as ran-
dom variables and the statistical inference is based on the posterior distributions of
parameters. In this analysis, the genetic data from source and mixture populations
are included in the likelihood function and the covariate information is included
through a hierarchical prior structure.

The likelihood of the data is derived from genetic theory. The genetic data consist
of two parts: the allele counts from source populations and genotype counts from
the mixed population. Gaggiotti’s model [3] deals with the situation where there
is one new colony and several source populations that might contribute to the
founding group of the new colony. The data are collected from the first generation
descendants of migrants, but the model allows for non-random, assortative mating,
i.e., individuals from the same source population are more likely to mate with one
another than those from different source populations.

Consider a first generation descent individual k in the new colony whose mother
is from population i and father is from population j. Denote P (yk|ij) as the proba-
bility that this individual has genotype yk, which includes L loci. Denote (a1lk, a2lk)
as the genotype of individual k at locus l. First consider individuals with both par-
ents from the same population, i.e., i = j. Assume mating is random among those
individuals and Hardy–Weinberg Equilibrium (HWE), which states that the fre-
quency of the heterozygous genotype is twice that of the homozygous genotype,
holds. The probability of genotype yk is,

(2.1) P (yk|ii) =
L∏

l=1

δlkpa1lk;lipa2lk;li ,

where pa1lk;li is the allele frequency of a1lk at locus l in population i, and δlk is an
indicator variable defined as

δlk =

{
1 if a1lk = a2lk

2 if a1lk 6= a2lk.

When the parents are from different populations, i.e., i 6= j, P (yk|ij) is given by

(2.2) P (yk|ij) =
L∏

l=1

(pa1lk;lipa2lk;lj + γlkpa2lk;lipa1lk;lj ),

where

γlk =
{

0 if a1lk = a2lk

1 if a1lk 6= a2lk
.

Parameter γlk indicates that when alleles at a locus are different, there are two
different ways of assigning them to parents in different source populations.

When mating happens assortatively, i.e., individuals tend to mate with those
from the same source population, HWE is not valid. The assortative mating can be
modeled by an assortative mating coefficient ω ∈ (0, 1). Specifically, a proportion
ω of first generation descendants arise from assortative mating among individuals
from the same source and a proportion 1− ω arise from random mating among all
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migrants. Consequently, the likelihood of finding the genotype yk in a sample from
the new colony is as follows:

P (yk|ω,P,m) =ω

I∑

i=1

miP (yk|ii)+

(1− ω)




I∑

i=1

m2
i P (yk|ii) +

I∑

i=1

∑

j 6=i

mimjP (yk|ij)

 ,(2.3)

where P (yk|ii) and P (yk|ij) is as in (2.1) and (2.2).
Since HWE is assumed for source populations, the genotype frequency is de-

termined by the allele frequency. It is easy to show that the likelihood associated
with the genotype frequencies is equivalent to a multinomial with parameters cor-
responding to the allele frequencies and response variables as allele counts from
source populations. If we assume independence among the genotype counts across
loci and populations, the likelihood function for source allele counts is a product
multinomial:

P (N|P) ∼
I∏

i=1

L∏

l=1

Al∏

j=1

p
Njli

jli ,

where Njli is the allele count for source population i at locus l for allele aj and Al

is the number of alleles at locus l.
The prior distributions for ω and P reflect prior beliefs about plausible values for

these parameters. We choose vague/noninformative priors to reflect the fact that
we have no reason to expect particular values for these parameters. In particular,
we assume an uniform prior on (0, 1) for the assortative mating coefficient ω. For
allele frequencies in the source populations, P, we assume a Dirichlet prior

π(p|α) ∝
I∏

i=1

L∏

l=1

Al∏

j=1

p
αjl−1
jli .

As there is no previous data or preference for P, it is reasonable to take α’s all
equal to 1, leading to a symmetric Dirichlet prior with parameter 1.

The key to this analysis is how to incorporate the demographic/environmental
factors into the estimation of the proportional contribution m. Information on m
is obtained only indirectly through its influence on genotype frequencies in the
mixed population. Thus, there is no simple data likelihood connecting m and the
covariates. In a Bayesian framework, however, we can assign an informative prior
for m containing the information from the covariates. The challenge in doing a
regression type analysis is that the sum of the components of m must be equal
to 1. Since covariates have to be considered for every source, an ordinary linear
model or logit transformation does not fit here. Okuyama and Bolker [9] overcome
this problem by using an additive log ratio transformation based on an additive
logistic normal distribution. However, a baseline population has to be selected and
the covariates need to be adjusted according to the baseline population, which
makes it hard to accommodate multiple covariates and the interpretation of the
coefficients is not straightforward. Gaggiotti et al [3] use a hierarchical Dirichlet prior
to address this problem. In Gaggiotti’s setup, the first level prior distribution for
m is a Dirichlet distribution in which the individual parameters follow a lognormal
distribution, i.e.,

m ∼ D(ψ)
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(2.4) log(ψi) ∼ N (µi, σ
2)

µi = α0 +
p∑

r=1

αrGri,

where Gri is the value of the rth factor for source population i and α = (α0, . . . , αp)
is the vector of regression coefficients. The value of the covariates are standardized
and the prior for αr is N (0, σ2

p). The covariates affect the prior through the param-
eter ψ.

We introduce a new hierarchical prior structure for the mixture proportions
m. The first level prior for m is a Dirichlet distribution with parameters ((1 −
ρ)/ρ)ϕ, where ρ ∈ (0, 1) and ϕ are the hyperparameters of the prior subject to the
constraint

∑I
i=1 ϕi = 1. This form of prior is widely used in population genetics for

its relationship with the measure of population differentiation, e.g., Wright’s FST

[1, 5, 6]. Due to the fact that the covariates are also observed, another hierarchical
level is added to incorporate the randomness. A Dirichlet prior with parameter η
is assigned to ϕ. The covariates are included in the model by setting the logarithm
of η to be a function of a linear combination of the covariates, i.e.,

m ∼ D(
1− ρ

ρ
ϕ),

(2.5) ϕ ∼ D(η),

log(ηi) = α0 +
p∑

r=1

αrGri.

Since the covariates are normalized, the regression coefficients αr’s are assumed
to be independent of each other. Normal priors with mean zero and a large variance,
σ2

p = 10, are assigned to parameter α. The full model is:

π(P, ω,m, ρ, ϕ, α|Y,N)
∝ p(Y|P, ω,m)π(m|ρ,ϕ)π(ϕ|α)π(α)π(ω)p(N|P)π(P),(2.6)

where Y is the genotype data of the new colony, N is the allele count in source
populations, and P is the allele frequency. The Directed Acyclic Graphs (DAGs)
of the Dirichlet-Dirichlet and Dirichlet-Lognormal models are presented in Figure
1 and Figure 2.

The prior structure of our model puts the support of ρ between (0, 1) and the
value of ((1− ρ)/ρ)ϕi on the entire positive line. This setup brings several advan-
tages. First, a natural vague prior for ρ is simply a uniform distribution between
0 and 1, U(0, 1). Second, when we use U(0, 1) as a prior, the posterior mean of
ρ can be used as an indicator of the dispersion of the regression of m on de-
mograpic/environmental factors. The variance associated with component mi is
ϕi(1 − ϕi)ρ, and 1 − ρ is roughly the proportion of variance in m explained by
the regression (cf.,[6]). Third, an informative prior on ρ can be used to influence
the variance of the prior and the relative weight of environmental covariates and
genetic data on the posterior of m. To see this, observe that (1 − ρ)/ρ increases
when ρ decreases and the variance of D(((1 − ρ)/ρ)ϕ) is decided by the absolute
value of ((1− ρ)/ρ)ϕ. Thus a small value of ρ corresponds to a small variance. As
the variance of the prior usually decides the relative weight of the prior information
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Fig 1. Dirichlet-Dirichlet Model Fig 2. Dirichlet-Lognormal Model

on the posterior distribution, ρ indicates the relative weight of the covariates in the
posterior distribution of m.

In the models of [3], [9], and the model proposed in this paper, the effect of
the covariates is incorporated through the prior for m. The parameter of interest,
m, is determined by both genetic information through the likelihood and demo-
graphic/environmental information through the prior. An important question is,
what is the relative influence of these two sources of information on posterior in-
ference? The influence of the prior is usually directly related to its variance: with
a large variance the posterior is dominated by the likelihood while with a small
variance the posterior is dominated by the prior. For the Dirichlet-lognormal prior
in (2.4), the mean of m is controlled by the value of ψ. At the same time the vari-
ance of m is affected by both the magnitude of ψ and the distribution of σ2. The
interaction among these two parameters tends to increase the uncertainty in the
posterior distribution. In contrast, the prior proposed in (2.5) clearly separates the
roles of the parameters: the mean of m is determined by ϕ and the variance of m
is controlled by ρ. This separation is due to the constraint that ϕ is on the simplex.
In the simulation study and the application to a real life dataset, we illustrate that
the Dirichlet–Dirichlet prior shows less variation in estimating the covariate effects
while providing comparable coverage of interval estimates.

3. Simulation Study

We conduct a simulation study to investigate the performance of our proposed
model by simulating data from populations with different levels of genetic dif-
ferentiation as well as different numbers of genetic markers. As discussed above,
the estimation of the mixture proportions relies on the divergence among source
populations. We are interested in how different level of divergence among source
populations would affect the posterior distributions of the parameters of interest.
From a practical point of view, population divergence level cannot be controlled by
researchers. Instead, researchers can determine how many genetic markers are to be
assigned and included in the analysis. Hence, we are also interested in the relation-
ship between the number of loci and the posterior distribution of the parameters.

We consider three simulation scenarios. Under the first scenario, the level of
population differentiation is moderate and there are a relatively small number of
genetic markers, e.g., 8 loci are available. Under the second scenario, the number of
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Table 1
Normalized Covariates

Source Distance Productivity

1 -0.295 1.298
2 -0.849 1.285
3 -0.822 -0.238
4 -0.562 -1.256
5 -0.326 -0.729
6 1.533 0.286
7 1.320 -0.646

loci is the same as the first scenario but the level of genetic differentiation among
source populations is higher. Under the last scenario, the genetic variation is the
same as that of the first scenario but the number of genetic markers is doubled,
i.e., 16 genetic markers are available. The number of source populations, number
of individuals in the mixed population, and allele counts in the source populations
are comparable with those in the grey seal data we analyze later.

In the first part of the simulation we generate allele counts in the source popu-
lations, which should reflect the level of genetic differentiation among them. This
is realized through a hierarchical population structure. We assume that the al-
lele frequencies of the source populations are from a common hyper-population,
which has fixed allele frequencies ψ, a L × A matrix with L being the number of
loci and A being the number of alleles at each locus. (Without loss of generality,
we assume all loci have the same number of alleles.) The allele frequencies pli, a
1 × A vector, for source i and locus l are random samples from a Dirichlet distri-
bution, D(((1− θ)/θ)ψl), where ψl, a 1×A vector, is the allele frequency of locus
l for the hyper-population, and θ is a population divergence measure used widely
in population genetic studies, namely Wright’s Fst. Note that E[pjli] = ψjl and
V ar[pjli] = θψjl(1−ψjl), where ψjl is the allele frequency of locus l, allele j for the
hyper-population. We choose θ = 0.05 and θ = 0.2 for small and large divergence
scenarios, respectively.

The detailed simulation is described as follows. Step 1: generate allele frequencies
of the hyper population, ψ, by generating a random sample L times from an A di-
mensional symmetric Dirichlet distribution with parameter 1. Step 2: generate allele
frequencies, pli, from the Dirichlet distribution D(((1 − θ)/θ)ψl) with predefined
θ. Step 3: generate allele counts, Nli, for source i and locus l, from a multinomial
distribution with total allele counts N = 400, and probability pli (from step 2).

In the second part of the simulation we generate genotypes of individuals from
the mixed population, which requires the proportional contributions m and the
probability of each genotype. We adopt fixed proportional contributions, which are
a function of the two covariates. Note that in both the Dirichlet–Dirichlet (2.5) and
the Dirichlet-lognormal (2.4) models, the conditional expectations of the prior for
m are the same, namely,

E[mi|α] =
eα·Gi

∑I
i=1 eα·Gi

,

where α is the vector of regression coefficients and Gi is the vector of covariates for
source i. We use two covariates with the values shown in Table 1 and the coefficients
are set to α1 = −0.5 and α2 = 0.5.

The genotype of an individual k is generated by the following steps. First, we
decide whether its parents are from the same source by comparing a uniform ran-
dom number on [0,1] with a preset assortative coefficient w = 0.05. The second
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step is to generate the genotype frequency at each locus. If the parents are from the
same source population, the probability of genotype yk is

∑I
i=1 miP (yk|ii), where

P (yk|ii) is as in (2.1). If the parents come randomly from the source populations
then the probability of genotype yk is

∑I
i=1 m2

i P (yk|ii)+
∑I

i=1

∑
j 6=i mimjP (yk|ij),

where P (yk|ij) is the probability of parents from different source populations as in
(2.2). Once we have the probability of each genotype for individual k at locus l, we
can easily generate the genotype from this probability. Step 2 is repeated for each
locus of the individual to get the complete genotype of individual k. The above
steps are repeated 160 times to get the genotypes of 160 individuals in the mixed
population.

We generate 50 data sets for each of the three scenarios, and we fit both the
Dirichlet–Dirichlet prior (2.5) proposed in this paper and the Dirichlet-lognormal
prior (2.4) to each data set using a MCMC method. Since most of the parameters
are vectors on a simplex, we use a multi-dimensional logit transformation to put the
support of the transformed parameters on the real line and remove the simplex con-
straint. A normal proposal density is then used to conduct a Metropolis–Hastings
update nested in the Gibbs sampling. Details of the MCMC update procedure are
presented in the Appendix. For most of the data set, we conduct 30,000 iterations
in the simulation with 5,000 burn-in and thin the MCMC output by 5. For chains
showing suspicious convergence behavior, longer iterations and fine tuning are used
to ensure convergence.

Table 2 presents a summary of the posterior analysis, including the average of the
posterior means, posterior standard deviations, root mean square error (RMSEs),
and the lengths of the 95% highest probability density (HPD) intervals. In general,
the posterior means of m are reasonably close to the true values in all scenarios.
The effects of population divergence and number of loci are reflected mainly in the
posterior dispersion of m. As shown in the Table, the lengths of the 95% HPD
intervals, the posterior standard deviations, and the RMSEs, all indicate that the
posterior dispersion of m decreases with the increase of population differentiation.
Given the same level of population differentiation, increasing the number of genetic
markers also significantly improves the precision of posterior estimation for m.
These results suggest that although in practice the population divergence is always
fixed, collecting and including more genetic markers in the analysis can significantly
improve the estimation of the proportional contribution parameters m.

For the regression coefficient α, both models provide reasonable estimates for
the posterior means. However, the posterior variation is large and the 95% HPD
intervals all contain zero. Results from the simulation study indicate that neither
level of population differentiation nor number of loci has significant effects on the
precision of α estimates. We consider this as a reasonable result since the covariate
coefficients are essentially a regression over 7 data points, i.e., the 7 source popu-
lations. The level of divergence and number of loci improve the precisions of the
posterior variance sfor m, which only affect α indirectly. With only 7 data points,
few simulated data sets will be able to provide strong support for a regression re-
lationship. Thus, increasing the number of loci or studying highly differentiated
populations will do little to improve posterior estimates of α. A larger number of
populations would be required to provide statistically supportable evidence of the
effects.

The advantages of the Dirichlet–Dirichlet prior proposed in this paper are seen
primarily in the reduced posterior variation of the regression coefficients, α1 and α2.
Under the Dirichlet–Dirichlet prior, the posterior standard deviations and RMSEs
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Table 2
Posterior summary of simulation study

Dirichlet–Dirichlet Dirichlet-lognormal
TRUE θ = 0.05 θ = 0.20 θ = 0.05 θ = 0.05 θ = 0.2 θ = 0.05

L=8 L=8 L=16 L=8 L=8 L=16
m1 0.249 * 0.256 0.254 0.239 0.258 0.255 0.239

** 0.044 0.033 0.036 0.045 0.032 0.036
*** 0.063 0.052 0.053 0.065 0.052 0.054
****0.170 0.127 0.138 0.173 0.126 0.139

m2 0.327 0.326 0.377 0.350 0.328 0.379 0.351
0.045 0.036 0.039 0.046 0.036 0.039
0.068 0.076 0.058 0.069 0.079 0.059
0.175 0.140 0.150 0.178 0.141 0.151

m3 0.151 0.134 0.125 0.137 0.135 0.125 0.138
0.038 0.026 0.031 0.038 0.026 0.031
0.052 0.053 0.048 0.052 0.053 0.049
0.145 0.099 0.121 0.149 0.100 0.121

m4 0.079 0.073 0.065 0.077 0.072 0.064 0.075
0.033 0.020 0.027 0.033 0.020 0.026
0.042 0.038 0.039 0.044 0.038 0.039
0.119 0.075 0.103 0.121 0.074 0.100

m5 0.092 0.094 0.078 0.090 0.094 0.077 0.090
0.033 0.022 0.027 0.034 0.021 0.028
0.051 0.036 0.044 0.051 0.037 0.044
0.1259 0.082 0.103 0.126 0.082 0.105

m6 0.060 0.069 0.060 0.060 0.066 0.059 0.059
0.033 0.020 0.025 0.033 0.020 0.024
0.045 0.032 0.038 0.046 0.033 0.038
0.115 0.074 0.090 0.114 0.074 0.089

m7 0.042 0.047 0.041 0.048 0.047 0.040 0.048
0.025 0.015 0.022 0.026 0.016 0.0232
0.038 0.029 0.037 0.039 0.029 0.036
0.088 0.057 0.078 0.089 0.056 0.079

α1 -0.500 -0.398 -0.429 -0.430 -0.485 -0.493 -0.493
0.477 0.469 0.479 0.613 0.578 0.587
0.516 0.496 0.503 0.659 0.615 0.625
1.849 1.815 1.849 2.383 2.268 2.305

α2 0.500 0.449 0.520 0.433 0.538 0.618 0.515
0.416 0.407 0.408 0.535 0.519 0.523
0.437 0.425 0.422 0.555 0.551 0.535
1.637 1.600 1.602 2.097 2.041 2.056

ω 0.050 0.037 0.014 0.014 0.037 0.014 0.014
0.035 0.013 0.014 0.035 0.013 0.014
0.040 0.039 0.038 0.040 0.039 0.038
0.106 0.040 0.042 0.106 0.040 0.042

*: average of posterior means;
**: average of posterior standard deviations;

***: average of RMSEs;
****: average length of 95% HPD intervals.

are uniformly smaller than that of the Dirichlet-lognormal model even though the
prior variances for α are all set to the same value, i.e., σ2

p = 10. We consider this
as mainly due to the confounding of the effects that both ψ and σ2 have on the
variances of m. Another possible reason is the effects of the prior for τ = 1/σ2. In
any case, the Dirichlet–Dirichlet prior has the advantage of leading to more precise
estimation of regression coefficients and ease in picking a non-informative prior
without sacrificing nominal coverage of credible intervals.

4. Application to the Grey Seal Data Set

To illustrate the usefulness of our approach, we apply it to data from grey seal,
Helicoerus grypus, populations in the Orkney Islands, which were also analyzed by
[3] and [4]. The data consist of allele frequencies of 8 loci for seven source colonies
and the genotype frequencies for a newly established colony on Stronsay island.
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Table 3
Model Evaluation

Models Dbar pD DIC LPML
Dirichlet-Dirichlet 8044 336 8380 -3023
Dirichlet-lognormal 8042 337 8379 -3023
Uniform 8045 336 8381 -3023

There are two explanatory variables associated with each source population: dis-
tance between the source island and Stronsay island (α1), and the ’productivity’
index, which is related to the population density and size of the source popula-
tion, (α2). The genetic data were collected from the first generation descendants
of migrants to Stronsay. We use the likelihood in equation (2.3) to allow for the
possibility that migrants are more likely to mate with other individuals from the
island from which they migrated. Since there is no closed form for the posterior
distribution, we use MCMC methods for posterior inference.

We compare results from three models with different priors: the Dirichlet–Dirichlet
prior, the Dirichlet-Lognormal prior, and a model with the symmetric Dirichlet prior
with parameter 1 for m, which corresponds to a model in which covariate effects are
not incorporated. Our results reveal that differences among the models rarely lead
to substantial differences in the mean posterior likelihood, which is intuitively rea-
sonable. The part of the likelihood function concerned with source population allele
frequencies is identical across all models, and the part of the likelihood concerned
with colony allele frequencies is tightly tied to the observed genotypes. The three
models differ only through the prior for the proportional contributions m, which has
limited impact on the likelihood unless the source population differs substantially.
A direct consequence of these properties is the similarity among metrics for model
evaluation measures that use only the likelihood, e.g., DIC [13] and the logarithm
of the pseudomarginal likelihood (LPML) [7]. As shown in Table 3, neither DIC
nor LPML provides strong support for any of the models relative to the others.

The posterior densities of the model parameters are given in Figure 3. Table 4
gives the posterior means and 95% HPD intervals of the parameters of interest:
m,τ ,α and ρ. It can be seen that the posterior means of m are quite different for
the model with symmetric Dirichlet prior (with no covariates) and the models us-
ing covariate information. Specifically, models using covariate information suggest
a larger proportion from sources 2 and 3 than the uniform model, which is a rea-
sonable result since sources 2 and 3 are the closest source islands to the new colony
and posterior analysis indicates distance has a moderate effect on the proportion
contribution.

The 95% HPD intervals of all regression coefficients in all models include zero,
which is not surprising from the analysis of the simulation results. The large varia-
tion in α is presumably due to the small number of source populations. Nonetheless,
there is some support for the notion that the coefficient associated with distance,
α1, is negative. The posterior probability that α1 is negative is more than 0.785
for the Dirichlet–Dirichlet model and 0.850 for the Dirichlet-lognormal model. The
posterior probability that α2 is positive in our model is 0.593 and 0.596 in the
Dirichlet-lognormal model. The Dirichlet–Dirichlet model shows a shorter HPD in-
terval compared to the Dirichlet-lognormal model, which is also consistent with
the simulation results. In short, distance has a negative effect on the proportional
contributions and population sizes have minor positive effects on the proportional
contributions.

As discussed above, the parameter ρ in our hierarchical model is analogous to
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Fig 3. The posterior densities of parameters in the Dirichlet–Dirichlet model
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Table 4
Posterior means and 95% HPD intervals

Dirichlet–Dirichlet Dirichlet-lognormal Uniform
Mean 95% HPD Mean 95%HPD Mean 95% HPD

m1 0.097 (0,0.280) 0.101 (0,0.282) 0.099 (0,0.250)
m2 0.297 (0.086,0.526) 0.305 (0.085,0.542) 0.243 (0.046,0.436)
m3 0.3 (0,0.514) 0.324 (0.045,0.586) 0.258 (0.035,0.475)
m4 0.113 (0,0.300) 0.11 (0,0.305) 0.104 (0,0.256)
m5 0.061 (0,0.196) 0.07 (0,0.195) 0.081 (0,0.198)
m6 0.052 (0,0.214) 0.037 (0,0.179) 0.092 (0,0.234)
m7 0.079 (0,0.270) 0.053 (0,0.230) 0.123 (0,0.289)
α1 -0.494 (-1.808,0.668) -1.03 (-3.005,0.961) 0 (0,0)
α2 0.113 (-0.864,1.084) 0.182 (-1.191,1.680) 0 (0,0)
ω 0.609 (0.105,1.000) 0.613 (0.110,1.000) 0.616 (0.056,0.986)
ρ 0.118 (0,0.343)
τ 1.453 (0.183,4.377)

a ‘goodness of fit’ measure for the relationship between the covariates and m.
Specifically, 1 − ρ is roughly the proportion of variance in m explained by the
regression. As the results in Table 4 show, the posterior mean for 1 − ρ is near
0.9, which indicates a fairly tight regression in spite of the uncertainties associated
with α. In summary, we conclude that there is moderate support for the hypothesis
that increasing distances between the source and colony populations decrease the
proportional contributions of the sources to the colony.

5. Conclusions

The primary goal of this analysis is to incorporate environmental/demographic
information into the estimation of the proportional contributions of source popula-
tions to a new colony through appropriate informative priors. Two other models are
available which satisfy the constraint that the sum of the proportional contributions
must equal one, i.e., additive logistic transformation [9] and Dirichlet-lognormal
model [3]. We introduce a parametrization for the Dirichlet prior derived from pop-
ulation genetics in which we specify the mean, ϕi, and variance, ρ(1−ϕi)ϕi, of the
mixture parameters and a linear model for the parameters of a second Dirichlet
that determines ϕi. The Dirichlet–Dirichlet prior has several advantages over the
alternatives. First, the parameter ρ has a natural vague prior distribution, a uni-
form distribution [0,1]. Second, ρ controls the variance of the Dirichlet prior and
1 − ρ has a natural interpretation as the proportion of variance explained by re-
gression. Finally, the mean of the proportional contributions is not affected by the
parameter ρ and the regression coefficients have a direct interpretation as regression
effects on proportional representation. The separation of mean effect and variance
effect is a major advantage of the proposed formulation compared to alternative
models where the proportional contribution for any given population depends on
the relative magnitude of coefficients associated with other regression components
and their random effects.

The simulation study indicates that larger population divergence would lead to
more precise estimation of the proportional contributions m. Given a particular
level of population divergence, better estimates of m can also be achieved by in-
cluding more loci in the analysis. The simulations show that the Dirichlet–Dirichlet
prior has better performance in estimating the regression coefficients in term of
posterior variation than a Dirichlet-lognormal prior.
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When we apply our model to the grey seal data we find that the distance be-
tween a source island and the new colony play a moderate role in its proportional
contribution but that the effect of source population productivity is weak. These
results are consistent with those presented in [3], but the posterior variability of the
regression coefficients is smaller, as in the simulation study. The advantages of the
formulation presented here seem likely to be generally available in the analysis of
compositional data. In particular, a formulation similar to the one used here may
be generally useful in modeling situations where additive logistic transformations
have been the norm, both because of direct interpretability of regression coefficients
and the natural interpretation of 1− ρ as a goodness of fit measure.

Appendix: A General Approach for Updating a Proportional Vector

The conditional distributions of model parameters are non-standard distributions;
hence, we use a Metropolis–Hastings algorithm nested within Gibbs sampling to
conduct each MCMC update. Several vector parameters, P, m,and ϕ, are subject
to the constraint that the support of their components is on [0,1] and the summation
equals to one. We use a multidimensional logit transformation to ‘de-constrain’ the
parameters and perform Metropolis–Hastings updating using a Normal proposal
density. Let θ be a vector of dimension p+1 with constraints θi > 0 and

∑p+1
i=1 θi = 1.

Let

θi =
exp(ξi)

1 +
∑p

j=1 exp(ξj)
.

The Jacobian matrix ∂f(θ)/∂ξ is the matrix with entries

xij =





eξi+eξi (
∑p

j=1
eξj )−e2ξi

(1+
∑p

j=1
eξj )2

for i = j

−eξi+ξj

(1+
∑p

j=1
eξj )2

for i 6= j.

It can be shown that the determinant of the Jacobian matrix is

e

∑p

j=1
ξj

(1 +
∑p

j=1 eξj )p+1
.

The full conditional distribution of ξ is

f(ξ|D) = f(θ|D)
e

∑p

j=1
ξj

(1 +
∑p

j=1 eξj )p+1
.

Instead of sampling θ, we conduct a Metropolis-Hastings update for ξ using a
normal proposal density N(ξ̂, σ̂2

ξ̂
), where ξ̂ is the maximizer of π(ξ|D) and σ̂2

ξ̂
is the

estimated variance, which could be a fixed value based on a pilot run or the inverse
of the score matrix. Alternatively, we can use a Normal proposal density centered
at the current value. The algorithm operates as follows:
Step 1. Let ξ be the current value. Find the maximum likelihood estimate of ξ, ξ̂.
Step 2. Generate a proposal value ξ∗ from N(ξ̂, σ̂2

ˆξ
).

Step 3. A move from ξ to ξ∗ is made with probability

min





f(ξ∗|D)Φ(ξ−ˆξ
σ̂ξ̂

)

f(ξ|D)Φ(ξ∗−ˆξ
σ̂ξ̂

)
, 1




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where Φ is the standard normal probability density function. The ξ is then converted
back to its expression in terms of θ.
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Abstract: High-dimensional data models, often with low sample size, abound
in many interdisciplinary studies, genomics and large biological systems being
most noteworthy. The conventional assumption of multinormality or linear-
ity of regression may not be plausible for such models which are likely to be
statistically complex due to a large number of parameters as well as various un-
derlying restraints. As such, parametric approaches may not be very effective.
Anything beyond parametrics, albeit, having increased scope and robustness
perspectives, may generally be baffled by the low sample size and hence un-
able to give reasonable margins of errors. Kendall’s tau statistic is exploited
in this context with emphasis on dimensional rather than sample size asymp-
totics. The Chen-Stein theorem has been thoroughly appraised in this study.
Applications of these findings in some microarray data models are illustrated.
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1. Introduction

The past three decades have witnessed a phenomenal growth of research litera-
ture on statistical methods for large dimensional data models. Such models abound
in various interdisciplinary fields, especially in the evolving field of genomics and
bioinformatics. Knowledge discovery and data mining (KDDM) or statistical learn-
ing tools are usually advocated for such high dimensional data models, often on
primarily computational or heuristic justifications. The curse of dimensionality is
so overwhelming that classical likelihood (principle) based statistical inference tools,
baffled with an excessive number of parameters, may not be robust or efficient. Con-
ventional assumptions of multinormality of errors and linearity of regression models
may not be generally tenable in such contexts. Moreover, having a large number
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of coordinate variables, the assumption of their stochastic independence may not
be realistic in a majority of cases. On top of that, at least a part of the response
variables may be discrete or even purely qualitative in nature; often, the categorical
responses may not reveal any (partial) ordering. In that sense, discrete multivariate
analysis may appear to be more appropriate than conventional multinormal model
based analysis. Even for multinormal models, the high-dimensionality may demand
a far larger sample size in order to implement a full likelihood based asymptotic
analysis. That is, we need the conventional n À K environment for drawing appro-
priate statistical conclusions with reasonable precision.

Typically, in such high-dimensional models, one encounters a K À n environ-
ment, where K is the dimension of the data and n is the sample size. In such high-
diensional low sample size, HDLSS, models, effective dimension reduction may be
a challenging statistical task, usually beyond the scope of KDDM. For example, in
neuronal spike train models, there are literally tens of thousands of neurons (nerve
cells), and in the presence of external stimuli, the spike trains for any observable
subset of neurons exhibit a high-degree of nonstationarity. Further, recording of
such spike trains in a large number of nerve cells may be invasive to the brain
functioning due to the destructive nature of recording ([15], Ch. 3). Essentially, we
have a very high dimensional counting process. Doubly stochastic Poisson processes
have been considered in the literature, albeit without much claim of optimal reso-
lutions. In magnetic resonance imaging, MRI, there could be tens of thousands of
microscopic units producing an enormously high dimensional spatial data model.
More complexities may arise in case of (functional) fMRI models. For such HDLSS
models, parametric asymptotics may not have adequate scope or good statistical
interpretation.

The transition from conventional normal theory to nonparametric linear models
has been well fortified along with the development of nonparametric or robust
statistical methods based on R- statistics (ranks), M -statistics (maximization) and
linear combinations of order statistics or L-statistics; see, for example, [8] where
other pertinent references have been extensively cited. In a more general setup,
nonparametric regression functionals have been formulated wherein the linearity of
regression or a specific nonlinear form are not assumed to hold.

In the context of testing monotonicity of nonparametric regression, without as-
suming a linear or any specific nonlinear form, Ghosal et al. [5] considered suitable
U -processes based on a locally smoothed Kendall’s tau statistic. They provided gen-
eral asymptotics for such locally smoothed Kendall’s tau processes when both the
independent and dependent variates are stochastic, and illustrated their effective
use in the postulated hypothesis testing problem. Such local versions of Kendall’s
tau statistics have simple statistical interpretation, albeit, in view of possibly slower
rate of convergence, the impact of large sample size is apparent in their analysis.
In the contemplated bioinformatics area, as we shall see, the HDLSS scenario calls
for alternative approaches, and some of these will be explored in this study.

In a simple regression setup, the Theil-Sen (point as well as interval) estimates of
the regression slope based on the Kendall tau statistic [14], have simple forms, and
are computationally tractable and statistically robust. Another advantage of the
Kendall tau statistic is its adaptability for count data as well as latent-effect models.
Further, a test for the null hypothesis of no regression based on the Kendall tau
statistic (being distribution-free under the null hypothesis of invariance) remains
valid and efficient for such complex models. Our contemplated models, unlike [5],
entail a high dimensional data with relatively (and often inadequately) smaller
sample size, i.e., the HDLSS (K À n) environment. As we shall see in the next
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section, there may not be a genuine temporal pattern. In addition, there may be
other complications arising from lack of spatial-compactness, spatial homogeneity
and other spatial dependence patterns.

For better motivation, in Section 2, an illustration is made with a microarray data
model where HDLSS models typically arise. Section 3 deals with the appropriateness
of statistical modeling and analysis based on a pseudo-marginal approach incorpo-
rating coordinatewise construction of the Kendall tau statistic, in such K À n
environments. Section 4 is devoted to the dimensional asymptotics for the Kendall
tau process in such HDLSS models where there are two basic problems : (i) group
divergence, and (ii) classification of genes into disease and nondisease types. For
the first problem, a pseudo-marginal approach based on the Hamming distance
has been explored in [17] while in the latter context, multiple hypotheses testing
(MHT) problems in HDLSS setups arise in a different perspective and call for some
alternative novel tools for valid and efficient statistical appraisals. Motivated by
these perspectives in such HDLSS models, some applications of the Chen-Stein
[3] theorem in such K À n environments are presented in the last section. These
generalizations cover both the MHT and the gene-environment interaction testing
problems.

2. An Illustrative Data Model

We consider a genomic model arising in microarray data analysis as an illustra-
tion. The microarray technology allows simultaneous studies of thousands of genes,
K, possibly differentially expressed under diverse biological / experimental setups,
with only a few, n, arrays. We may refer to Lobenhofer et al. (2002) where for a
set of 1900 genes, arranged in rows, the gene expressions were recorded at 6 time
points, with 8 observations at each time point. Thus 1900 = K À n = 48. The
gene-expression levels are measured by their color intensity (or luminosity) as a
quantitative (nonnegative) variable, either on the (0, 1) or 0 - 100 per cent scale,
or (based on the log-scale) on the real line <. A gene associated (causally or statis-
tically) with a target disease is known as a disease gene, DG, while the others as
nondisease genes, NDG. Gene expression levels under different environments cast
light on plausible gene-environment interactions (or associations) so that if the ar-
rays are properly designed, mapping disease genes may be facilitated with such
microarray studies. One of the main issues is identifying differentially expressed
genes among thousands of genes, tested simultaneously, across experimental con-
ditions. Typically, for a target disease, there are only a few DG while the NDG
comprise the vast majority. A NDG is expected to have a low gene expression level
while a DG is expected to have generally higher expression levels. Thus, a natural
stochastic ordering of gene expression levels of the DG with varying disease sever-
ity is plausible while the NDG expression levels are expected to be stochastically
unaffected by such disease level differentials.

Microarray data go thorough a lot of standardization and normalization so that
conventional simple models, such as the classical MANOVA models, may rarely be
totally adaptable. If the arrays are indexed by an explanatory or design variate
(t) that possesses an ordering (not necessarily linear), then the stochastic ordering
could be exploited through suitable nonparametric techniques. The main difficulty
in modeling and statistically analyzing microarray data stems from the high di-
mensionality of the genes compared to the number of arrays. While the different
arrays may sometimes be taken to be at least statistically independent, the genes
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may not. Moreover, not much is known about the spatial topology of the genes
or their genetic distances. There is another factor that merits our attention. The
gene expression levels for the different genes in an array are neither expected to
be stochastically independent nor (marginally) identically distributed. Sans such
an i.i.d. clause, standard parametrics typically adaptable for fMRI models (albeit
mostly done in a Bayesian coating) may encounter roadblocks for fruitful adapta-
tion in microarray data models. Thus, structurally, such data models are different
from those usually encountered in nonparametric functional regression models. For
this reason, a pseudo-marginal approach is highlighted here. This approach exploits
the marginal nonparametrics fully and renders some useful modeling and analysis
convenience.

3. Some HDLSS Formulations

Motivated by microarray data models introduced in Section 2, we consider here a
set of n arrays (sample observations) where there is a design variate ti associated
with the ith array, for i = 1, . . . , n. Without loss of generality, we assume the ti are
ordered, i.e.,

(3.1) t1 ≤ t2 ≤ · · · ≤ tn,

with at least one strict inequality. We do not, however, impose any linear or spe-
cific parametric ordering of these design variates. The multisample (ordered alter-
native) model is a particular case where n can be partitioned into I subsets of
sizes n1, . . . , nI such that within each subgroup, the ti are the same while they
are ordered over the I different subsets. For the ith array, corresponding to the K
genes (positions), we have a gene expression level denoted by Xik, k = 1, . . . , K,
so that we have K-vectors Xi = (Xi1, . . . , XiK)′, for i = 1, . . . , n. The joint distri-
bution function of Xi is denoted by Fi(x), x ∈ <K . Further, for the kth gene in
the ith array, i.e., Xik, the marginal distribution is denoted by Fik(x), x ∈ <, for
k = 1, . . . , K; i = 1, . . . , n. For a given i, the Fik, k = 1, . . . ,K may not be gener-
ally the same, and moreover, the Xik, k = 1, . . . , K may not be all stochastically
independent.

If a gene k is NDG and the ti reflect the variability of the disease level, then the
Fik, i = 1, . . . , n should be the same. On the other hand, for a DG k, for i < i′, Xik

should be stochastically smaller than Xi′k in the sense that the Fik, i = 1, . . . , n
should have the ordering

(3.2) F1k(x) ≥ F2k(x) ≥ · · · ≥ Fnk(x),∀ x ∈ <.

Therefore, we could force a characteriation of DG and NDG based on the following
stochastic ordering: For a NDG k, the Fik, i = 1, . . . , n are all the same, this being
denoted by the null hypothesis H0k, while for a DG k, the stochastic ordering in (3.2)
holds which we denote by H1k, for k = 1, . . . , K. In this marginal formulation, we
have a set of K hypotheses corresponding to the K genes, and whatever appropriate
test statistic (say Tnk) we use for testing H0k vs. H1k, these statistics may not
be, generally, stochastically independent. The basic problem is therefore to test
simultaneously for

(3.3) H0 = ∩K
k=1H0k vs H1 = ∪K

k=1H1k,

without ignoring possible dependence of the test statistics for the component hy-
potheses testing H0k vs H1k, for k = 1, . . . , K. This makes it appealing to follow
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the general guidelines of the Roy [12] union-intersection principle (UIP), albeit in
a marginalization (i.e., adapting a finite union and finite intersection scheme), and
thus permitting a more general framework so as to allow simultaneous testing and
classification into DG / NDG groups. In a very parametric setup, some order re-
stricted inference problems have been considered by [11]. However, in our setup,
such normality based parametric models may not be very appropriate.

Our approach is based on the classical Kendall tau statistics for each of the K
genes and the incorporation of these (possibly dependent) marginal statistics in a
composite scheme for classification. For the kth gene, based on the n observations
Xik, i = 1, . . . , n, and the tagging variables t1, . . . , tn, we define the Kendall tau
statistic as

(3.4) Tnk =
(

n

2

)−1 ∑

1≤i<i′≤n

sign(Xi′k −Xik)sign(ti′ − ti),

for k = 1, . . . ,K. Conventionally, we take sign(0) = 0. Note that Tnk is a (gen-
eralised) U -statistic of degree 2 [7]. Further, note that by (3.1), we may set
S = {(i, i′) : ti < ti′ ; 1 ≤ i < i′ ≤ n} and let N be the cardinality of the set
S. Then by (3.1), n− 1 ≤ N ≤ (

n
2

)
. Moreover, we may rewrite Tnk as

(3.5) Tnk =
(

n

2

)−1 ∑

S
sign(Xi′k −Xik), k = 1, . . . , K,

where S depends on the ordering of the tj and therefore remains the same for every
k = 1, . . . , K. Note further that whenever N <

(
n
2

)
, the range of variation of Tnk is

( −N/
(
n
2

)
, N/

(
n
2

)
) which is contained in the interval (−1, 1). That is why we shall

find it convenient to take the modified or rescaled Kendall tau as

(3.6) T o
nk = N−1

∑

S
sign(Xi′k −Xik),

whose range is exactly (−1, 1), albeit the distribution being still discrete.
Note that for any k = 1, . . . , K, under H0k, for every i 6= i′, the difference Xi′k−

Xik is symmetrically distributed around 0, and hence, E0k{sign(Xi′k −Xik)} = 0
so that

(3.7) E0k{Tnk} = E0k{T o
nk} = 0, ∀ k = 1, . . . , K.

Further, the marginal distribution of Tnk under H0k is generated by the n! equally
likely permutations of the Xik among themselves. Therefore when all the Fik are
continuous, ties among the observations being negligible with probability 1, Tnk

(or T o
nk) is distribution-free under H0k. This distribution may depend on the set S

but that being the same for all k, we conclude that under H0 in (3.3), marginally
each T o

nk is distribution-free and these K statistics all have the same marginal
distribution. If all the ti were stochastic and continuous then N =

(
n
2

)
and we will

have

(3.8) Var0{Tnk} = 2(2n + 5)/{9n(n− 1)}.
On the other hand, in general for N ≤ (

n
2

)
, the ti are not distinct and may be even

nonstochastic, and hence, the variance is equal to

(3.9) Var0{T o
nk} = N−2{(2/3)(N1 −N2) + N} = ν2

n, say,
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where N1 is the cardinality of the set {(i, i′), (i, i′′) : ti < ti′ , ti < ti′′ , ti′ 6= ti′′}
and N2 is the cardinality of the set {(i, i′), (i′′, i) : ti > ti′′ 6= ti′}. For small values
of n and given (3.1), one can enumerate S and obtain the exact distribution of
T o

nk under H0k. If n is large, the standardized form of the statistic, i.e., T o
nk/νn has

closely a standard normal distribution. In our setup, perhaps the exact permutation
distribution plays a greater role and this will be illustrated later on.

The behavior of T o
nk under alternatives would naturally depend on the stochastic

ordering in (3.2) and these statistics will not be exact distribution-free nor possibly
have identical marginal laws. Nevertheless, under (3.2), for every i < i′, Xi′k−Xik

has a distribution tilted to the right, so that

(3.10) E{T o
nk | H1k } ≥ 0, ∀ k = 1, . . . ,K.

This motivates us to use tests based on the marginal statistics T o
nk using the right

hand side critical region, or equivalently the right-hand sided p-values. Recall that
the distribution of each T o

nk, at least for n not too large, is discrete, but that is not
going to be of any particular concern. A greater concern is to incorporate possible
stochastic dependence among the K statistics T o

nk, k = 1, . . . , K (even under the
null hypothesis) and their possible heterogeneity when some of the H1k are true.
A basic problem is to formulate suitable multiple hypothesis testing procedures to
assess which hypotheses are to be rejected subject to a suitably defined Type I error
rate. This is elaborated in the next section.

4. Dimensional Asymptotics and the Union Intersection Test

Although independence across microarrays may be assumed, their i.d. structure
may be vitiated if the arrays relate to different biological or experimental setups.
Moreover, for different genes, the gene expression (marginal) distributions are likely
to be different when there is gene-environment interaction. Taking into account such
plausible inter-gene stochastic dependence and heterogeneity, we need to prescribe
statistical modeling and analysis tools. This will be accomplished through dimen-
sional asymptotics where K is made to increase indefinitely while n, being small
compared to K, may or may not be adequately large.

In view of (3.3), it is tempting to appeal to the union-intersection principle [12],
or UIP, to construct suitable test statistics which will cover the genome-wise picture
in a reasonable way. Towards this, we may note that as under H0 (i.e., H0k, ∀k),
marginally each T o

nk has the same distribution (which does not depend on the
underlying Fik ). Thus, corresponding to any c : −1 ≤ c ≤ 1, the tail probability
P0{T o

nk > c} is the same for all k and this can be evaluated by using the exact
permutation distribution generated by the n! permutations of the Xik, 1 ≤ i ≤ n.
The UIP then leads to the following union-intersection test, UIT, statistic:

(4.1) T ∗on = max{T o
nk : 1 ≤ k ≤ K},

where the test function is given by φ(T ∗0n ) = 1, γ, or 0, accordingly as T ∗on is >,=
or < c and γ : (0 ≤ γ ≤ 1) is so chosen that E0{φ(T ∗on )} = α, the preassigned level
of significance. Note that for n not adequately large, the null distribution of T o

nk

is essentially discrete and hence this usual randomization test function is aimed to
take care of this problem.

The crux of the problem is therefore to determine such a critical level cα. The
joint distribution of the T o

nk, 1 ≤ k ≤ K, even under the null hypothesis H0, depends
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on the underlying K-dimensional distribution Fi, and hence, in general will not be
distribution-free. Thus, the usual technique of finding out the critical level of T ∗on

from this joint distribution may be intractable.
One possibility is to incorporate the fact that under H0, the K-vectors Xi, i =

1, . . . , n, are i.i.d. and hence their joint distribution remains invariant under any per-
mutation of these vectors among themselves. Thereby we can evaluate such critical
values by an to appeal to the permutation distribution generated by the n! equally
likely permutations of the K-vectors {Xi} among themselves. This permutation
law generates the (unconditional null) marginal laws of the T o

nk, and provides some
conditional versions of their joint distributions of various orders. Since this per-
mutation law is a conditional law (given the collection of all these K-vectors), the
critical values obtained in this manner are themselves stochastic, thus introducing
another layer of variation. Nevertheless, it provides a conditionally distribution-free
test. One discouraging feature of this permutation approach is that the permuta-
tion invariance does not hold under the alternative hypothesis, and hence critical
levels computed from the permutation law involving an observed set of {Xi} may
be sensitive to the data conformity to the null situation.

If we assume that all the T o
nk are stochastically independent, then we have for

any c, −1 ≤ c ≤ 1, under H0,

(4.2) P0{T ∗on ≤ c} = [P0{T o
n1 ≤ c}]K ,

so that the distribution-free nature of the Tnk under the null hypothesis provides the
access to the computation of the test function and the critical level. If n is at least
moderately large, in view of the asymptotic normality of T o

nk/νn, the randomization
test function may be replaced by a conventional normal theory test function, where
for the individual tests, a significance level α∗ is so chosen that

(4.3) α = 1− (1− α∗)K .

Generally, if we let α∗ = (α/K), then the size of the UIT is ≤ α no matter whether
the T o

nk are stochastically independent or not. There is, therefore, a certain amount
of conservativeness in this specification.

In passing, we may remark that by the classical asymptotics on Hoeffding’s
U -statistics, any pair (T o

nk, T o
nq), with k 6= q, is a bivariate U -statistic, for α∗ suf-

ficiently small, so using the bivariate extreme statistics results (viz., [18]), we can
claim that the events {T o

nk > cα∗} and {T o
nq > cα∗} will be asymptotically (as

K →∞) independent so that P0{T o
nk > cα∗ , T

o
nq > cα∗} can be well approximated

by [P0{T o
nk > cα∗}]2. In a similar manner, the third order probability terms can

be handled, and the Bonferroni bound retaining the second and third order proba-
bilities provide a good approximation : α = Kα∗ − (

K
2

)
α∗2 +

(
K
3

)
α∗3 + o(α∗3). As

a result, α∗ = (α/K) provides a good approximation to the level of significance.
Therefore, for the UIT, when K is large, even when the genes are not stochastically
independent, letting α∗ = (α/K) we may consider the following multiple hypothesis
testing scheme:

For a chosen α∗ = K−1α, obtain the marginal distributional critical level cα∗ ,
and reject those H0k; k ∈ {1, . . . , K} for which the corresponding T o

nk exceeds cα∗

A randomization test function can be prescribed when n is not adequately large.
Thus, the UIT provides a bound on the family wise error rate, FWER. If we take
α∗ ∼ α/K and K is large, we need to make sure that n is so large that ν−1

n cα∗ < 1;
this will imply that if we are to use the permutation null distribution of any T o

nk

, being attracted by the permutational central limit theorem, it has a nonzero
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mass point beyond cα∗/νn. If ν2
n = O(n−1), as is typically the case, then cα∗ =

O(n−1/2
√−2 log α∗) so that log K = O(n) and this does not appear to be a serious

concern in real life applications. For example, if we have three groups of arrays,
say within each group there are 5 arrays, the total number of partitioning 15 units
into 3 subsets of 5 each is equal to (15)!/(5!)3 and this is so large (756,756) that
even if K is as large as 30,000, it would not be a problem. However, for large K,
the UIT, like the classical likelihood ratio test, will have little power, and hence
alternative test procedures need to be explored. This illustrates the important role
of the design of the study and the number of arrays required in trying to include a
very large K.

Roy’s UIT can be adapted by exploring the information contained in the ordered
p-values. If the T o

nk are all stochastically independent (and as they are identically
distributed under the null hypothesis H0) then one can adapt Simes’ [19] theorem
(which is a restatement of the classical Ballot theorem (viz., [9]) introduced some
twenty years earlier). If P1, . . . , PK are the p-values for the K marginal tests and
PK:1 ≤ · · · ≤ PK:K are the corresponding order statistics, then assuming that under
H0 the Pk have a uniform (0, 1) distribution (i.e., tacitly assuming that the T o

nk/νn

have a continuous distribution under H0), Simes’ theorem asserts that for every
α : 0 < α < 1,

(4.4) P{PK:k > kα/K, ∀ k = 1, . . . ,K |H0} = 1− α.

Suppose now we define the anti-ranks S1, . . . , SK by letting

(4.5) PK:k = PSk
, k = 1, . . . , K,

where again ties among the ranks are neglected under the assumption of continuity
of the distribution of the Pk. Whereas Simes’ theorem provides a test of the overall
hypothesis, Hochberg [6] derived a step-up procedure for multiple hypotheses testing
based on the following : For every α ∈ (0, 1),

(4.6) P{PK:k ≥ α/(K − k + 1), ∀ k = 1, . . . ,K |H0} = 1− α.

Benjamini and Hochberg [2] considered a step-up procedure based on the Simes
theorem. Their multiple hypothesis testing procedure is the following:

Reject those null hypotheses {H0Sk
} for which PSk

≤ kα/K, k = 1, . . . , K, and
accept those null hypotheses in the complementary set.
For some related developments in a parametric setup, we refer to [2], [4], [10], [20],
and [13], among others.

These developments paved the way for other measures of error rates which are
more adaptable in the K À n environment. Some of these will be discussed later
on. There are two basic concerns that can be voiced in this respect. The whole setup
is based on the assumed uniform distribution of the Pk under the null hypothesis.
However, if we look into the statistics T o

nk in our setup, we may note that though
they have a specified distribution, the latter is a discrete one defined over the in-
terval (−1, 1). Noting that there are a set of discrete mass points, ties among the
T o

nk/νn (and hence Pk) can not be neglected with probability one, and moreover,
the Pk will have a set of probability mass points on [0, 1] with non-zero masses.
Thus, technically the above probability results are not strictly usable (unless n is
indefinitely large, contradicting the K À n environment). Secondly, as was stressed
earlier, the T o

nk across the set of genes are generally not stochastically independent.
Controlling the FWER when K is very large may generally entail undue conserva-
tiveness of multiple hypotheses testing schemes. On the other hand, using a level
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of significance for each marginal hypothesis testing problem may lead to a large
FWER.

In the context of microarrays suppose that there are K1 disease genes (DG) and
K0 = K−K1 NDG; thus, we have a set of K0 null hypotheses which are true and a
complementary set of K1 hypotheses which are not true. Suppose that based on our
multiple hypotheses testing procedure, we accept m0 out of K0 true null hypothesis
so that the remaining K0 −m0 = m1 true null hypotheses are rejected. Similarly,
among the K1 not true null hypotheses, l0 are accepted as true and l1 accepted in
favor of the alternative. Thus, a totality of R = m1 + l1 hypotheses are rejected
while K − R are accepted. Mind that though we observe R, through our chosen
multiple hypotheses testing procedure, individually m1, l1 are not observable; all
these (R, l1,m1) are stochastic in nature. A natural modification of the FWER, to
suit such K À n environments, is the per-comparison error rate (PCER) defined
as

(4.7) PCER = E(m1)/K,

which is the expected proportion of Type I errors among the K hypotheses. A
related measure is the per-family error rate (PFER), defined as

(4.8) PFER = E(m1),

which is the expected total number of Type I errors among the K hypotheses.
Obviously, PFER = K.PCER ,and is generally large when K is large (unless the
PCER is very small). Moreover,

(4.9) PFER = E(m1) =
∑

r≥1

rP{m1 = r} ≥ P{m1 > 0},

so that PFER ≥ FWER.
If our observed R = 0 then no true null hypothesis is rejected and hence there

is no false discovery. For R ≥ 1, the proportion of false discovery is given by
Q = m1/R; conventionally, it is taken Q = 0 when R = 0, so that Q is properly
defined for every nonnegative R and m1. However, Q is not observable. Hence, the
false discovery rate (FDR) is defined as

(4.10) FDR = E{Q} =
∑

r≥1

P{R = r}E{m1/R|R = r}.

Since, conventionally, we have forced Q = 0 for R = 0, this definition of FDR may
produce a negative bias. An alternative definition, known as the pFDR, is defined
as

(4.11) pFDR = E{Q|R > 0} = FDR/P{R ≥ 1}.

Naturally, pFDR ≥ FDR.
In the formulation of FDR and pFDR it is not necessary to assume that all

of the test statistics have continuous distributions under the null hypothesis. If
these distributions are all continuous then of course the p-values have a uniform
(0,1) distribution under the null hypothesis, and hence, the multiple hypotheses
testing schemes discussed earlier can be conveniently adapted. In our setup, each
test statistic has marginally the same null distribution, albeit that is discrete. So,
it might be necessary, especially when n is not large, to make use of this otherwise
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Fig 1. Comparison of the null distribution with the alternative distribution.

completely specified, discrete distribution without assuming a uniform distribution
for the associated p-values under the null hypothesis.

We may simulate the permutation distribution of any marginal test statistics and
thereby take into account possible dependence among the gene expressions without
assuming any specific pattern. Of course, marginally, each test statistic has the
same null distribution. So, if we consider the set {T o

nk : k = 1, . . . , K} and define
the empirical distribution

(4.12) GK(t) = K−1
K∑

k=1

I(T o
nk ≤ t), t ∈ (−1, 1),

then E0{GK(t)} = G(t),∀t ∈ (−1, 1) where G(t) is the common marginal distribu-
tion of the T o

nk under the null hypothesis. The summands in GK(t) are all bounded
variables, nondecreasing in t ∈ (−1, 1) and G(t) is also nondecreasing and assumes
values on (0, 1). Thus, whenever GK(t) stochastically converges pointwise to G(t), it
does so uniformly in t ∈ (−1, 1). Further GK(t)−G(t) is a bounded r.v., and hence,
if it converges in probability, it converges in the rth mean for every r > 0. Therefore
it might suffice to assume that the dependence pattern satisfies the condition:

(4.13) Var(GK(t)) → 0, as K →∞.

Then we conclude that ‖GK(.)−G(.)‖ = sup{|GK(t)−G(t)| : t ∈ (−1, 1)} stochasti-
cally converges to 0. Further, (4.13) holds under quite general dependence patterns.

It is naturally tempting to explore weak convergence (invariance principles) re-
sults for

√
K(GK(.)−G(.)) wherein K is taken indefinitely large but not n. Since

G(t), t ∈ (−1, 1) is a discrete distribution function with mass points over (−1, 1),
the jump-discontinuities of G(.) may vitiate the usual compactness (or tightness)
properties possessed in the continuous case, albeit by strengthening (4.13) to

(4.14) lim supK KVar(GK(t)) < ∞, ∀ t ∈ (−1, 1),

pointwise, the asymptotic normality (as K → ∞) follows under quite general de-
pendency conditions. If we have some linear functional of GK(.) as a test statistic,
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this weak convergence would have been quite useful in deriving the asymptotic (in
K) normality of the test statistic under the null hypothesis; (4.14) would have been
sufficient in that context. However, in our case, we have some functional of GK(.),
of extremal order statistic type, namely, the extreme quantiles of a set of depen-
dent r.v.s, and hence we may need somewhat different regularity conditions. This
perspective is appraised more elaborately in the next section.

5. Dimensional Asymptotics and Chen–Stein Theorem

In the previous section we have briefly discussed the plausibility of some Ko NDG
and K1 DG with Ko + K1 = K, the total number of genes. Neither K1 nor the
DG positions are known and hence we have a dual problem of estimating K1 as
well as identifying the positions of these K1 DG’s. It is conceivable that the NDG
having stochastically smaller expression levels (than the DG) and the stochastic
dependence among the DG may not be insignificant. We intend to incorporate this
stochastic dependence structure among the gene expressions in a suitable model.
Unfortunately, sans any positional ordering of the K genes, it might be difficult to
assume suitable mixing conditions under which central limit theorems may apply.
As for considering alternative limit theorems for dependent sequences, we intend
to incorporate the Chen–Stein theorem [3] and its ramifications wherein Poisson
approximations for more general dependent sequences are advocated. For our con-
venience, let us state the Chen-Stein Theorem in a slightly updated version [1].

Theorem 1. (Chen–Stein): Let I be an index set with elements i ∈ I and let K be
the cardinality of the set I. For each i ∈ I let Yi be an indicator random variable
and let

(5.1) P{Yi = 1} = 1− P{Yi = 0} = pKi, i ∈ I.

Let W =
∑

i∈I Yi the total number of occurrence of the events {Yi = 1}, i ∈
I, and let λK =

∑
i∈I pKi = E(W ). For each i ∈ I, we define a set Ji ∈ I

and its complement J c
i as the set of dependence of i and its complement, set of

independence of i. Thus, it is tacitly assumed that Yi is independent of {Yj , j ∈ J c
i },

for every i ∈ I. Further, let

b1 =
∑

i∈I

∑

j∈Ji

E(Yi)E(Yj);

=
∑

i∈I

∑

j∈Ji

pKipKj ,(5.2)

(5.3) b2 =
∑

i∈I

∑

j(6=i)∈Ji

E(YiYj),

and

(5.4) b3 =
∑

i∈I

E|{E(Yi − E(Yi)|{Yj ,∀j ∈ J c
i })|.

Finally, let Z be a random variable having Poisson distribution with parameter
E(Z) = λK . Then

‖L(W )− L(Z)‖ ≤ 2(b1 + b2 + b3)
1− e−λK

λK

≤ 2(b1 + b2 + b3)min{1, λ−1
K }.(5.5)
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A direct corollary to Theorem 1 is the following:

(5.6) |P{W = 0} − e−λK | ≤ 2(b1 + b2 + b3) min{1, λ−1
K }.

An interesting feature of this Theorem is the dual control of λK , the expectation and
b1, b2, and b3, the dependence functions. In line with our intended application we
consider a natural extension of this result. With the same notation as in Theorem
1, we replace the Yi, i ∈ I, by a sequence of processes Yi(t), i ∈ I, t ∈ T, where
T = (0, a), for some a > 0, and assume that for each i, Yi(t) is nondecreasing in t
and yet a zero-one valued random variable. Further assume that the sets Ji do not
depend on t ∈ T . For every i ∈ I, t ∈ T , we denote by pKi(t) = E(Yi(t)), and the
corresponding parameters by λK(t), b1(t), b2(t) and b3(t). Let WK = {WK(t), t ∈
T} be the sum process and corresponding to Z, we introduce a Poisson process
ZK = {ZK(t), t ∈ T} whose expectation process is {λK = {λK(t), t ∈ T}. Then

‖L(WK)− L(ZK)‖ ≤ 2 sup{(b1(t) + b2(t) + b3(t))
1− e−λK(t)

λK(t)
: t ∈ T}.

The proof of this extension is along the lines of Theorem 1 and hence we omit the
details.

In our study, unless n is large, we may not have a continuous time parameter
(t ∈ T ). Thus, we consider an intermediate result that remains applicable for small
n as well.

Theorem 2. Consider a set of M discrete time points −1 ≤ τ1 < . . . < τM ≤ 1
with respective probability masses ηn1, . . . , ηnM where M may depend on n. Also,
let νnj =

∑
i≤j ηni, j = 1, . . . , M . Further, let Yi(τj), i = 1, . . . K, j = 1, . . . , M

be an array of zero-one valued random variables where Yi(τj) is nondecreasing in
τj and E(Yi(τj)) = νnj , j = 1, . . . , M . Define WK = {WK(τj), j = 1, . . . , M}
where WK(τj) =

∑K
i=1 Yi(τj) for j = 1, . . . , M . Similarly, let ZK = {ZK(τj), j =

1, . . . , M} be a discrete time parameter Poisson process with the drift function νK =
{νnj , j = 1, . . . , M}. Define the parameters bK1(τj), bK2(τj), bK3(τj), j = 1, . . . , M
as in (5.2), (5.3), and (5.4); assume that as K →∞,

(5.7) max{(bK1(τj) + bK2(τj) + bK3(τj))
1− e−νnj

νnj
: j ≤ M} → 0.

Then, as K increases indefinitely,

(5.8) ‖L(WK)− L(ZK)‖ → 0.

Again, being a finite-dimensional version of Theorem 1, this does not need an
elaborate proof.

In the present context, under the null hypothesis, all the T o
nk have a common

distribution over (−1, 1); this is discrete but symmetric about 0, and is completely
known (though could be computationally intensive if n is not too small). Let us
denote the distinct mass points for T o

nk by −1 = a1 < a2 < · · · , aL = 1 and let

(5.9) τj = P0{T o
nk ≥ aL−j+1}, j = 1, . . . , L.

Then 0 ≤ τ1 < τ2 < · · · < τL ≤ 1. Also, let us write

(5.10) Yk(τj) = I(T o
nk ≥ aL−j+1), j = 1, . . . , L, k = 1, . . . , K.
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Further, let

(5.11) WK(τj) =
K∑

k=1

Yk(τj), j = 1, . . . , L.

Also, let J = max{j : 1 ≤ j ≤ L; τj ≤ η} for some pre-assigned η > 0. Basically, we
would like to pursue the distributional features of the partial sequence {WK(τj), j ≤
J}, and incorporate Theorem 2. Note that in this way, we avoid the conventional
assumption of a continuous null distribution of the coordinate-wise test statistics.
Of course, if n is adequately large, the assumption of a uniform distribution of the
p-values (under the null hypothesis) would be reasonable. For example, if we have
a three sample situation with n1 = n2 = n3 = 4 then L = (12)!/(4!)3 = 34, 650 so
that we could choose J = 1 and use the Poisson approximation. It is also possible
to choose J = 2 with an appropriate cut-off point and still stick to a FWER around
0.05. In any case, under alternatives (of stochastic ordering) the distribution of the
T o

nk will be tilted towards the right, still confined to the interval (-1, 1), and hence,
their centering would be shifted to the right of the origin with a negatively skewed
distribution.

Corresponding to the known points τ1 < · · · < τJ , let us consider the partial pro-
cess WK(τj), j = 1, . . . , J , as defined above. Also, let us choose a set of nonnegative
integers r1 ≤ · · · ≤ rJ in such a way that

(5.12) P0{WK(τj) > rj , for some j ≤ J} = α,

where α may not be exactly equal to a specified level (such as 0.05) but can be
approximated very well through the above Poisson process result. If we let

(5.13) Aj = [ WK(τj) > rj ], j = 1, . . . , J,

then (5.12) can be written as P{ ∪j≤JAj }, so that by the Bonferroni inequality,

P{ ∪j≤JAj} =
∑

j≤J

P{Aj} −
∑

1≤j<j′≤J

P{AjAj′}

+
∑

1≤j<k<l≤J

P{AjAkAl}+ · · ·+ (−1)KP{A1 · · ·AK}.(5.14)

Next, we use the Poisson approximation to each P{Aj} wherein we use the follow-
ing:

(5.15) P{Aj} ∼ e−νnj{
∑
r>rj

νr
nj/r!}, j ≥ 1.

Further, note that WK(τj) is a nondecreasing (step) function in j so that using the
Markov property and Theorem 2 we may evaluate P{AjAj′}. Actually, we write
P{AjAk} = P{Aj} · P{Ak|Aj}, for k > j, and use Theorem 2 to approximate
the conditional probability by P{Zk > rk|Zj > rj} where rk ≥ rj , ∀j < k. Also,
typically terms involving more than 2 events (Aj) will be small and can usually be
neglected. Nevertheless, even if they are not small, the Markov property embedded
in Theorem 2 can be used to provide a good approximation. Alternatively, we may
write P{∪j≤JAj} = 1 − P{∩j≤JAc

j} and using Theorem 2, write P{∩j≤JAc
j} as

a J-tuple sum over Poisson distributional probabilities. For small rj , j ≤ J , as is
typically the case, this computation does not appear to be a formidable task.
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Led by these findings, let us now consider the following testing procedure:
Compute the WK(τj), j ≤ J as above. If WK(τj) ≤ mj , ∀j ≤ J , accept the null

hypothesis that there is no DG. On the other hand, if WK(τj) is greater than mj

for at least one j ≤ J , then reject the null hypothesis that all the genes are NDG,
and proceed to detect those genes k ∈ K as DG where

(5.16) K = {k ∈ {1, . . . , K} : Yk(τj) = 1, for some j ≤ J}.

Note that if for some k, Yk(τj) = 1 for some j ≤ J , then Yk(τj′) = 1, ∀ j′ ≥ j.
Further, note that K is a stochastic subset of {1, . . . ,K}, and R = cardinality of K
is a (nonnegative) integer valued random variable. The overall significance level of
this testing procedure is well approximated by the preassigned level α.

Let us denote the following exclusive events by

(5.17) B1 = A1; Bj = Ac
1 · · ·Ac

j−1Aj , j ≤ J.

Then, by definition, Aj = ∩j≤JBj . With the same notation as in (4.7)—(4.11), we
study the other measures (viz., PCER, PFER, FDR and pFDR). Towards this, we
consider the nonnull situation where K0 are NDG and K1 = K −K0 are DG. To
handle the distribution of R, the total number of rejections, we let

(5.18) τ∗j = (K0τj + K1βj)/K = τj + (K1/K)(βj − τj), j ≥ 1,

where

(5.19) βj = K−1
1

∑

k∈DG

P{T o
nk ≥ aL−j+1|k ∈ {1, . . . ,K} − K0},

for j = 1, . . . , J . Note by arguments similar to those in Sections 3 and 4, βj À
τj , ∀j ≤ J . We may write

(5.20) E(m1) =
∑

j≤J

E(m1I(Bj)).

Next note that the events Bj , j ≤ J, depend on the partial process WK(τj), j ≤ J
and are thereby governed by Theorem 2 with νnj = Kt∗j , j ≤ J . On the other hand,
the distribution of m1 is governed by the process W o

K(τj), j ≤ J , where the drift
function for W o

K(τj)) is νo
nj = K0τj , j ≤ J . Using Theorem 2 and the reproductive

property of the Poisson distribution, we may well approximate the (conditional)
distribution of m1, given R, by a binomial law with parameters (R, K0τj/(K0τj +
K1βj)) whenever Bj holds. Thus, we are able to provide a good approximation to
the PFER by writing

(5.21) E(m1) =
∑

j≤J

E{E(m1/R | R,Bj)RI(Bj)}.

If J = 1, the conditional binomial law directly applies and we have the approxima-
tion

(5.22)
K0t1

K0t1 + K1t∗1
.E(RI(R > r1)) = K0t1P{R ≥ r1},

where the last step follows from the fact that for a Poisson variable X with parame-
ter np, E(XI(X > r)) = npP{X ≥ r}. For J ≥ 2, we have to apply the conditional
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binomial law under the sets Bj , followed by the distribution of R over the sets Bj ,
and this can be done by repeated quadrature procedures. Numerical studies have
thereby good scope.

By construction, rejection of the null hypothesis H0 entails that R > r1 and may
even be greater than r1 if Bj pertains for some j ≥ 1. As such, we do not have any
problem in applying the original definition of FDR (in (4.10)). We write

(5.23) FDR = E(Q) =
∑

j≤J

E(QI(Bj)) =
∑

j≤J

E{E(Q|R ∈ Bj)I(Bj)}

and use the conditional binomial law for each term in the right hand side. Detailed
numerical study is planned for a future communication.

We conclude this section with some pertinent remarks and observations. First,
the use of the Chen–Stein theorem in a multi-state context can be done under fairly
mild regularity conditions regarding the dependence of the genes. Secondly, by our
choice of the rj , j ≤ J and allowing possibly J ≥ 1, we are not only in a position
to allow more flexibility in the choice of statistical inference procedures but also to
enforce the rejection of null hypothesis under a more structured setup. This allows
us to study the FDR, etc., under more diverse setups. Further, using Kendall’s tau
statistic for each gene separately, we are in a position to allow heterogeneity of the
gene expressions across the K genes in a completely arbitrary manner, while un-
der the null hypothesis, the distribution of the T o

nk, k = 1, . . . , K being completely
known provides an easy access to the incorporation of the Chen–Stein theorem.
Finally, instead of using Kendall’s tau statistic (coordinate-wise), it might be at-
tractive to use more general rank statistics [16]. Though the distribution-free aspect
holds under the null hypothesis, such distributions are more complex to evaluate
and the associated Poisson processes have more complex drift functions. Further,
such linear rank statistics involve some design variables which assume more struc-
ture on the Fik, k = 1, . . . , K, not necessary with the use of Kendall’s tau.
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Abstract: Rescaled spike and slab models are a new Bayesian variable se-
lection method for linear regression models. In high dimensional orthogonal
settings such models have been shown to possess optimal model selection prop-
erties. We review background theory and discuss applications of rescaled spike
and slab models to prediction problems involving orthogonal polynomials. We
first consider global smoothing and discuss potential weaknesses. Some of these
deficiencies are remedied by using local regression. The local regression ap-
proach relies on an intimate connection between local weighted regression and
weighted generalized ridge regression. An important implication is that one
can trace the effective degrees of freedom of a curve as a way to visualize and
classify curvature. Several motivating examples are presented.
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1. Introduction

Rescaled spike and slab models were introduced in [1] as a Bayesian variable se-
lection method in linear regression models. Such models were shown to possess a
selective shrinkage property in orthogonal models. This property allows the poste-
rior mean for the coefficients to shrink to zero for truly zero coefficients while for the
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non-zero coefficients posterior estimates are similar to the ordinary least squares
(OLS) estimates. In [2], rescaled spike and slab models were used to analyze multi-
group microarray data (an extension of previous work [3]). Selective shrinkage was
shown to be a sufficient condition for oracle-like total misclassification. A finite
sample adaptive method for selecting variables using this principle was given.

In this manuscript we extend the application of rescaled spike and slab models
to smoothing problems. Given an outcome value Y related to a variable x through
an unknown function f(x), we would like accurate recovery of f(x). Smoothing
is a prediction problem, and an important contribution of the paper is advancing
applications of rescaled spike and slab models to prediction settings. However this
does not mean selective shrinkage, a core ingredient to model selection, is not at play
in a prediction paradigm. Indeed, as shown, selective shrinkage plays a crucial role
in adaptive selection of over-parameterized basis functions in response to curvature
of f(x).

We consider global smoothing via orthogonal polynomial regression as well as
local regression using orthogonal polynomials. Orthogonality is a key ingredient in
our approach. Not only does it allow us to exploit the selective shrinkage property
of rescaled spike and slab models, which follow as a consequence of orthogonality,
but it also greatly improves the computationally efficiency of our algorithms. While
much work has been done in the area of smoothing, we note there are novel features
in our approach potentially useful in applied settings. One important feature be-
ing that selective shrinkage allows for greater adaptivity to curvature and greater
robustness to misspecification of dimension of basis functions. Secondly, in local
regression settings, adaptivity via selective shrinkage can be interpreted in terms
of dimensionality and curvature. From this we provide an effective degrees of free-
dom plot for graphing estimated dimensionality of f(x) as a function of x. Such
plots provide a simple and powerful way to register curves. Several applications are
provided as illustration.

2. Rescaled Spike and Slab Models

We begin by first reviewing background theory for rescaled spike and slab models.
The underlying setting is the linear regression model where Y1, . . . , Yn are indepen-
dent responses such that

(2.1) Yi = β1xi,1 + · · ·+ βdxi,d + εi = xt
iβββ + εi, i = 1, . . . , n.

Here x1, . . . ,xn are non-random (fixed design) d-dimensional covariates and βββ =
(β1, . . . , βd) is the unknown coefficient vector. The εi are independent random vari-
ables (but not necessarily identically distributed) such that E(εi) = 0, E(ε2

i ) = σ2
0

and E(ε4
i ) ≤ M for some M < ∞ (the last condition is needed to invoke a trian-

gular central limit theorem later, but is not crucial and can certainly be relaxed).
The variance σ2

0 > 0 is assumed to be unknown. Throughout we assume xi are
standardized so that

∑n
i=1 xi,k = 0 and

∑n
i=1 x2

i,k = n for k = 1, . . . , d (without
loss of generality we assume that there is no intercept term in (2.1)). We shall also
assume throughout that X, the n× d design matrix, is orthogonal, i.e., XtX = nI.
As mentioned in the Introduction, this will allow us to exploit certain elegant the-
ories for rescaled spike and slab methods, although, of course, the spike and slab
method works for general design matrices.

Spike and slab methods first appeared in the works of [4] and [5] for subset
selection in linear regression models. The expression “spike and slab”, coined by
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Mitchell and Beauchamp in [5], referred to the prior for the regression coefficients
used in their hierarchical formulation. This was chosen so that the coefficients were
mutually independent with a two-point mixture distribution made up of a uniform
flat distribution (the slab) and a degenerate distribution at zero (the spike). In [6]
a different type of prior was used. This involved a scale mixture of two normal
distributions. In particular, the use of a normal prior was highly advantageous
and led to a Gibbs sampling method that highly popularized the spike and slab
approach; see [7–11].

As pointed out in [1], priors involving a normal scale mixture distribution, of
which [6] is a special example, constitute a wide class of models termed “spike and
slab models”. A modified class of spike and slab models called “rescaled spike and
slab models” was introduced [1]. These new models differed in that the original Yi

values were replaced by new values scaled by the square root of the sample size and
divided by the square root of an estimate for σ2

0 . Rescaling was shown to induce a
non-vanishing penalization effect for the posterior mean, and when used in tandem
with a continuous bimodal prior, the resulting posterior mean was shown to possess
a selective shrinkage property in orthogonal models [1].

A rescaled spike and slab model was defined in [1] to denote a Bayesian hierar-
chical model specified as follows:

(Y ∗
i |xi, βββ) ind∼ N(xt

iβββ, n), i = 1, . . . , n,

(βββ|γ) ∼ N(0,Γ)
γ ∼ π(dγ).(2.2)

Here Y ∗
i are the rescaled Yi values defined by Y ∗

i = σ̂−1n1/2Yi, where σ̂2 = ||Y −
Xβ̂ββ0||2/(n−d) is the unbiased estimator for σ2

0 based on the full model, and β̂ββ0 is the
OLS estimate for βββ (other estimators for σ2

0 are also possible; these details, however,
play a minor role). The value of n used in the first level of the hierarchy in (2.2)
is a variance inflation factor introduced to compensate for the rescaling. Moreover,
inclusion of n in the hierarchy was shown in [1] to be necessary for selective shrinkage
to take place. Without rescaling, shrinkage for the posterior mean vanishes in the
limit due to the prior becoming swamped by the likelihood [1].

In (2.2), 0 denotes a d-dimensional zero vector, Γ = diag(γ1, . . . , γd) is a d ×
d diagonal matrix and π is the prior measure for γ = (γ1, . . . , γd)t. A Bayesian
parameter σ2 can also be introduced in (2.2) at the first level of the hierarchy.
However, we avoid this approach here and opt for the simpler set up ((2.2)). The
rationale for this is the following: (i) we have already removed the effect of σ2

0 when
rescaling Yi, and (ii) the simpler setup enforces a sparse solution for the posterior
mean in ill-determined settings when d is of the same size, or larger, than n. Point
(ii) is especially relevant as this is the setting we are interested in here.

2.1. Rescaling, the Choice of π, and Implications for Shrinkage

In addition to rescaling the response, the prior for γk must satisfy certain require-
ments in order for selective shrinkage to occur. A sufficient condition requires the
prior to have a bimodal property such that the right tail of the distribution is con-
tinuous and such that there is a spike in the distribution near zero (see Theorem 6
of [1] for precise details). One such example is the continuous bimodal prior used
in [1–3]. This prior is induced by a parameterization involving a binary variable
and a positive variable with an inverse-gamma distribution. More precisely, define
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γk by γk = Ikτ2
k , where Ik and τ2

k are parameters with priors specified according to

(Ik|v0, w) iid∼ (1− w) δv0(·) + w δ1(·), k = 1, . . . , d,

(τ−2
k |a1, a2)

iid∼ Gamma(a1, a2)
w ∼ Uniform[0, 1].(2.3)

The choice for v0 (a small positive value) and a1 and a2 (the shape and scale
parameters for a gamma density) are selected so that γk has a continuous bimodal
distribution with a spike at v0 and a right continuous tail (see Figure 1). Such a
prior allows the posterior to shrink a coefficient to zero depending upon the value
for γk. Small values heavily shrink a coefficient towards zero.
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Fig 1. Conditional density for γk given w: (a) w = 0.1, (b) w = 0.25. Observe that only the
densities height changes as w is varied. One can think of w as a complexity parameter controlling
model dimension. Prior based on hyperparameters a1 = 5, a2 = 50 and v0 = 0.005 as in [1–3].

2.2. Selective Shrinkage Recast in Terms of Penalization

One can view the posterior mean as a solution to a constrained least squares op-
timization problem in which the hypervariances are related to penalty terms. This
provides us with another way to think about the effects of selective shrinkage. As
before, we consider the orthogonal setting where XtX = nI. Let Vk = E(νk|Y∗)
where νk = γk/(1 + γk). For our argument it will be easier to think of penalization
in terms of β̂ββ = σ̂n−1/2β̂ββ

∗
, where β̂ββ

∗
= E(βββ|Y∗) denotes the posterior mean for βββ

under our rescaled spike and slab model. It can be shown that

(2.4) β̂ββ = arg min
βββ

{
||Y −Xβββ||2 + n

d∑
k=1

1− Vk

Vk
β2

k

}
.

Observe how each βk coefficient in (2.4) is penalized by a unique value (1−Vk)/Vk.
The closer Vk is to 1, the smaller the penalty and the less the shrinkage for βk,
while the closer Vk is to zero, the larger the penalty, and the more βk is shrunk
to zero. It is clear the more adaptive Vk is to the true coefficient value, the more
accurate variable selection becomes.

This argument can be formalized by studying the asymptotic behavior of Vk.
Using a similar argument as in [2], one can show that under the spike and slab
model (2.2) with continuous bimodal prior (2.3) (specified in Figure 1), the following
holds:
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Theorem 2.1. Assume that max1≤i≤n ||xi||/
√

n → 0. If (2.1) represents the true
data model, and the coefficient βk for variable k is truly non-zero, then

(2.5) Vk
d
; 1.

Moreover, if βk is truly zero, then

(2.6) E(νk|w,Y∗) d
;

∫ 1

0
ν exp

(
νZ2

k/2
)
(1− ν)−3/2f

(
ν/(1− ν)|w

)
dν∫ 1

0
exp

(
νZ2

k/2
)
(1− ν)−3/2f

(
ν/(1− ν)|w

)
dν

,

where f(·|w) = (1 − w)g0(·) + wg1(·) is the prior density for γk given w, where
g0(u) = v0u

−2g(v0u
−1), g1(u) = u−2g(u−1) and

g(u) =
aa1
2

(a1 − 1)!
ua1−1 exp(−a2u)

and Zk has a N(0, 1) distribution.

Result (2.5) of Theorem 2.1 shows that Vk approaches the value 1 in the case
where there is true signal, and hence the penalty for βk in (2.4) vanishes as the
sample size increases, and βk will not be shrunk, just as we’d expect and hope for.

Standardized Hypervariance, ννk

Li
m

iti
ng

 D
en

si
ty

0.0 0.2 0.4 0.6 0.8 1.0

0
3

6
9

13
18

Fig 2. Limiting density for νk conditioned on w = 0.1 and Z2
k under the null that βk is truly

zero. Values for Z2
k selected from the 25th, 50th, 75th, 90th, 95th and 99th percentiles of a χ2

1-

distribution. Mode on the left increases as Z2
k decreases, whereas mode on the right decreases.

Result (2.6) applies to the case when βk is really zero. The term Zk appearing
in (2.6) is the limit of the posterior mean β̂∗k under the null, and thus Zk reflects the
effect of the data on the posterior under the null. In particular, unless β̂∗k is unduly
large, the posterior mean for νk should be relatively close to the value under the
prior. This has implications for sparse settings. In such cases, the posterior value
for w will be small and the posterior for νk conditioned on w (which will look like
the prior given w) will be concentrated near zero. Thus, the left-hand side of (2.6)
should be small and the posterior mean penalized and shrunk towards zero. On the
other hand, if β̂∗k is large, then the left-hand side of (2.6) will be large, and there
will be less penalization and less shrinkage for βk. A large value for β̂∗k is unlikely
under the null and in fact is expected only when βk is really non-zero, which is
another way to see why (2.5) holds. Figure 2 illustrates how νk might depend upon
β̂∗k in a sparse setting under the null that βk is truly zero.
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3. Orthogonal Polynomials: First Illustration

For our first illustration we consider a dataset related to spinal bone mineral density
(BMD) (see [12] for a more complete description of the data). The response is the
relative change in spinal BMD as a function of age in male and female adolescents.
Figure 3 plots the results of our analysis. Predicted values for Y based on the
posterior of the rescaled spike and slab model (2.2) are superimposed on the figure
as solid dark and dashed dark lines for men and women, respectively. The analysis
on the left side of the plot is based on an orthogonal polynomial design matrix with
d = 10 basis functions. Also superimposed are OLS estimates (gray lines).

While the left side of Figure 3 shows some difference between the methods,
discrepancies become more apparent if d is allowed to increase. We re-ran the same
analysis but using an overly parameterized design involving d = 25 basis functions.
The right side of Figure 3 records the result. Notice how badly OLS overfits, whereas
rescaled spike and slab predictors remain relatively unaffected.
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Fig 3. Left plot: Relative change in spinal BMD as a function of age. Solid dark and dashed dark
lines are spike and slab predicted curves for men and women using an orthogonal polynomial
design matrix with d = 10 basis functions. Gray solid and dashed lines are OLS estimates for men
and women. Right plot: Analysis similar as before, but now using an over parameterized basis
function, d = 25. Note the spiky behavior of the OLS.

3.1. Comparative Analysis Using Effective Kernels

A more formal comparison between the two approaches can be based on an effective
kernel analysis. Effective kernels were introduced in ([13], Chapter 2.8), as a way to
evaluate the differences between kernel smoothers. Suppose we have data (xi, Yi),
i = 1, . . . , n, where Yi are the response values. It is assumed that

(3.1) Yi = fi + εi, i = 1, . . . , n,

where fi = xt
iβββ are unknown mean values and xi ∈ Rd are the values of the pre-

chosen underlying d basis functions evaluated at xi. Call a smoother s(x) linear in
Y if for each x0

s(x0) =
n∑

j=1

Sj(x0)Yj ,

where Sj(x0) depends only upon the x-values and not the responses. More generally,
let f = (f1, . . . , fn)t. If s(xi) is a linear smoother for fi, then

f̂ = SY
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is a linear smoothed estimate of f , where S is the n×n smoother matrix, S = {si,j}
for si,j = Sj(xi). The value Si(xi) = si,i is often referred to as the effective kernel
at xi [13, 14]. The effective kernel measures the influence of xi on Yi. The set of
values {si,j : j = 1, . . . , n}, which is the ith row of S, is called the effective kernel
for Yi. Plotting the effective kernel is a way to compare different smoothers [13].

This idea can be adapted to our setting as follows. First we derive the effective
kernel for the OLS estimate. Consider the orthogonal regression setting in which
XtX = nI. Let x(k) denote the kth column of the design matrix X. It follows that
f̂ = SY, where

(3.2) S = X(XtX)−1Xt = n−1
d∑

k=1

x(k)xt
(k).

The effective kernel for Yi is n−1
∑d

k=1 xi,kxt
(k) and the effective kernel at xi is

si,i = n−1xt
ixi.

The notion of an effective kernel needs to be slightly modified to handle adaptive
penalization. We adopt the notion of an adaptive smoother matrix that allows the
effective kernel to depend upon both xi and Yi. Define the spike and slab predictor
as f̂∗ = Xβ̂ββ.

Theorem 3.1. Under othogonality, the spike and slab predictor for Yi in (3.1) can
be written as f̂∗ = S∗Y, where

(3.3) S∗ = n−1
d∑

k=1

Vkx(k)xt
(k).

One can conceptualize S∗ as an adaptive linear smoother matrix. Consequently, the
effective kernel for Yi is defined as n−1

∑d
k=1 Vkxi,kxt

(k), and the effective kernel at

xi is s∗i,i = n−1
∑d

k=1 Vkx2
i,k.

Figure 4 shows the effective kernels at xi for the OLS and rescaled spike and
slab predictors, where xi is age. The plots are based on the over-parameterized
orthogonal polynomial design involving d = 25 basis functions. The large number
of predictors helps to emphasize the non-robustness of the OLS estimate. Note
especially how the OLS estimate is affected by the points near the edges of the
plots. In contrast, note the robustness of the spike and slab approach.

3.2. Effective Degrees of Freedom

The smoother matrix provides information about the nature of a predicted curve.
Ideally, however, we would like a rigorous and systematic manner in which to sum-
marize this information as a way to register (classify) a curve. One way to compare
rigorously curves is to use the notion of the effective degrees of freedom [13]. For
any smoother matrix S, the effective degrees of freedom, Df , is defined as

Df (S) = tr(S) =
n∑

i=1

si,i.

For the OLS smoother matrix (3.2), Df (S) = n−1
∑n

i=1

∑d
k=1 x2

i,k = d (the last
identity on the right is due to orthogonality). Meanwhile, for the spike and slab
smoother matrix (3.3), we have the following corollary to Theorem 3.1.
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Fig 4. Left plot: Effective kernels at xi, i = 1, . . . , n, for men using over-parameterized design,
d = 25 (rescaled spike and slab values depicted by thick line; OLS by dashed line). Right plot:
Effective kernels for women.

Corollary 3.1. Under the conditions of Theorem 3.1,

Df (S∗) = n−1
n∑

i=1

d∑
k=1

Vkx2
i,k =

d∑
k=1

Vk ≤ d.

Hence, the degrees of freedom for the spike and slab smoother is bounded by the
dimension of the underlying polynomial basis.

Observe how {Vk}, the shrinkage parameters, dictate the degrees of freedom. The
larger the value, the more degrees of freedom used up, and the less shrinkage there
is. In the analysis presented earlier using a saturated design (d = 25), the effective
degrees of freedom are 4.2 and 5.8 for men and women, respectively, indicating
more overall shrinkage for men and evidence of differences in the two curves.

Effective degrees of freedom are useful for assessing overall differences between
curves. However the method is limited in its ability to register a curve, as it reduces
the overall properties of a curve to a single summary value. In the next section we
illustrate a much more effective way to register curves.

4. Local Regression

In this section we illustrate how rescaled spike and slab models can be used for local
regression, an alternative method of smoothing [15, 16]. By exploiting orthogonality,
and by drawing connections to generalized ridge regression, we show that rescaled
spike and slab predictors can be viewed as local regression smoothers with a local
smoother matrix whose effective degrees of freedom can be traced over x as a way
to characterize curvature of the underlying function. Another nice feature of using
rescaled spike and slab models, just like in global smoothing, is that we end up
being fairly robust to the choice of the dimension of the underlying basis functions.

First let’s review some background on local regression. In local regresssion, for
a given xi, rather than performing a global regression to estimate fi, one instead
fits a weighted regression model using weighted least-squares, with weights for an
observation x chosen by how close they are to xi. This results in a local estimator

f̂(xi) = (̂fi,1, . . . , f̂i,n)t
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in which the ith coordinate, f̂i,i, is used as an estimator for fi = E(Yi). Unlike (3.1),
however, the relationship between fi and xi can vary with i.

As well known, a local regression predictor is nothing more than a weighted least
squares predictor. That is, for a given xi, let bi,j = (bi,j,1, · · · , bi,j,d)t be the values
of the d basis functions chosen for xi evaluated at xj . The local regression predictor
is defined as f̂(xi) = Biβ̂ββW , where

(4.1) β̂ββW = arg min
βββ

{
n∑

j=1

(
Yj −

d∑
k=1

βkbi,j,k

)2

K

(
xj − xi

h

)}
,

and K(·) is a positive kernel function with unknown bandwidth parameter h > 0.
Solving, it can be shown that f̂(xi) is the weighted least squares predictor,

(4.2) f̂(xi) = Bi(Bt
iW(xi)Bi)−1Bt

iW(xi)Y

where Bi is the n× d design matrix with jth row bi,j , and W(xi) = diag{Wi,j} is
the n× n diagonal weight matrix, where

Wi,j = K

(
xj − xi

h

)
, j = 1, . . . , n.

See [14] for details.

Example 4.1. A popular basis function expansion for local regression is in terms
of polynomials [17, 18]. In this case, the design matrix is

(4.3) Bi =


1 x1 − xi · · · (x1 − xi)d

1 x2 − xi · · · (x2 − xi)d

...
...

...
...

1 xn − xi · · · (xn − xi)d


n×(d+1)

.

Note that Bi has rank d + 1 because we always include an intercept term. The
rationale for using a polynomial expansion follows by considering an expansion of
of E(Yj) = f(xj) around xi. Since,

f(xj) = f(xi) +
p∑

k=1

(xj − xi)k

k!
f (k)(xi) + Rj ,

where Rj is a small remainder term, the local weighted regression (4.1) is (approx-
imately) the value for βββ minimizing

n∑
j=1

(
f(xi) +

p∑
k=1

(xj − xi)k

k!
f (k)(xi)−

(
β0 +

d∑
k=1

βk(xj − xi)k
))2

K

(
xj − xi

h

)
.

If d = p, then β0 estimates f(xi) while βk estimates f (k)(xi)/k! for k = 1, . . . , d.
The local regression predictor is

f̂i,j = β̂0,W +
d∑

k=1

β̂k,W (xj − xi)k, j = 1, . . . , n,

which should be a good approximation to f(xj) when xj is near xi.
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4.1. Rescaled Spike and Slab Weighted Regression

The representation (4.2) presents an immediate tie-in to the spike and slab method-
ology. The rescaled posterior mean, β̂ββ, from (2.2) is a model averaged generalized
ridge regression (GRR) estimator, expressible as

β̂ββ = E

{(
XtX + nΓ−1

)−1
XtY

∣∣∣∣Y∗
}

.

It is not hard to see that by appropriately introducing a weighting matrix into the
hierarchy, that one can arrive at a model averaged weighted GRR estimator, and
a smoother of the form (4.2). The advantage of this type of approach is that the
resulting smoother will be based on an estimator that uses adaptive penalization.

In this modification, similar to (4.3), we work with a polynomial basis that
depends upon i. However, our polynomial basis will be strictly orthogonal. Let

Ii,h =
{

j : K

(
xj − xi

h

)
> 0

}
.

For an orthogonal basis we define Bi to be the design matrix for xi obtained using
a d-degree orthogonal basis using only those xj values where j ∈ Ii,h.

For each j ∈ Ii,h, define Y ∗
j = σ̂−1

i n
1/2
i Yj , where ni is the cardinality of Ii,h

and σ̂2
i is an estimator for σ2

0 for the set of responses, {Yj : j ∈ Ii,h}. We use the
estimator due to [19],

σ̂2
i =

1
2(ni − 1)

ni−1∑
j=1

(Y(j+1) − Y(j))2,

where Y(j) is the Y -value corresponding to the jth ordered x-value in Ii,h (the
estimator is most easily computed by sorting the x values).

Let Y∗
i be the vector of the rescaled values Y ∗

j = σ̂−1
i n

1/2
i Yj for j ∈ Ii,h. Let Wi

be the subset of W(xi) corresponding to those j ∈ Ii,h. For a given xi, the modified
rescaled spike and slab model is

(Y∗
i |Bi,Wi, βββ) ∼ N(Biβββ, niW−1

i )
(βββ|γ) ∼ N(0,Γ)

γ ∼ π(dγ).(4.4)

Consider the following theorem which characterizes the spike and slab predictor
f̂∗(xi) = Biβ̂ββi,W , where β̂ββi,W is the rescaled posterior mean from (4.4). We use this
result later to explicitly characterize the smoother matrix and its effective degrees
of freedom under orthogonality.

Theorem 4.1. Under the Bayesian hierarchy (4.4), the spike and slab local pre-
dictor can be expressed as

f̂∗(xi) = (f̂∗i,1, . . . , f̂
∗
i,n)t = S∗i,hYi,

where S∗i,h is the model averaged smoothing matrix defined by

S∗i,h = E
{
Bi

(
Bt

iWiBi + niΓ−1
)−1

Bt
iWi

∣∣∣∣Y∗
i

}
.

Note that the smoother matrix S∗i,h, unlike (4.2), takes advantage of adaptive pe-
nalization.
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4.2. Orthogonality

Our construction for the basis ensures that Bt
iBi = niI. However, in order to fully

exploit orthogonality, we additionally require that

(4.5) Bt
iWiBi = niI.

For (4.5) to hold we must have Wi = I. The simplest way to satisfy this condition
is to use a nearest neighbour kernel. For a fixed bandwidth value h, let

K
(x

h

)
= 1{|x| < h}.

The nearest neighbour kernel puts a weight of 1 on all values of x within a distance
of h to zero. Using such a kernel implies that Wi = I and Ii,h = {j : |xj −xi| < h}.

Shrinkage, just as in the global orthogonal regression setting, is intimately related
to the degrees of freedom of the smoother matrix. Consider the following corollary
to Theorem (4.1) characterizing effective degrees of freedom under orthogonality.

Corollary 4.1. Under the orthogonality assumption (4.5), the local smoother ma-
trix for the rescaled spike and slab predictor is S∗i,h = n−1

i BiViBt
i. The effective

degrees of freedom of S∗i,h equals

Df (S∗i,h) = n−1
i tr(BiViBt

i) = n−1
i tr(Bt

iBiVi) =
d∑

k=1

Vi,k ≤ d,

where Vi = diag{Vi,k} and

Vi,k = E
(

γk

1 + γk

∣∣∣Y∗
i

)
, k = 1, . . . , d.

Hence, the degrees of freedom of the spike and slab local smoother is bounded by the
dimension of the local polynomial basis.

The effective degrees of freedom can be used to provide insight into the geometry
of a curve f . If the effective degrees of freedom is large, f will possess higher order
local curvature, whereas if the degrees of freedom are small, f is likely to be flat.
Plotting Df (S∗i,h) is therefore a way to register a curve and to identify key differences
between curves. We illustrate this concept by way of three different examples.

4.3. Spinal BMD Data Revisited

For our first example, we applied the local rescaled spike and slab model (4.4) to
the previously analyzed BMD data. For the analysis, we used a nearest neighbour
kernel with a bandwidth set at h = 1, corresponding to one year of age. For the
basis function we used cubic orthogonal polynomials. Figure 5 plots the spike and
slab predictor for men and women (line types as in Figure 3). Also superimposed
on the figure are predicted curves using Friedman’s supersmoother (implemented
in the programming language R by the call ‘supsmu(x,y)’). The two methods agree
closely, although Friedman’s smoother appears to over-smooth the data for men.
The right-hand side of Figure 5 plots the effective degrees of freedom for men and
women. One can immediately see a phase shift in the figure, signifying distinct
modes for the two curves. Also, overall, there is significantly less shrinkage for
women with degrees of freedom being positive over a much wider region than men.
In both cases, curves eventually flatten out at around age 20.

imsart-lnms ver. 2007/09/18 file: ishwaran_papana.tex date: December 3, 2007



Orthogonalized Rescaled Spike and Slab Smoothing 279

10 15 20 25

0.
00

0.
04

0.
08

0.
12

Age

S
pi

na
l B

M
D

10 15 20 25

0.
5

1.
0

1.
5

2.
0

Age

E
ffe

ct
iv

e 
D

eg
re

es

Fig 5. Left plot: Local kernel regression for BMD data via rescaled spike and slab models with
orthogonal polynomial cubic basis functions. Solid dark and dashed dark lines are spike and
slab predictors for men and women, respectively. Gray solid and dashed lines are Friedman’s
supersmoother for men and women. Right plot: Effective degrees of freedom of spike and slab
local smoother (solid lines are men, dashed lines are women).

4.4. Cosmic Microwave Background Radiation

As another illustration we look at data related to cosmic microwave background
(CMB) radiation [20]. Here, the value for x is the multipole moment and Y is the
estimated power spectrum of the temperature fluctuations. The outcome is sound
waves in the cosmic microwave background radiation, which is the heat left over
from the big bang.

We used the same strategy and settings as before. For the bandwidth we used
h = 25 which was estimated prior to fitting using generalized cross-validation.
Results from the analysis are depicted in Figure 6 with plots zoomed in on different
regions of x in order to help visualize the varying curvature. The bottom right plot
of Figure 6 shows the effective degrees of freedom. The plot suggests the presence
of at least 4 distinct inflection points. In particular, note that initially for x < 200
there is a steep increase in the curve signified by the effective degrees of freedom
being roughly constant at 3.0. At around x = 200 there is a significant drop in
the effective degrees of freedom, followed by an increase and a flattening out until
around x = 400. The drop at x = 200 indicates the first inflection point. At x = 400
there is another drop in the effective degrees of freedom. Similarly, there is a drop
near x = 600 and x = 800. All told, this suggests at least 4 distinct inflections, all
appearing in multiples of 200 starting at x = 200.

4.5. Mass Spectometry Protein Data

The study of proteins is critical to understanding living organisms at the molecular
level as proteins are the main components of physiological pathways of cells. Pro-
teomics, the study of proteins on a large scale, is often considered the natural step
after genomics in the study of biological systems. Greatly complicating any system-
wide analysis of proteins, however, is the dynamic nature of the proteome, which
constantly changes through its biochemical interactions with the genome and the
environment. While the challenges faced by proteomics are great, the benefits at
the same time are potentially huge. For example, by studying protein differences for
diseased individuals, one might be able to discover pathways responsible for these
differences, which in turn could lead to novel biomarkers for identifying disease.
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Fig 6. First 3 plots (top to bottom left to right) are rescaled spike and slab local predictors
(thick dark lines) for CMB data. Gray lines are Friedman’s smoother. Bottom right plot: Effective
degrees of freedom for rescaled spike and slab predictor. Note the presence of 4 modes suggested
by this last plot.

One promising technology for profiling protein behavior is SELDI-TOF-MS (sur-
face enhanced laser desorption/ionization time-of-flight mass spectrometry). In this
technology, homogeneous biological samples are placed on the active surface of an
array. The protein samples are washed and an energy absorbing molecule solution
is placed on the surface of the array and allowed to crystalize. The array is then
queried by a laser which ionizes the proteins in the sample. Charged gaseous pep-
tides are emitted and their intensity is detected downstream. The mass over charge
ratio (m/z) of a peptide-ion is determined from the recorded TOF (time-of-flight).
The data collected from a SELDI-TOF-MS experiment consists of the intensity
(abundance) of proteins in the sample for a given m/z ratio. One can think of the
set of these two values as constituting a spectra. Each biological sample produces
one spectra and it is of interest to study differences in spectra as a function of
phenotype. See [21] for more details and further references.

Identification of unique peaks in the spectra, a method commonly referred to
as peak identification, is a crucial part of analyzing mass spectrometry data. From
a statistical perspective, peak identification can be recast as a smoothing problem
where the goal is to identify modes in the data after appropriate smoothing. The
outcomes are the spectometry intensity measurements, whereas x is the specific m/z
ratio. To illustrate how our spike and slab method can be used for peak detection, we
analyzed a set of 8 calibration spectra available as part of the “PROcess” library [21]
in the Bioconductor R-suite. The data is unique because it is known a priori that
the same 5 proteins are present in each of the 8 samples.
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Fig 7. Mass spectometry calibration data: 8 spectra, each comprising 13,468 distinct m/z ratios
(horizontal axis constrained to a subset of observed m/z ratios to help zoom in figure). Top plot:
Solid lines are rescaled spike and slab predictors and dashed vertical lines indicate known unique
proteins. Bottom plot: Effective degrees of freedom.

The results from the analysis are plotted in Figure 7 (we note that the data was
first baseline normalized prior to analysis). The black lines in the top plot are the
rescaled spike and slab smoothed predictors for each spectra. We used orthogonal
polynomials of degree 5 (the high degrees of freedom used due to the spiky nature
of the data). The bandwidth was set at h = 50. Superimposed are 5 dashed vertical
lines indicating the 5 distinct proteins. Interestingly, we find that 3 of the 5 proteins
are clearly identified in all 8 spectra. However, the two smallest proteins m/z = 1084
and m/z = 1638 are less visible, the protein at m/z = 1084 especially so. There
is also evidence of at least 2 additional peaks at approximately m/z = 3500 and
m/z = 4500. The effective degrees of freedom plot, also given in Figure 7, confirms
these findings. The plot also indicates that overlap of spectra is sub-par suggesting
further normalization of the data is needed.
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Abstract: This article presents certain recent methodologies and some new
results for the statistical analysis of probability distributions on manifolds. An
important example considered in some detail here is the 2-D shape space of
k-ads, comprising all configurations of k planar landmarks (k > 2) -modulo
translation, scaling and rotation.
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1. Introduction

The statistical analysis of shape distributions based on random samples is important
in many areas such as morphometrics (discrimination and classification of biolog-
ical shapes), medical diagnostics (detection of change or deformation of shapes in
some organs due to some disease, for example) and machine vision (e.g., digital
recording and analysis based on planar views of 3-D objects). Among the pioneers
on foundational studies leading to such applications, we mention Kendall [20] (also
see Kendall et al. [21]) and Bookstein [9]. The geometries of the spaces are those of
differentiable manifolds often with appropriate Riemannian structures.

Our goal in this article is to establish some general principles for nonparametric
statistical analysis on such manifolds and apply those to some shape spaces, es-
pecially Kendall’s two-dimensional shape space Σk

2 of the so-called k-ads, i.e., the

1Department of Mathematics, University of Arizona, Tucson, AZ 85721. emails: ab-
hishek@math.arizona.edu; rabi@math.arizona.edu
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space of configurations of k points on the plane (not all identical), identified mod-
ulo size and under Euclidean motions of translation and rotation. Two sample tests
for the comparison of both extrinsic and intrinsic Fréchet mean shapes and mean
variations of two distributions on Σk

2 are provided. As far as we know the explicit
computations of these tests are new. In the case of the intrinsic mean and variation,
the usual support criterion (see e.g., Le [24] and Bhattacharya and Patrangenaru
[6–8]) is significantly relaxed, thereby substantially enhancing the applicability of
the tests.

For recent results on statistical analysis of 3-D shapes, which we do not consider
here, we refer to Dryden et al.[11] and Bandulasiri et al.[2].

Sometimes the sample sizes in shape analysis are only moderately large. Under
such circumstances, one may more effectively use Effron’s bootstrap methods (Ef-
fron [14]), whose superiority over the classical CLT-based confidence regions and
tests may be established via higher order asymptotics (see e.g., Babu and Singh
[1], Bhattacharya and Qumsiyeh[5], Bhattacharya and Ghosh [4], Ghosh [16], Hall
[17]).

We next turn to the specific example of main interest to us, namely, Σk
2 . For

purposes of medical diagnostics, classification of biological species, etc., one may
use expert help to choose a suitable ordered set of k points or landmarks in the
plane, or a k-ad,

z = {(xj , yj), 1 ≤ j ≤ k},

on a two-dimensional image of an object under consideration. One assumes that
not all k points are the same, and k > 2. Kendall’s shape space Σk

2 comprises the
equivalence classes of all such k-ads under translation, rotation and scaling. For
a given k-ad z, the effect of translation is removed by considering z − 〈z〉 where
〈z〉 is the vector whose elements are all equal to the mean location of the k-ad,

namely, (1/k)
∑k

j=1(xj , yj). The translated k-ads then lie in the (2k−2)-dimensional

hyperplane H of (ℜ2)k ≈ ℜ2k, given by

H = {(xj , yj)1≤j≤k :
∑

xj = 0,
∑

yj = 0},

and they comprise all of H except the origin. The effect of scale, or length, is
removed by dividing z− 〈z〉 by ‖z− 〈z〉‖ where ‖.‖ is the usual Euclidean norm in
(ℜ2)k,

‖(uj , vj)1≤j≤k‖ = [
∑

(u2
j + v2

j )]1/2.

The resulting transformed k-ad w = (z−〈z〉)/‖z−〈z〉‖ is called the preshape of the
k-ad z. The set of preshapes is then naturally identified with the unit sphere in H,
which is basically the same as the unit sphere S2k−3 in ℜ2k−2. Finally, the shape
[z] of a k-ad z is given by the orbit of w = (uj , vj)

′
1≤j≤k under rotation, namely,

(1.1) [z] =

[

(

cos θ − sin θ
sin θ cos θ

) (

uj

vj

)

1≤j≤k

]

, −π < θ ≤ π.

Thus Σk
2 is a quotient space of S2k−3, namely, S2k−3/S1, and it has dimension

2k − 4.
We will use a mathematically more convenient way of describing Σk

2 as achieved
by viewing a k-ad as an element of Ck, namely, z = (xj + iyj)1≤j≤k. Then 〈z〉 is

the complex k-vector whose elements are all equal to (1/k)
∑k

j=1(xj + iyj). The
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translated k-ad then lies in the complex (k − 1)-dimensional hyperplane

Hk−1 = {(aj)1≤j≤k ∈ C
k :

k
∑

j=1

aj = 0}

The norm ‖z − 〈z〉‖ has the same value as before. But the rotation by an angle
θ of w = (z − 〈z〉)/‖z − 〈z〉‖ may now be expressed as eiθw. For a system of
coordinate neighborhoods, or parametrization, of this spherical representation of
Σk

2 as a quotient space of S2k−3, see Gallot et al. ([15], pp. 32, 34).
Another parametrization of Σk

2 , compatible with the above, is obtained by view-
ing the shape of a k-ad z ≡ (xj + iyj)1≤j≤k as the orbit

{z0(z − 〈z〉) : z0 ∈ C \ {0}}.

Note that z0 = λeiθ for λ = |z0| and some θ ∈ (−π, π], so that the orbit, namely, a
complex line through the origin in Hk−1, is independent of both scale and rotation
and, therefore, a representation of the shape of z. Thus Σk

2 is (isomorphic to) the
space of all complex lines through the origin in Ck−1, the complex projective space
CP k−2, a familiar and important example in differential geometry. For a system of
coordinate neighborhoods for Σk

2 viewed as CP k−2, see Gallot et al. ([15], pp 9, 10,
64, 65).

We next consider an extrinsic distance on Σk
2 corresponding to a special embed-

ding, namely, the Veronese-Whitney embedding φE of Σk
2 into the space S(k, C) of

k × k complex Hermitian matrices:

(1.2) φE([z]) = ww∗

where w = (z−〈z〉)/‖z−〈z〉‖ is the preshape of z. Here w is regarded as a column
vector of k complex numbers, w = (w1, w2, . . . , wk)′, and w∗ is the transpose of
its complex conjugate. Observe that the right side of (1.2) is constant on the orbit
{eiθw : −π < θ ≤ π} of the preshape w and is, therefore, a function of the shape
[z] of the k-ad. Also, this function is one-to-one on Σk

2 into S(k, C). The vector
space S(k, C), with the real scaler field ℜ, has dimension k2. This is because a k×k
Hermitian matrix is specified by k real numbers on the diagonal and

(

k
2

)

complex

numbers (i.e., 2
(

k
2

)

real numbers) as lower-right off-diagonal elements. On S(k, C)
define the norm ‖.‖ and distance d by

‖A‖2 = TraceAA∗ = TraceA2,

d2(A, B) = ‖A − B‖2 = Trace(A − B)2.(1.3)

Note that this is the same as the Euclidean norm and distance in ℜ2k2

. The induced
distance ρE on Σk

2 is then given by

ρ2
E([z], [w]) = d2(φE([z]), φE([w])) = Trace(uu∗ − vv∗)2

=
k

∑

j=1

|uj |2 +
k

∑

j=1

|vj |2 −
k

∑

j=1

k
∑

j′=1

(ujūj′vj′ v̄j + vj v̄j′uj′ ūj)

= 2 − 2|u∗v|2(1.4)

where u and v are the preshapes of [z] and [w] respectively. The distance ρE is
known as the full Procrustes distance (Kendall [22] , Kent [23] , Dryden and Mardia
[12] ).
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Let Xj , 1 ≤ j ≤ n, be i.i.d. k-ads such that their shapes [Xj ], 1 ≤ j ≤ n, have the

common distribution Q. Let µ̃ denote the Euclidean mean of Q̃ = Q◦φ−1
E viewed as

a probability measure on S(k, C). Let M̃ = φE(Σk
2), and denote the Euclidean pro-

jection of µ̃ on M̃ by Pµ̃ ≡ PM̃ µ̃. The extrinsic mean of Q is then µE = φ−1(Pµ̃).
It minimizes the Fréchet function (2.1) with respect to the distance ρE . Similarly,

for the sample extrinsic mean, calculate PX̃ where X̃ = (1/n)
∑n

j=1 φE([Xj ]) is a
coordinate-wise average of the matrix elements WjW

∗
j and Wj is the preshape of

Xj (1 ≤ j ≤ n). The asymptotic distribution of
√

n(PX̃ − Pµ̃) is given by that of

its projection on the tangent space TPµ̃M̃ at Pµ̃, since its projection on the com-

plement of TPµ̃M̃ is negligible. For computation of this projection, one chooses a
suitable orthonormal basis of S(k, C) (considered as a single orthonormal frame for
its constant tangent spaces), and calculates the differential of the projection map
P = PM̃ : S(k, C) → M̃ in terms of these coordinates. One thus arrives at a non-
singular (2k− 4)-dimensional Normal distribution in the limit (see Sections 3.1-3.4
for details).

Turning to the intrinsic mean on a Riemannian manifold M , with geodesic
distance dg, the first problem to resolve is its existence as the unique minimizer of
the Fréchet function

∫

d2
g(p, m)Q(dm). Here a result of Karchar [19] on the existence

of a unique minimizer is greatly improved by a result of Kendall [22], which allows
the radius r of a geodesic ball B(p, r) containing the support of Q to be twice as large
as required by Karchar [19] (Proposition 4.1). On such a ball, the map φ = exp−1

p

(the inverse of the exponential map at p), is a diffeomorphism onto its image in
the tangent space TpM at p. Using the coordinates of the vector space TpM , called
normal coordinates, one arrives at a central limit theorem for the sample intrinsic
mean µnI (Theorem 4.2), following Bhattacharya and Patrangenaru [8]. Note that,
with the (non-Euclidean) distance on TpM induced by φ from the geodesic distance
dg on M , the image µn = φ(µnI) of µnI is the minimizer of the Fréchet function

Fn(x) ≡
∫

d2
g(φ

−1x, φ−1y)Q̃n(dy)

where Q̃n = Qn ◦ φ−1, Qn = (1/n)
∑n

j=1 δ[Xj ]. Thus µn is a M-estimator in the
Euclidean space TqM . The assumptions in Theorem 4.2 guarantee that this M-
estimator is asymptotically Gaussian around µ = φ(µI). The asymptotic distribu-
tion of the test statistic (4.5) follows from this.

The computation of the test statistic (4.5) is generally more involved than that
used for comparing extrinsic means (see, e.g., (3.17) for the case M = Σk

2). This
involves, in particular, the metric tensor of M to compute geodesics and normal
coordinates. We refer to [3] for the asymptotic theory for intrinsic means, with
explicit computations of parameters especially for the planer shape space of k-
ads. However in Section 5 of the present article, we display numerical values of
the intrinsic two-sample test statistics, along with the corresponding p-values, in
two examples. It may be noted that for highly concentrated data in each of these
examples, the extrinsic and intrinsic distances are close and hence the extrinsic and
intrinsic test statistics have virtually the same values.

The minimum value attained by the Fréchet function is called the Fréchet vari-
ation of Q and it is a measure of spread of the distribution Q. The sample Fréchet
variation is a consistent estimator of the Fréchet variation of Q as proved in Propo-
sition 2.4. If the Fréchet mean exists, we derive the asymptotic distribution of the
sample Fréchet variation in Theorem 2.5. This can be used to construct a nonpara-
metric test statistic to compare the spread of two populations on M . We compute
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numerical values of the test statistic, along with the p-values for M = Σk
2 in Sec-

tion 5. For highly concentrated data as in the examples considered in Section 5, the
Fréchet variations of the distributions are very small. Then the mean comparison is
usually sufficient to discriminate between the populations and the variations show
no significant difference.

We conclude this section with two brief remarks. First, the main objective of
inference in the two-sample problem on Σk

2 is to discriminate between two different
distributions on it. It turns out, in most practical problems that arise, that the
means and variations (extrinsic or intrinsic) are generally adequate for this dis-
crimination. More elaborate procedures such as nonparametric density estimation
suffer from the ‘curse of dimensionality’ on this commonly high-dimensional space.
One can, however, do such density estimation on a tangent space (e.g., on TµI

M ,
via the inverse exponential map exp−1

µI
), as in the Euclidean case. Excepting for the

computation in normal coordinates, this presents no novelty. Secondly, in examples
with real data sets that we have studied (e.g., those in Section 5), the p-values of
the nonparametric two-sample tests for comparing means, developed in this arti-
cle, are always much smaller (often by an order of magnitude or more) than those
based on existing, mostly parametric, tests in the literature (see Dryden and Mar-
dia [12]). This seems to indicate that the tests proposed here may be more powerful
than those that have been used in the past, for many data sets that arise in prac-
tice. This perhaps also points to the inadequacy of parametric models of shapes
popularly used in the literature in capturing certain important shape features.

2. Fréchet Mean and Variation on Metric Spaces

Let (M, ρ) be a metric space, ρ being the distance on M . For a given probability
measure Q on (the Borel sigma-field of) M , define the Fréchet function of Q as

(2.1) F (p) =

∫

M

ρ2(p, x)Q(dx), p ∈ M.

2.1. Fréchet Mean

Definition 2.1. Suppose F (p) < ∞ for some p ∈ M . Then the set of all p for which
F (p) is the minimum value of F on M is called the Fréchet mean set of Q, denoted
by CQ. If this set is a singleton, say {µF }, then µF is called the Fréchet mean
of Q. If X1, X2, . . . , Xn are independent and identically distributed (i.i.d.) with
common distribution Q, and Qn

.
= (1/n)

∑n
j=1 δXj

is the corresponding empirical
distribution, then the Fréchet mean set of Qn is called the sample Fréchet mean
set, denoted by CQn

. If this set is a singleton, say {µFn
}, then µFn

is called the
sample Fréchet mean.

The following result has been proved in Theorem 2.1, Bhattacharya and Pa-
trangenaru [7].

Proposition 2.1. Suppose every closed and bounded subset of M is compact. If the
Fréchet function F (p) of Q is finite for some p, then CQ is nonempty and compact.

The next result establishes the strong consistency of the sample Fréchet mean.
For a proof, see Theorem 2.3, Bhattacharya and Patrangenaru [7].
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Proposition 2.2. Assume (i) that every closed bounded subset of M is compact,
and (ii) F is finite on M . Then given any ǫ > 0, there exists an integer valued
random variable N = N(ω, ǫ) and a P -null set A(ω, ǫ) such that

(2.2) CQn
⊂ Cǫ

Q ≡ {p ∈ M : ρ(p, CQ) < ǫ}, ∀n ≥ N

outside of A(ω, ǫ). In particular, if CQ = {µF }, then every measurable selection
µFn

from CQn
is a strongly consistent estimator of µF .

Remark 2.1. It is known that a connected Riemannian manifold M which is
complete (in its geodesic distance) satisfies the topological hypothesis of Proposi-
tions 2.1 and 2.2: every closed bounded subset of M is compact (see Theorem 2.8,
Do Carmo [10], pp 146-147). We will investigate conditions for the existence of the
Fréchet mean of Q (as a unique minimizer of the Fréchet function F of Q) in the
subsequent sections.
Remark 2.2. One can show that the reverse of (2.2), that is, ‘CQ ⊂ Cǫ

Qn
∀ n ≥

N(ω, ǫ)’ does not hold in general. See, for example, Bhattacharya and Patrangenaru
([7], Remark 2.6.

Next we consider the asymptotic distribution of µFn
. For Theorem 2.3, we assume

M to be a differentiable manifold of dimension d. Let ρ be a distance metrizing the
topology of M . For a proof of the following result, see Theorem 2.1, Bhattacharya
and Patrangenaru [8].

Theorem 2.3. Suppose the following assumptions hold:
(i) Q has support in a single coordinate patch, (U, φ), φ : U −→ ℜd smooth. Let
Yj = φ(Xj), j = 1, . . . , n.
(ii) The Fréchet mean µF of Q is unique.
(iii) ∀x, y 7→ h(x, y) = ρ2(φ−1x, φ−1y) is twice continuously differentiable in a
neighborhood of φ(µF ) = µ.
(iv) E(Drh(Y1, µ))2 < ∞ ∀r.
(v) E( sup

|u−v|≤ǫ

|DsDrh(Y1, v) − DsDrh(Y1, u)|) → 0 as ǫ → 0 ∀ r, s.

(vi) Λ = E (DsDrh(Y1, µ)) is nonsingular.
(vii) Σ = Cov (Dh(Y1, µ)) is nonsingular.
Let µFn

be a measurable selection from the Fréchet sample mean set, and write
µn = φ(µFn

). Then under the assumptions (i)-(vii),

(2.3)
√

n(µn − µ)
L−→ N(0, Λ−1Σ(Λ

′

)−1).

2.2. Fréchet Variation

Definition 2.2. The Fréchet variation V of Q is the minimum value attained
by the Fréchet function F defined by (2.1) on M . Similarly the minimum value
attained by the sample Fréchet function,

(2.4) Fn(p) =
1

n

n
∑

j=1

ρ2(Xj , p)

is called the sample Fréchet variation and denoted by Vn.

From Proposition 2.1 it follows that if the Fréchet function F (p) is finite for some
p, then V is finite and equals F (p) for all p in the Fréchet mean set CQ. Similarly
the sample variation Vn is the value of Fn on the sample Fréchet mean set CQn

.
The following result establishes the strong consistency of Vn as an estimator of V .
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Proposition 2.4. Suppose every closed and bounded subset of M is compact, and
F is finite on M . Then Vn is a strongly consistent estimator of V .

Proof. In view of Proposition 2.2, for any ǫ > 0, there exists N = N(ω, ǫ) such that

(2.5) |Vn − V | = | inf
p∈M

Fn(p) − inf
p∈M

F (p)| ≤ sup
p∈Cǫ

Q

|Fn(p) − F (p)|

for all n ≥ N almost surely. From the proof of Theorem 2.3 in Bhattacharya and
Patrangenaru [7], it follows that for any compact set K ⊂ M ,

sup
p∈K

|Fn(p) − F (p)| −→ 0 a.s. as n → ∞.

Since Cǫ
Q is compact, it follows from (2.5) that

|Vn − V | −→ 0 a.s. as n → ∞.

Remark 2.3. The sample variation is a consistent estimator of the population
variation even when the Fréchet function F of Q does not have a unique minimizer.

Next we derive the asymptotic distribution of Vn when there is a unique popu-
lation Fréchet mean.

Theorem 2.5. Let M be a differentiable manifold. Using the notation of Theorem
2.3, under assumptions (i)-(vii) and assuming E(ρ4(X1, µF )) < ∞, one has

(2.6)
√

n(Vn − V )
L−→ N

(

0, var(ρ2(X1, µF ))
)

.

Proof. Let

F (x) =

∫

ρ2(φ−1(x), m)Q(dm), Fn(x) =
1

n

n
∑

j=1

ρ2(φ−1(x), Xj).

Let µFn
be a measurable selection from the sample mean set and µn = φ(µFn).

Then
√

n(Vn − V ) =
√

n(Fn(µn) − F (µ))

=
√

n(Fn(µn) − Fn(µ)) +
√

n(Fn(µ) − F (µ)),(2.7)

√
n(Fn(µn) − Fn(µ)) =

1√
n

n
∑

j=1

d
∑

r=1

(µn − µ)rDrh(Yj , µ)

+
1

2
√

n

n
∑

j=1

d
∑

r=1

d
∑

s=1

(µn − µ)r(µn − µ)sDsDrh(Yj , µ
∗
n)(2.8)

for some µ∗
n in the line segment joining µ and µn. By assumption (v) of Theorem 2.3

and because
√

n(µn − µ) is asymptotically normal, the second term on the right of
(2.8) converges to 0 in probability. Also (1/n)

∑n
j=1 Dh(Yj , µ) → E (Dh(Y1, µ)) = 0,

so that the first term on the right of (2.8) converges to 0 in probability. Hence (2.7)
becomes

√
n(Vn − V ) =

√
n(Fn(µ) − F (µ)) + oP (1)

=
1√
n

n
∑

j=1

(

ρ2(Xj , µF ) − Eρ2(X1, µF )
)

+ oP (1).(2.9)
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By the CLT for the i.i.d. sequence {ρ2(Xj , µF )}, (2.9) converges in law to
N(0, var(ρ2(X1, µF )).

Remark 2.4. Theorem 2.5 requires the population mean to exist for the sample
variation to be asymptotically Normal. It may be shown by examples that it fails
to give the correct distribution if there is not a unique mean.

Theorem 2.5 can be used to construct a nonparametric test for testing whether
two populations have the same spread. Suppose Q1 and Q2 are two probability
distributions with unique Fréchet means µ1F and µ2F and Fréchet variations V1

and V2, respectively. We have i.i.d. samples X1, X2, . . . , Xn and Y1, Y2, . . . , Ym from
Q1 and Q2, respectively. Let µFn

and µFm
denote the sample means, Vn and Vm

denote the sample variations. Then the null hypothesis is

H0 : V1 = V2 = V.

Under H0, from (2.6),

√
n(Vn − V )

L−→ N(0, σ2
1)(2.10)

√
m(Vm − V )

L−→ N(0, σ2
2)(2.11)

where σ2
1 = var(ρ2(X1, µ1F )), σ2

2 = var(ρ2(Y1, µ2F )).

Suppose n/(m + n) → p, m/(m + n) → q, for some p, q > 0; p + q = 1. Then from
(2.10) and (2.11),

√
n + m(Vn − Vm)

L−→ N(0,

(

σ2
1

p
+

σ2
2

q

)

),(2.12)

Vn − Vm
√

s2

1

n +
s2

2

m

L−→ N(0, 1),(2.13)

where s2
1 = (1/n)

∑n
j=1(ρ

2(Xj , µFn
) − Vn)2 and s2

2 = (1/m)
∑m

j=1(ρ
2(Yj , µFm

) −
Vm)2 are the sample estimates of σ2

1 and σ2
2 , respectively. Hence the test statistic

used is

(2.14) Tnm =
Vn − Vm
√

s2

1

n +
s2

2

m

.

For a test of size α, we reject H0 if |Tnm| > Z1−(α/2) where Z1−(α/2) is the (1 −
(α/2))th quantile of N(0, 1).

From now on, unless otherwise stated, we assume that (M,g) is a d-dimensional
connected complete Riemannian manifold, g being the Riemannian metric tensor
on M . We shall come across different notions of means and variations depending on
the distance chosen on M . We begin with the extrinsic distance in the next section.

3. Extrinsic Mean and Variation

Let φ : M → ℜk be an embedding of M into ℜk, and let M̃ = φ(M) ⊂ ℜk. Define
the distance on M as: ρ(x, y) = ‖φ(x) − φ(y)‖, where ‖.‖ denotes Euclidean norm

(‖u‖2 =
∑k

i=1 ui
2, u = (u1, u2, .., uk)′). This is called the extrinsic distance on M .
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Assume that M̃ is a closed subset of ℜk. Then for every u ∈ ℜk there exists a
compact set of points in M̃ whose distance from u is the smallest among all points
in M̃ . We will denote this set by

Pu ≡ PM̃u = {x ∈ M̃ : ‖x − u‖ ≤ ‖y − u‖ ∀y ∈ M̃}.

If this set is a singleton, u is said to be a nonfocal point of ℜk (with respect to M̃);
otherwise it is said to be a focal point of ℜk.

Definition 3.1. Let (M, ρ), φ be as above. Let Q be a probability measure on M
with finite Fréchet function. The Fréchet mean (set) of Q is called the extrinsic
mean (set) of Q, and the Fréchet variation of Q is called its extrinsic variation.
If Xj (j = 1, . . . , n) are iid observations from Q, and Qn = 1

n

∑n
j=1 δXj

is the
empirical distribution, then the Fréchet mean(set) of Qn is called the extrinsic
sample mean(set) and the Fréchet variation of Qn is called the extrinsic sample
variation.

Let Q̃ and Q̃n be the images of Q and Qn, respectively, on ℜk under φ: Q̃ =
Q ◦ φ−1, Q̃n = Qn ◦ φ−1. The next result gives us a way to calculate the extrinsic
mean and establishes the consistency of the sample mean as an estimator of the
population mean if that exists. For a proof see Proposition 3.1 in Bhattacharya and
Patrangenaru [7].

Proposition 3.1. (a) If µ̃ =
∫

Rk uQ̃(du) is the mean of Q̃, then the extrinsic mean

set of Q is given by φ−1(Pµ̃). (b) If µ̃ is a nonfocal point of ℜk (relative to M̃), then
the extrinsic sample mean µnE (any measurable selection from the extrinsic mean
set of Qn) is a strongly consistent estimator of the extrinsic mean µE = φ−1(Pµ̃).

3.1. Asymptotic Distribution of the Sample Extrinsic Mean

We can use Theorem 2.3 to get the asymptotic distribution of the sample extrinsic
mean. However, expressions for the parameters Λ and Σ are not easy to get. Here
we devise another way to derive the asymptotic distribution. We assume that the
mean µ̃ of Q̃ is a nonfocal point, so that the projection Pµ̃ of µ̃ on φ(M) is unique,

and the extrinsic mean of Q is µE = φ−1(Pµ̃). Let X̃ = (1/n)
∑n

j=1 X̃j denote the

sample mean of X̃j = φ(Xj). The extrinsic sample mean set is CQn
= φ−1(PX̃),

where PX̃ is the set of projection of X̃ on φ(M). In a neighborhood of a nonfocal
point such as µ̃, P (.) is smooth. So we can write

(3.1)
√

n[P (X̃)−P (µ̃)] =
√

n(dµ̃P )(X̃ − µ̃)+oP (1) = (dµ̃P )(
√

n(X̃ − µ̃))+oP (1)

where dµ̃P is the differential (map) of P (.), which takes vectors in the tangent space
of ℜk at µ̃ to tangent vectors of φ(M) at P (µ̃). Hence the left side is asymptotically
normal.

For the case of regular submanifolds embedded in an Euclidean space by the
inclusion map, a similar asymptotic distribution and a two-sample test were con-
structed independently by Hendricks and Landsman [18] and, for more general
manifolds, by Patrangenaru [26] and Bhattacharya and Patrangenaru [8].

3.2. Application to the Planar Shape Space of k-ads

Consider a set of k points on the plane, e.g., k locations on a skull projected on a
plane, not all points being the same. We will assume k > 2 and refer to such a set as
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a k-ad (or a set of k landmarks). For convenience we will denote a k-ad by k complex
numbers (zj = xj + iyj , 1 ≤ j ≤ k), i.e., we will represent k-ads on a complex plane.
By the shape of a k-ad z = (z1, z2, . . . , zk), we mean the equivalence class, or orbit of
z under translation, rotation and scaling. To remove translation, one may substract
〈z〉 ≡ (〈z〉, 〈z〉, . . . , 〈z〉) (〈z〉 = (1/k)

∑k
j=1 zj) from z to get z−〈z〉. Rotation of the

k-ad by an angle θ and scaling (by a factor r > 0) are achieved by multiplying z−〈z〉
by the complex number λ = r exp iθ. Hence one may represent the shape of the
k-ad as the complex line passing through z−〈z〉, namely, {λ(z−〈z〉) : λ ∈ C\{0}}.
Thus the space of k-ads is the set of all complex lines on the (complex (k − 1)-

dimensional) hyperplane, Hk−1 = {w ∈ Ck \ {0} :
∑k

1 wj = 0}. Therefore the
shape space Σk

2 of planer k-ads has the structure of the complex projective space
CP k−2: the space of all complex lines through the origin in C

k−1. As in the case of
CP k−2, it is convenient to represent the element of Σk

2 corresponding to a k-ad z
by the curve γ(z) = [z] = {eiθ((z−〈z〉)/‖z−〈z〉‖) : 0 ≤ θ < 2π} on the unit sphere
in Hk−1 ≈ C

k−1.

If we denote by u the quantity (z−〈z〉)/‖z−〈z〉‖, called the preshape of the shape
of z, then another representation of Σk

2 is via the Veronese-Whitney embedding φ
into the space S(k, C) of all k×k complex Hermitian matrices. S(k, C) is viewed as
a (real) vector space with respect to the scaler field ℜ. The embedding φ is given
by

φ : Σk
2 → S(k, C),

φ([z]) = uu∗ (u = (u1, . . . , uk)′ ∈ Hk−1, ‖u‖ = 1)

= ((uiūj))1≤i,j≤k.(3.2)

The shape of z, [z] = {eiθu : 0 ≤ θ < 2π} is the orbit of the vector u under rotation.
Note that if v1, v2 ∈ [z], then φ([v1]) = φ([v2]) = φ((z − 〈z〉)/‖z − 〈z〉‖). Define the
extrinsic distance ρ on Σk

2 by that induced from this embedding, namely,

(3.3) ρ2([z], [w]) = ‖uu∗ − vv∗‖2 , u
.
=

z − 〈z〉
‖z − 〈z〉‖ , v

.
=

w − 〈w〉
‖w − 〈w〉‖

where for arbitrary k × k complex matrices A, B,

(3.4) ‖A − B‖2 =
∑

j,j′

|ajj′ − bjj′‖2 = Trace(A − B)(A − B)∗

is just the squared euclidean distance between A and B regarded as elements of Ck2

(or, ℜ2k2

). Since the matrices uu∗, vv∗ in (3.2) are Hermitian, one notes that the

image φ(Σk
2) of Σk

2 is a closed subset of Ck2

and the “conjugate-transpose” symbol
* may be dropped from (3.4) in computing distances in φ(Σk

2).

Let Q be a probability measure on the shape space Σk
2 , let [X1], [X2], . . . , [Xn]

be an i.i.d. sample from Q and let µ̃ denote the mean vector of Q̃
.
= Q ◦ φ−1,

regarded as a probability measure on Ck2

(or, ℜ2k2

). Note that µ̃ belongs to the
convex hull of M̃ = φ(Σk

2) and in particular, is an element of Hk−1. Let T be a
(complex) orthogonal k × k matrix such that T µ̃T ∗ = D = Diag(λ1, λ2, . . . , λk),
where λ1 ≤ λ2 ≤ . . . ≤ λk are the eigenvalues of µ̃. Then, writing v = Tu with u
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as in (3.3),

‖uu∗ − µ̃‖2 = ‖vv∗ − D‖2 =

k
∑

j=1

(|vj |2 − λj)
2 +

∑

j 6=j′

|vjvj′ |2

=
∑

λj
2 +

k
∑

j=1

|vj |4 − 2

k
∑

j=1

λj |vj |2 +

k
∑

j=1

|vj |2.
k

∑

j′=1

|vj′ |2 −
k

∑

j=1

|vj |4

=
∑

λj
2 + 1 − 2

k
∑

j=1

λj |vj |2(3.5)

which is minimized (on φ(Σk
2)) by taking v = ek = (0, . . . , 0, 1)′, i.e., u = T ∗ek, a

unit eigenvector having the largest eigenvalue λk of µ̃. It follows that the extrinsic
mean µE , say, of Q is unique if and only if the eigenspace for the largest eigenvalue
of µ̃ is (complex) one-dimensional, and then µE = [µ], µ( 6= 0) ∈ the eigenspace of
the largest eigenvalue of µ̃.

From (3.5), the extrinsic variation of Q has the expression

V = E‖X1X
∗
1 − µµ∗‖2

= E‖X1X
∗
1 − µ̃‖2 + ‖µ̃ − µµ∗‖2

= 2(1 − λk)(3.6)

Therefore, we have the following consequence of Proposition 2.4 and Proposition 3.1.

Corollary 3.2. Let µn denote an eigenvector of (1/n)
∑n

j=1 XjXj
∗ having the

largest eigenvalue λkn. (a) If the largest eigenvalue λk of µ̃ is simple, then the
extrinsic sample mean [µn] is a strongly consistent estimator of the extrinsic mean
[µ]. (b) The sample extrinsic variation, Vn = 2(1 − λkn) is a strongly consistent
estimator of the extrinsic variation, V = 2(1 − λk).

The distance ρ on Σk
2 in (3.3) can be expressed as

(3.7) ρ2([z], [w]) ≡ ‖uu∗ − vv∗‖2 = 2(1 − |u∗v|2).
This is the so-called full Procrustes distance for Σk

2 . See Kent [23], Dryden and
Mardia [12], and Kendall et al. [21].

3.3. Asymptotic Distribution of Mean Shape

To get the asymptotic distribution of the sample extrinsic mean shape using (3.1),
we embed M = Σk

2 into S(k, C), the space of all k×k complex self-adjoint matrices,

via the map φ in (3.2). We consider S(k, C) as a linear subspace of Ck2

(over ℜ)

and as such a regular submanifold of Ck2

embedded by the inclusion map, and
inheriting the metric tensor:

〈A, B〉 = Re
(

Trace(AB̄′)
)

.

The (real) dimension of S(k, C) is k2. An orthonormal basis for S(k, C) is given by
{va

b : 1 ≤ a ≤ b ≤ k} and {wa
b : 1 ≤ a < b ≤ k}, defined as

va
b =

{

1√
2
(eaet

b + ebe
t
a), a < b

eaet
a, a = b

wa
b = +

i√
2
(eaet

b − ebe
t
a), a < b.
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where {ea : 1 ≤ a ≤ k} is the standard canonical basis for ℜk.
We also take {va

b : 1 ≤ a ≤ b ≤ k} and {wa
b : 1 ≤ a < b ≤ k} as the (constant)

orthogonal frame for S(k, C). For any U ∈ O(k) (UU∗ = U∗U = I), {Uva
b U∗ : 1 ≤

a ≤ b ≤ k}, {Uwa
b U∗ : 1 ≤ a < b ≤ k} is also an orthogonal frame for S(k, C).

Assume that the mean µ̃ of Q̃ has its largest eigenvalue simple. To apply (3.1),
we view dµ̃P : S(k, C) → TP (µ̃)φ(Σk

2). Choose U ∈ O(k) such that U∗µ̃U = D ≡
Diag(λ1, . . . , λk), λ1 ≤ . . . ≤ λk−1 < λk being the eigenvalues of µ̃.

Choose the basis frame {Uva
b U∗, Uwa

b U∗} for S(k, C). Then one can show that

dµ̃P (Uva
b U∗) =

{

0 if 1 ≤ a ≤ b < k, a = b = k,

(λk − λa)−1Uva
kU∗ if 1 ≤ a < k, b = k.

dµ̃P (Uwa
b U∗) =

{

0 if 1 ≤ a < b < k

(λk − λa)−1Uwa
kU∗ if 1 ≤ a < k, b = k.

(3.8)

Write

√
n( ¯̃X − µ̃) =

∑∑

1≤a≤b≤k

〈
√

n( ¯̃X − µ̃), Uva
b U∗〉Uva

b U∗

+
∑ ∑

1≤a<b≤k

〈
√

n( ¯̃X − µ̃), Uwa
b U∗〉Uwa

b U∗.(3.9)

Since ¯̃X1k = µ̃1k = 0, λ1 = 0 and U.1 = α1k, |α| = 1/
√

k. Thus

〈
√

n( ¯̃X − µ̃), Uv1
bU∗〉 = 〈

√
n( ¯̃X − µ̃), Uw1

bU∗〉 = 0.

Therefore,

dµ̃P (
√

n( ¯̃X − µ̃))

=
k−1
∑

a=2

〈
√

n( ¯̃X − µ̃), Uva
kU∗〉(λk − λa)−1Uva

kU∗

+

k−1
∑

a=2

〈
√

n( ¯̃X − µ̃), Uwa
kU∗〉(λk − λa)−1Uwa

kU∗.(3.10)

From (3.10), we see that
√

n(P ( ¯̃X)−P (µ̃)) has an asymptotic Gaussian distribution
on a subspace of S(k, C) with asymptotic coordinates

Tn(µ̃) =
(

〈
√

n( ¯̃X − µ̃), Uva
kU∗〉k−1

a=2, 〈
√

n( ¯̃X − µ̃), Uwa
kU∗〉k−1

a=2

)

with respect to the basis vector {(λk − λa)−1Uva
kU∗, (λk − λa)−1Uwa

kU∗}k−1
a=2.

Writing Σ(µ̃) for the covariance matrix of Tn(µ̃), and assuming that it is nonsingu-
lar,

(3.11) Tn(µ̃)′Σ(µ̃)−1Tn(µ̃) −→ X 2
2k−4.

3.4. Two Sample Testing Problems on Σk

2

Let Q1 and Q2 be two probability measures on the shape space Σk
2 , and let µ1 and

µ2 denote the means of Q1 ◦ φ−1 and Q2 ◦ φ−1, respectively. Suppose [x1], . . . , [xn]
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and [y1], . . . , [ym] are i.i.d. random samples from Q1 and Q2 respectively. Let Xi =
φ([xi]), Yi = φ([yi]) be their images onto φ(Σk

2) which are random samples from
Q1 ◦ φ−1 and Q2 ◦ φ−1, respectively. Suppose we are to test if the extrinsic means
of Q1 and Q2 are equal, i.e.

H0 : Pµ1 = Pµ2

We assume that both µ1 and µ2 have simple largest eigenvalues. Then under H0,
the corresponding eigenvectors differ by a rotation.

Choose µ ∈ S(k, C) with the same projection as µ1 and µ2. Suppose µ = UΛU∗,
where Λ = Diag(λ1 ≤ λ2 ≤ . . . < λk) are its eigenvalues and U = [U1, U2, . . . , Uk]
are the corresponding eigenvectors. Under H0, Pµ1 = Pµ2 = UkU∗

k . From (3.10),

dµP (X̄ − µ)

=

k−1
∑

a=2

√
2Re(U∗

a X̄Uk)(λk − λa)−1Uva
kU∗ +

k−1
∑

a=2

√
2Im(U∗

a X̄Uk)(λk − λa)−1Uwa
kU∗

=
k−1
∑

a=2

(λk − λa)−1(U∗
a X̄Uk)UaU∗

k +
k−1
∑

a=2

(λk − λa)−1(U∗
k X̄Ua)UkU∗

a ,

(3.12)

dµP (Ȳ − µ)

=

k−1
∑

a=2

√
2Re(U∗

a Ȳ Uk)(λk − λa)−1Uva
kU∗ +

k−1
∑

a=2

√
2Im(U∗

a Ȳ Uk)(λk − λa)−1Uwa
kU∗

=

k−1
∑

a=2

(λk − λa)−1(U∗
a Ȳ Uk)UaU∗

k +

k−1
∑

a=2

(λk − λa)−1(U∗
k Ȳ Ua)UkU∗

a .

(3.13)

Define

T (µ)ij =

{

Re(U∗
i+1XjUk) if 1 ≤ i ≤ k − 2, 1 ≤ j ≤ n

Im(U∗
i−k+3XjUk) if k − 1 ≤ i ≤ 2k − 4, 1 ≤ j ≤ n

S(µ)ij =

{

Re(U∗
i+1YjUk) if 1 ≤ i ≤ k − 2, 1 ≤ j ≤ m

Im(U∗
i−k+3YjUk) if k − 1 ≤ i ≤ 2k − 4, 1 ≤ j ≤ m

T̄ (µ) =
1

n

n
∑

j=1

T (µ).j , S̄(µ) =
1

m

m
∑

j=1

S(µ).j .(3.14)

Under H0, T̄ (µ) and S̄(µ) have mean zero, and as n, m → ∞,

(3.15)
√

nT̄ (µ)
L−→ N(0, Σ1(µ)),

√
mS̄(µ)

L−→ N(0, Σ2(µ))

where Σ1(µ) and Σ2(µ) are the covariances of T (µ).1 and S(µ).1, respectively. Sup-
pose (n/(m + n)) → p, (m/(m + n)) → q, for some p, q > 0; p + q = 1. Then

√
n + m(T̄ (µ) − S̄(µ))

L−→ N2k−4(0,
1

p
Σ1(µ) +

1

q
Σ2(µ)).

Thus assuming Σ1(µ), Σ2(µ) and hence 1
pΣ1(µ) + 1

q Σ2(µ) to be nonsingular,

(3.16) (n + m)(T̄ (µ) − S̄(µ))
′

(
1

p
Σ1(µ) +

1

q
Σ2(µ))−1(T̄ (µ) − S̄(µ))

L−→ X 2
2k−4.
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Note that the nonsingularity assumption for Σ1(µ) and Σ2(µ) are satisfied if, for
example, Q1 and Q2 have nonzero absolutely continuous components with respect
to the volume measure on Σk

2 (identified with the Riemannian manifold CP k−2). We
can choose µ to be any positive linear combination of µ1 and µ2. Then under H0, µ
will have the same projection on φ(Σk

2) as µ1 and µ2. We may take µ = pµ1 + qµ2.
In practice, since µ1 and µ2 are unknown, so is µ. Then we may estimate µ by the
pooled sample mean µ̂ = (nX̄ + mȲ )/(m + n), Σ1(µ) and Σ2(µ) by their sample
estimates Σ̂1(µ̂) and Σ̂2(µ̂), where

Σ̂1(µ) =
1

n
T (µ)T (µ)

′ − T̄ (µ)T̄ (µ)
′

, Σ̂2(µ) =
1

m
S(µ)S(µ)

′ − S̄(µ)S̄(µ)
′

Then the two-sample test statistic in (3.16) can be estimated by

(3.17) Tnm = (T̄ (µ̂) − S̄(µ̂))
′

(
1

n
Σ̂1(µ̂) +

1

m
Σ̂2(µ̂))−1(T̄ (µ̂) − S̄(µ̂)).

Given level α, we reject H0 if

(3.18) Tnm > X 2
2k−4(1 − α).

The expression for Tnm depends on the spectrum of µ̂ through the orbit [Uk(µ̂)]
and the subspace spanned by {U2(µ̂), . . . , Uk−1(µ̂)}. If the population mean exists,
[Uk(µ̂)] is a consistent estimator of [Uk(µ)] and by perturbation theory (see Dunford
and Schwartz [13], p. 598), the projection on Span{U2(µ̂), . . . , Uk−1(µ̂)} converges
to that on Span{U2(µ), . . . , Uk−1(µ)}. Thus from (3.16) and (3.17), Tnm has an
asymptotic X 2

2k−4 distribution. Hence the test in (3.18) has asymptotic level α.
To test if the populations have the same spread around their respective means,

we use the test statistic in (2.14), which is

(3.19) Tnm = 2
λkm − λkn
√

s2

1

n +
s2

2

m

,

where λkn and λkm are the largest eigenvalues of X̄ and Ȳ , respectively. Under H0,
Tnm has asymptotic Normal distribution.

4. Intrinsic Mean and Variation

Let (M, g) be a d-dimensional connected complete Riemannian manifold, g being
the Riemannian metric on M . Let the distance ρ = dg be the geodesic distance
under g. Let Q be a probability distribution on M with finite Fréchet function,

(4.1) F (p) =

∫

M

d2
g(p, m)Q(dm), p ∈ M.

Definition 4.1. The Fréchet mean (set) of Q under the distance dg is called its
intrinsic mean (set). The Fréchet variation of Q under dg is called its intrinsic
variation. Let X1, X2, . . . , Xn be i.i.d. observations on M with common distribution
Q. The sample Fréchet mean (set) is called the sample intrinsic mean (set) and the
sample Fréchet variation is called the sample intrinsic variation.

Let us define a few technical terms related to Riemannian manifolds which we will
use extensively in the subsequent sections. For details on Riemannian Manifolds,
see DoCarmo [10], Gallot et al. [15] or Lee [25].
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1. Geodesic: These are curves γ on the manifold with zero acceleration. They
are locally length minimizing curves. For example, consider great circles on
the sphere or straight lines in ℜd.

2. Exponential map: For p ∈ M , v ∈ TpM , we define expp v = γ(1), where γ is
a geodesic with γ(0) = p and γ̇(0) = v.

3. Cut locus : Let γ be a unit speed geodesic starting at p, γ(0) = p. Let t0 be
the supremum of all t for which γ is length minimizing on [0, t]. Then γ(t0)
is called the cut point of p along γ. The cut locus of p, C(p), is the set of all
cut points of p along all geodesics. For example, C(p) = {−p} on Sd.

4. Convex ball : A ball B is called convex if, for any p, q ∈ B, a unique geodesic
from p to q lies in B, which is also the shortest geodesic from p to q. For
example, any ball of radius π/2 or less in Sd is convex.

5. Sectional Curvature: Recall the notion of Gaussian curvature of two dimen-
sional surfaces. On a Riemannian manifold M , choose a pair of linearly inde-
pendent vectors u, v ∈ TpM . A two dimensional submanifold of M is swept
out by the set of all geodesics starting at p and with initial velocities ly-
ing in the two-dimensional section π spanned be u, v. The curvature of this
submanifold is called the sectional curvature at p of the section π.

In all subsequent sections, we assume that M has all sectional curvatures bounded
above by some C ≥ 0.

The next result, due to Kendall [22], gives a sufficient condition for the existence
of a unique local minimum of F in a geodesic ball of reasonably wide radius.

Proposition 4.1. If the support of Q is contained in B(p, r) with r < π/(2
√

C) and
B(p, r) ∩ C(p) = φ, then the Fréchet function F of Q has a unique local minimum
in B(p, r).

Recall that (Karchar [19]; see also Theorem 2.1 in Bhattacharya and Patrange-
naru [7]) if Q(C(p)) = 0 ∀p ∈ M , then every local minimum µ of F satisfies

(4.2)

∫

TµM

vQ̃(dv) = 0

where Q̃ is the image of Q under the map exp−1
µ on M \ C(µ).

4.1. Asymptotic Distribution of the Sample Intrinsic Mean

One can use Theorem 2.3 to get the asymptotic distribution of the sample intrinsic
mean. For that we need to verify assumptions (i) to (vii). The next result gives
sufficient conditions for those assumptions to hold.

Theorem 4.2. Suppose the support of Q is contained in a geodesic ball B(p, r)
with center p and radius r as in Proposition 4.1. Let φ = exp−1

p : B(p, r) −→
TpM(≈ ℜd). Define h(x, y) = d2

g(φ
−1x, φ−1y); x, y ∈ ℜd. Let ((Drh))d

r=1 and

((DrDsh))d
r,s=1 be the matrices of first and second order derivatives of y 7→ h(x, y).

Let X̃j = φ(Xj)(j = 1, . . . , n), X1, . . . , Xn being i.i.d. observations from Q. Let µ =
φ(µI), µI being the point of local minimum of F in B(p, r). Let µn = φ(µnI), µnI be-
ing the point of local minimum of Fn in B(p, r). Define Λ = E((DrDsh(X̃1, µ)))d

r,s=1,

Σ = Cov((Drh(X̃1, µ)))d
r=1. If Λ and Σ are nonsingular, then

(4.3)
√

n(µn − µ)
L−→ N(0, Λ−1ΣΛ−1).
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Proof. When Q is considered as a probability measure on the compact ball B(p, r)
(as the underlying metric space), µn is a consistent estimator of µ, by Proposi-
tion 2.2. In view of Proposition 4.1, as in the proof of Theorem 2.3 in Bhattacharya
and Patrengenaru [8], Assumptions (i)-(vii) of Theorem 2.3 are verified.

Remark 4.1: The nonsingularity of Σ in Theorem 4.2 is a mild condition which
holds in particular if Q has a density (component) with respect to the volume
measure. The nonsingularity of Λ is a more delicate matter in general, involving a
detailed analysis involving curvature and Jacobi fields. These matters are considered
in detail in Bhattacharya and Bhattacharya [3].
Remark 4.2: Under the hypothesis of Proposition 4.1 (and Theorem 4.2), the point
of local minimum µI of F in B(p, r) may not be the global minimizer of F on M .
However, if one restricts attention to the closed ball B(p, r) as the underlying metric
space of interest, this point of local minimum is the intrinsic mean (on B(p, r)). The
advantage of Theorem 4.2 over the earlier result Theorem 2.3 in Bhattacharya and
Patrengenaru [8] is that here one allows a much wider support of Q, namely, the
radius r here is twice as large as that allowed in the earlier result. This is particularly
important in two-sample problems as well as in problems of classification involving
several populations. Also from a statistical point of view, the mean shape is perhaps
better represented if defined as the Fréchet mean over B(p, r) than over the whole of
M , since Q(M \B(p, r)) = 0 and since B(p, r) is a connected Riemannian manifold
inheriting the metric of M .

Theorem 4.2 can be used to construct an asymptotic 1−α confidence set for µI

which is given by

(4.4) {µI : n(µn − µ)t(Λ̂−1Σ̂Λ̂−1)−1(µn − µ) ≤ X 2
d (1 − α)}

where (Σ̂, Λ̂) are consistent sample estimates of (Σ, Λ) and X 2
d (1 − α) is the upper

(1 − α)th quantile of the chi-squared distribution with d degrees of freedom.
Also we can perform a nonparametric test to test if two distributions Q1 and Q2

have the same intrinsic mean µI . Let µ = φ(µI). Let X1, . . . , Xn and Y1, . . . , Ym be
i.i.d. observations from Q1 and Q2, respectively. Let Qn and Qm be the empirical
distributions and µn1 and µm2 be the corresponding sample mean coordinates. We
want to test H0 : µ1I = µ2I = µI , say, against H1 : µ1I 6= µ2I , where µ1I and µ2I

are the true intrinsic means of Q1 and Q2, respectively. Then the test statistic used
is

Tnm = (n + m)(µn1 − µm2)
′Σ̂−1(µn1 − µm2),(4.5)

Σ̂ = (m + n)

(

1

n
Λ̂−1

1 Σ̂1Λ̂
−1
1 +

1

m
Λ̂−1

2 Σ̂2Λ̂
−1
2

)

,(4.6)

(Λ1, Σ1) and (Λ2, Σ2) being the parameters in the asymptotic distribution of
√

n(µn1

− µ) and
√

m(µm2 − µ), respectively, as defined in Theorem 4.2. (Λ̂1, Σ̂1) and
(Λ̂2, Σ̂2) are consistent sample estimates. In case n, m → ∞ such that n/(m+n) →
θ, 0 < θ < 1, then under the hypothesis of Theorem 4.2, assuming H0 to be true,

(4.8)
√

n + m(µn1 − µm2)
L−→ Nd(0,

1

θ
Λ−1

1 Σ1Λ
−1
1 +

1

1 − θ
Λ−1

2 Σ2Λ
−1
2 ).

So Tnm
L−→ X 2

d . We reject H0 at asymptotic level 1 − α if Tnm > X 2
d (1 − α).

We conclude with the test for the equality of intrinsic variations V1, V2 of Q1

and Q2. Under the hypothesis of Theorem 4.2, the test for H0 : V1 = V2, against
H1 : V1 6= V2, is provided by the asymptotically Normal statistic Tnm in (2.14), as
described at the end of Section 2.
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5. Examples

In this section, we record the results of two-sample tests in two examples.

Example 1 (Schizophrenic Children). In this example from Bookstein [9], 13
landmarks are recorded on a midsagittal two-dimensional slice from a Magnetic
Resonance brain scan of each of 14 schizophrenic children and 14 normal chil-
dren. Figures 1a,b show the preshapes of the landmarks for the patient and normal
samples along with the respective sample extrinsic mean preshapes. The sample
preshapes are rotated appropriately as to minimize their Euclidean distance from
the mean preshape. Figure 2 shows the preshapes of the normal and the patient
sample extrinsic means along with the pooled sample mean.

The values of the two-sample test statistics (3.17), (4.5) for testing equality of
the mean shapes, along with the p-values are as follows.

Extrinsic: Tnm = 95.5476, p-value = P (X 2
22 > 95.5476) = 3.8 × 10−11.

Intrinsic: Tnm = 95.4587, p-value = P (X 2
22 > 95.4587) = 3.97 × 10−11.

The extrinsic sample variations for patient and normal samples are 0.0107 and
0.0093, respectively. The value of the two-sample test statistic (3.19) for testing
equality of extrinsic variations is 0.9461, and the p-value is 0.3441. The value
of the likelihood ratio test statistic, using the so-called offset normal shape dis-
tribution (Dryden and Mardia [12], pp. 145-146) is −2 log Λ = 43.124, p-value
= P (X 2

22 > 43.124) = 0.005. The corresponding values of Goodall’s F-statistic
and Bookstein’s Monte Carlo test (Dryden and Mardia [12], pp. 145-146) are
F22,572 = 1.89, p-value = P (F22,572 > 1.89) = 0.01. The p-value for Bookstein’s
test = 0.04.

Example 2 (Gorilla Skulls). To test the difference in the shapes of skulls of
male and female gorillas, eight landmarks are chosen on the midline plane of the
skulls of 29 male and 30 female gorillas. We use the data of O’Higgins and Dryden
reproduced in Dryden and Mardia ([12], pp. 317-318). The statistics (3.17) and
(4.5) yield the following values:

Extrinsic: Tnm = 392.6, p-value = P (X 2
12 > 392.6) < 10−16.

Intrinsic: Tnm = 391.63, p-value = P (X 2
12 > 391.63) < 10−16.

The extrinsic sample variations for male and female samples are 0.005 and 0.0038,
respectively. The value of the two-sample test statistic (3.19) for testing equality of
extrinsic variations is 0.923, and the p-value is 0.356. A parametric F-test (Dryden
and Mardia [12], pp. 154) yields F = 26.47, p-value = P (F12,46 > 26.47) = 0.0001.
A parametric (Normal) model for Bookstein coordinates leads to the Hotelling’s T 2

test (Dryden and Mardia [12], pp. 170-172) yields the p-value 0.0001.
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Fig 1. 1a and 1b show 13 landmarks for 14 normal and 14 schizophrenic patients, respectively,
along with the mean shapes, * correspond to the mean landmarks; 1c shows the sample extrinsic
means for the 2 groups along with the pooled sample mean.
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Fig 2. The sample extrinsic means for the 2 groups along with the pooled sample mean, corre-
sponding to Figure 1.
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Abstract: We have developed a strategy for the analysis of newly available
binary data to improve outcome predictions based on existing data (binary
or non-binary). Our strategy involves two modeling approaches for the newly
available data, one combining binary covariate selection via LASSO with lo-
gistic regression and one based on logic trees. The results of these models are
then compared to the results of a model based on existing data with the ob-
jective of combining model results to achieve the most accurate predictions.
The combination of model predictions is aided by the use of support vector
machines to identify subspaces of the covariate space in which specific models
lead to successful predictions. We demonstrate our approach in the analysis of
single nucleotide polymorphism (SNP) data and traditional clinical risk factors
for the prediction of coronary heart disease.
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1. Introduction

In applied research contexts the statistician is often faced with newly available data
which may provide information relevant to a recently completed analysis. This sce-
nario is occurring more and more frequently in medical research as genomic data
becomes available which may provide information relevant to the determination of
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disease risk, a determination that has been traditionally based on existing clinical
data. There is a need for statistical approaches to variable selection and model-
ing which attempt to provide improved outcome predictions in such contexts by
combining information from new and existing data which may be of multiple types.

We have developed one such strategy for utilizing newly available binary data to
improve binary outcome predictions from an existing model based on both contin-
uous and binary data. There are many approaches to regression and classification
in the machine learning and statistical literature that would be appropriate for
modeling binary data, including CART [4], MARS [15], treed models [6], and logic
regression [30], to name only a few. Since our interest is specifically in single nu-
cleotide polymorphism (SNP) data, we have chosen to model binary data with
logistic regression as well as logic regression models. The logic regression models
recognize the often complex interactions that exist among SNPs and attempt to
model such interactions in analyzing the relationships between SNPs and outcome
status. Logic regression models also perform variable selection and model construc-
tion when the number of observations, n, is less than the number of covariates, p,
which is a context of particular interest to us.

Our goal is to combine all available information in generating the best outcome
predictions possible. In doing so we consider several approaches which borrow ideas
from the multimodel ensemble modeling literature [11]. One approach is to take a
weighted average of the predictions from the existing model and the binary data
model, in the spirit of Bayesian model averaging [7]. A second approach is to build
a model from all available covariates and not utilize the existing model, which was
built before the newer binary covariates were available. Our final approach is a two-
stage approach: determine subspaces of the covariate space on which the predictions
from the existing model are accurate, and utilize the predictions from a model of
the newer binary covariates on the remaining subspaces. This would yield a more
accurate set of predictions overall in situations where neither data type is globally
informative, for example, where the data have been collected from a heterogeneous
population. To avoid a subspace definition which requires knowledge of the outcome
of interest for observations to be predicted, we differentiate these various subspaces
via support vector machines (SVM) [3, 8, 39]. As a result our technique yields
‘honest’ predictions for new observations.

Initially we discuss the model classes and variable selection for binary data. We
then discuss how the predictions from such models can be used to improve the
predictions from models based on existing data via support vector machines. Our
approach is demonstrated in the context of prediction of coronary heart disease
from traditional clinical risk factors and genetic (SNP) data.

2. Model Types

We assume a continuous response variable Y and a p-dimensional vector of binary
covariates X (the ‘newly available’ data). In the case of SNP data each covariate
Xj , j = 1, . . . , p, is binary. Since the relationship between the covariates and the
response is unknown we consider two model types, logistic regression and logic
regression [30]. As logistic regression is a well known modeling technique we will
not discuss it in detail. However we will discuss variable selection prior to logistic
regression modeling when n < p in Section 2.2. Logic regression is discussed in more
detail below.
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Fig 1. A logic tree representing the Boolean expression in Equation (2.2). White text on a black
background denotes the conjugate of a variable.

2.1. Logic Regression

Logic regression [20, 30] is an adaptive regression methodology for finding Boolean
combinations of binary covariates that are associated with an outcome variable.
This methodology was developed to address situations where the interaction of
many predictors is responsible for differences in the response, which is often the
case when all predictors are binary. As described in [30] logic regression models
take the form

(2.1) g(E[Y ]) = β0 +
t∑

i=1

βiLi

where Li is a Boolean expression of the covariates Xj . A score function relates fitted
values to the response. This framework includes linear regression (g(E[Y ]) = E[Y ]
with score function RSS), logistic regression (g(E[Y ]) = log(E[Y ]/(1−E[Y ]) with
score function binomial deviance), as well as classification (Ŷ = I(L = 1) where
I(·) is the indicator function and the score function is

∑
(Y 6= Ŷ )). Logic regression

models can be conveniently represented in tree form. For example, the tree in Figure
1 represents the logic expression

(2.2) (((Xc
79) ∨ ((Xc

48) ∧ (Xc
64))) ∧ (((Xc

28) ∨ (Xc
9)) ∨ ((Xc

43) ∧X63))).

where Xj indicates Xj = 1 and Xc
j indicates the conjugate (Xj = 0).

Note that each Li in Equation (2.1) may be represented as a tree, and hence
logic regression allows for multiple tree models.

The space of possible logic trees is enormous, especially in situations where n < p.
To search this space efficiently without sacrificing the desire for optimality, either
a greedy search or a search via simulated annealing can be employed. These search
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techniques estimate the Li and βi simultaneously (see Equation (2.1)) and use
simple ‘moves’ to search for ‘good’ logic models (ie., models which minimize the
scoring function). Using terminology similar to that of CART [4] these ‘moves’
include growing, pruning, splitting, and deleting. As greedy searches often lead to
models which overfit the data or are suboptimal (as when the search gets ‘stuck’ in
a local minimum) [35] we prefer the use of simulated annealing to search for logic
trees. Note that each ‘move’ mentioned above has a matching ‘countermove’ (e.g.,
growing as opposed to pruning) which is important in the Markov chain theory
which underlies simulated annealing [38].

We use randomization to both test the null model of no signal in the data and
determine the optimal model size (if the test is rejected). For testing the null model
we randomly permute the response values and find the best fitting model. If there
is no signal, the score of this model should be comparable to the score of the best
model fit to the original data. By repeating the above procedure multiple times we
can consider the number of runs with model scores better than the score of the best
model fit to the original data as a p-value for our test.

The method for finding the optimal model size is based on a series of random-
ization tests. The null hypothesis for each test is that the optimal model size is k
and larger models with better scores are due to noise. Assume the null hypothesis
and the best model of size k has score sk. The fitted values from this model fall
into two classes; we now permute the response values within each class and find the
best model of any size on the permuted data. If this model has score s∗k then under
the null hypothesis sk comes from the same distribution as s∗k. This distribution
can be approximated by repeated permutations. We perform the above process for
k ∈ {0, . . . ,K} yielding a series of histograms of randomization scores s∗k for each
value of k. The optimal model size is determined by comparing these histograms,
for example, one may choose the model size for which only a small proportion of
scores s∗k are better than sk.

To further avoid overfitting the data set of n observations on p covariates Xj , j =
1, . . . , p, is split into a training set of size n1 and a test set of size n2 (n = n1 +n2).
The logic regression models are fit to the training set and the accuracy of their
predictions are evaluated on the test set. The fitting and evaluation of models can
be performed in the R package LogicReg as described in [29].

2.2. Variable Selection

Unlike logic trees, logistic regression models require that n < p. In cases where
n ≥ p we perform a variable selection via least absolute shrinkage and selection
operator (LASSO) [36] prior to regression modeling. LASSO retains the beneficial
features of both subset selection and ridge regression by minimizing the residual
sum of squares subject to the constraint that the sum of the absolute values of the
coefficients on the covariates is less than a constant (ie, a constraint on the L1 norm
of the coefficient vector). This tends to shrink some coefficients and set others to
zero, leading to models with improved interpretability and stability. LASSO can be
applied to generalized regression models such as logistic regression models; see [36]
for details.

Osborne et al. [25] developed an efficient algorithm for computing LASSO esti-
mates which is applicable in the n < p case. We use this algorithm as implemented
in the R package lasso2 [21] in an iterative fashion to perform variable selection,
removing those covariates whose coefficients has been set to zero at each iteration.
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If the iterative LASSO technique yields p∗ ≥ n variables with non-zero coefficients
we remove variables one at a time between LASSO iterations, starting with those
variables with the smallest coefficients, until p∗ < n. The remaining variables are
used in developing a logistic regression model of our response variable via stepwise
selection.

It is important to mention that variable selection techniques exist specifically
for SNP data. For example, Genomic Control (GC) [9, 10] is an analytic method
for SNP selection which controls the false positive rate by separating causal from
confounding factors. There are also methods for selecting which SNPs to genotype
when presented with a large number of arbitrary SNPs (see, for example, [37, 41]).
However, we deemed such methods inappropriate for our context of interest in which
we were presented with only the partial results of such methods, i.e., a modest num-
ber of SNPs not in linkage disequilibrium (LD) and without haplotype information
which had been selected based upon the application of methods similar to those
mentioned above (see Section 4 for more details on our context of interest).

3. Comparing and Combining Model Predictions

Our goal is to determine whether the information from new binary covariates
Xj , j = 1, . . . , p, can be used to improve predictions of a response Y from a model
built on existing covariates Zl, l = 1, . . . , p′. Let M1 and M2 represent the logic
regression and logistic regression models fit to Xj , j = 1, . . . , p, respectively, and let
Me represent the existing model fit to Zl, l = 1, . . . , p′. Suppose we are given a data
set of size n′ consisting of covariates X and Z for which we would like to generate
predicted values of the outcome Y . Let Ŷ1 be the predictions for this data set from
M1, Ŷ2 be the predictions from M2, and Ŷe be the predictions from Me. Possible
strategies for generating optimal predictions include the following:

• Weighted Average of Predictions ¯̂
Y Determine whether a weighted average

of the predictions from either Ŷ1 or Ŷ2 and Ŷe yields better results than Ŷe

alone. A weighed average prediction ¯̂
Y is defined as

(3.1) ¯̂
Y = αŶe + (1− α)Ŷm m = 1, 2

where 0 ≤ α ≤ 1. α is determined by repeated training/test set evaluation.
• Predictions from Composite Model Ŷc We consider whether building a model

directly to {X,Z} will lead to improved predictions. The modeling procedures
described in Section 2 are repeated with Z as well as X considered as possi-
ble covariates. This leads to models Mc1 (logic regression) and Mc2 (logistic
regression) whose predictions Ŷc1 and Ŷc2 can be compared to Ŷe.

• Two-Stage Predictions Ŷs Assume a two-class classification problem, i.e., Y ∈
{−1, 1}. In Stage 1 we determine for which observations the predictions Ŷe

are correct (nc ∈ {1, . . . , n′}) or incorrect (nc̄ = {1, . . . , n′}/nc). In Stage 2
for observations in nc̄ we replace the predictions from Ŷe with the predictions
from either M1 or M2. In other words, we create a two-stage model Ms for
Yi, i = 1, . . . , n′, with predictions defined as

(3.2) Ŷsi =
{

Ŷei if Ysi = Yi

ˆYmi if Ysi 6= Yi

where m = 1, 2. This predictive scheme may be particularly useful for data
from a heterogenous population, where it is possible that the accuracy of the
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predictions from a given model may vary across different subgroups of the
population.

Unfortunately Ms, and hence Ŷs, depends on the true response Y . As an alterna-
tive we propose the use of a support vector machine (SVM) to discriminate those
subspaces of the covariate space on which the results of Me are correct from those
on which the results are incorrect, based on the training data.

3.1. Support Vector Machines

Support vector machines (SVMs) [3, 8, 39] are a group of related supervised learning
methods for classification or regression. In the case of two-class classification we
consider a set of data points {(x1, y1), . . . , (xn, yn)} where each yi ∈ {−1, 1} denotes
the class to which xi belongs. The objective of an SVM is to produce a hyperplane
which can separate the two classes using only xi, i = 1, . . . , n in a way which
minimizes the empirical classification error and maximizes the geometric margin
between the classes.

More specifically, the (soft margin) support vector machine is the solution to the
following optimization problem:

minw,b,ξ
1
2wtw + C

∑l
i=1 ξi, C > 0

subject to yi(wtφ(xi) + b) ≥ 1− ξi, ξi ≥ 0

Note that the vectors xi, i = 1, . . . , n are mapped to a higher dimensional space
by the function φ, and the SVM finds a linear separating hyperplane in this higher
dimensional space. This SVM has a ‘soft margin’ in the sense that is allows for
misclassified samples; if no hyperplane exists which can separate the two classes,
this method will chose the hyperplane which splits the classes as cleanly as possible
while still maximizing the geometric margin. The slack variables ξi measure the
degree of misclassification of the datum xi. K(xi, xj) = φ(xi)tφ(xj) is called the
kernel function of the SVM. The kernel function typically falls into one of four
classes: linear, polynomial, radial basis function, and sigmoid. For more information
on SVMs and their implementation we refer the reader to [5, 31].

As stated previously, our use of SVMs is to discriminate those subspaces of the
covariate space on which the results of the existing model Me are correct from
those on which the results are incorrect, based on the training data. Let X be
the covariate space and consider a SVM which divides X into subspaces Xc and Xc̄

where the model results are correct and incorrect, respectively. We now redefine the
two-stage model Ms (and Ŷsi), originally defined in Equation (3.2), independently
of Y using the results of the SVMs:

(3.3) Ŷsi =
{

Ŷei if Xi ∈ Xc

ˆYmi otherwise m = 1, 2

3.2. Analysis Strategy Recap

Before we move to Section 4 we briefly summarize our analysis strategy. We want a
statistical model which can accurately predict the outcome status of an observation
given a set of existing predictors (both continuous and binary) and a set of new
binary predictors. Our key modeling approach is a two-stage model. In the first stage
we build a model from the existing predictors only (a logistic regression model).
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Given the predictions from this model we design an SVM which can identify the
subspaces in which observations are correctly or incorrectly predicted. In the second
stage, in those subspaces where observations are incorrectly predicted, we use a
model based only on the new binary predictors (a logistic regression or logic tree
model) to generate accurate predictions. In this approach information from the
new binary predictors is only utilized where needed, i.e., in subspaces where the
existing predictors do not provide enough information to generate accurate outcome
predictions.

4. Example: The CATHGEN Study

We demonstrate the use of our method in the analysis of data from a cardiology
study. A substantial problem in clinical cardiology is the gap in the ability to
detect asymptomatic individuals at high risk for coronary heart disease (CHD) for
preventive and therapeutic interventions [17, 26]. Up to 75% of such individuals are
designated as low to intermediate risk by standard CHD risk assessment models;
however, a substantial number of such individuals who are actually at increased
risk may not be identified. One analysis from the Framingham Heart Study found
that for individuals that manifested a new CHD event, the initial presentation
in over 50% of the cases was myocardial infarction, silent myocardial infarction
or sudden cardiac death [1]. Over 50% of individuals with sudden cardiac death
have no prior symptoms of CHD [40]. Therefore, it is likely that the traditional risk
factors do not account fully for CHD risk [16, 22, 24, 28]. Furthermore, current CHD
risk assessment models do not provide one’s individual risk. Rather, the calculated
assessment is for a population of individuals who share the same demographics and
panel of risk factors.

A group of researchers at Duke University Medical Center (DUMC) has pursued
an avenue of study evaluating the role of genes and gene variants in the development
of atherosclerosis (the AGENDA study) [18, 19, 33]. As a result of their efforts they
have compiled a list of candidate genes with a strong statistical correlation with
vascular atherosclerosis. Through subsequent analysis for SNPs in these candidate
genes, they analyzed 1300+ SNPs for association with significant CHD (stenosis
≥75% in at least one coronary artery) in a cohort of 1500 subjects who had un-
dergone cardiac catheterization (CATHGEN). These SNPs were then ranked by
their marginal association with the presence of CHD in a cardiac catheterization
population.

We conduct an analysis of a subset of the CATHGEN data to test the hypoth-
esis that genetic information in the form of SNPs will improve the ability of risk
assessment models that use only traditional risk factors to classify individuals as
having high risk for CHD. We developed prediction models for likelihood of sig-
nificant CHD based on traditional risk factors such as cholesterol, blood pressure,
diabetes and smoking, using a group of CATHGEN subjects who underwent cardiac
catheterization. A separate set of CATHGEN subject data was used in selecting
from the candidate SNP pool those SNPs with the highest marginal association
with significant CHD; 81 such SNPs were available for analysis. We then assessed
whether including genetic information improved our ability to classify individuals
as having significant CHD.

The research was performed under an approved protocol from the Institutional
Review Board of DUMC.
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Table 1
CATHGEN Data

Build Set Evaluation Set
Training Validation Training Validation

Young Cases 44 80 69 103
Male Controls 34 14 32 18

Older Cases 79 13 47 11

Young Cases 11 21 11 18
Female Controls 59 12 42 18

Older Cases 15 3 15 4

4.1. Data

Two data sets were constructed from the CATHGEN data, one for SNP selection
and model building (build set) and one for the evaluation of model predictions
(evaluation or eval set). The evaluation set consisted of white individuals (self-
reported race) with complete data for all 81 SNPs and all clinical variables (see
Section 4.2). The build set consisted of white individuals with complete data for all
81 SNPs but incomplete clinical data (clinical data was assumed to be missing at
random). Within each set individuals were separated into three cohorts: a) controls,
≥ 65 years of age without significant CHD, b) older cases (OC), ≥ 65 years of age
with significant CHD, and c) younger cases (YC), ≤ 50 years of age with significant
CHD. For each cohort a group of samples was selected for model validation only,
those 50 − 55 years of age with either minimal or significant CHD as defined by
coronary angiography (for validation of models of cohorts a) and c)) and those
56− 65 years of age with either minimal or significant CHD as defined by coronary
angiography (for validation of models of cohorts a) and b)). Each cohort was further
split by gender. A table of the study cohorts and number of subjects is shown in
Table 1.

We used the 81 SNPs from the AGENDA study with the strongest statistical
association with the presence of significant CHD. The strength of association was
determined by 1) the p-value of SNP status in a logistic regression model of CHD,
including both age and gender as covariates, and 2) the p-value of SNP status from
a Cochran-Armitage Test for Trend [2]. We should note that the designation of the
top SNPs was performed using a large group of subjects (1500) that included the
data used for this study.

Typically with any given single base-pair difference, or single nucleotide poly-
morphism (SNP), only two out of the four possible nucleotides occur. Since each
cell contains a pair of every autosome, we can think of a SNP as a three-level vari-
able X taking the values 0, 1, or 2 (e.g., for nucleotide pairs A/A, A/G, and G/G,
respectively). Each SNP can be recoded as a binary variable using either dominant
coding (Xd = 1 if X ≥ 1 and Xd = 0 otherwise) or recessive coding (Xr = 1
if X = 2 and Xr = 0 otherwise). With the CATHGEN data we chose dominant
coding for the SNPs, where X = 0 indicates no copy of the minor (less frequently
occurring) allele.
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4.2. Model Building

Models were constructed on either male or female subjects. Within gender, these
models compared either controls with young cases or controls with older cases. We
describe the modeling approaches used for each gender/comparison combination.
All computations were performed in R [27].

Predictive model using clinical variables(Me)
For the clinical variables we used standard CHD risk factors as denoted by as-

sessment tools such as the Framingham heart study risk algorithm [40]. We included
presence of diabetes, current smoking status, total cholesterol level, HDL cholesterol
level, systolic blood pressure and diastolic blood pressure. Clinical variables were
collected at the time of cardiac catheterization. We used these variables to train
both weighted and unweighted logistic regression models in the evaluation set, as
the build set has incomplete clinical data. The weights were chosen to balance the
importance of case and control samples. The trained model was then used to clas-
sify the validation subjects in the evaluation set as having minimal or significant
CHD.

Predictive model using genetic variables(M1,M2)
Our SNP data consisted of the 81 SNPs from the AGENDA study typed in our

CATHGEN samples, as described in Section 4.1. We constructed two models using
only the CATHGEN samples from the build set: 1) LASSO for SNP selection fol-
lowed by logistic regression (weighted and unweighted) using backwards selection,
and 2) logic regression based on all 81 SNPs. Logic models were fit for both classifi-
cation and logistic regression. These models were then used to classify the subjects
in the evaluation set as having minimal or significant CHD. LASSO and logic re-
gression were performed using the R packages lasso2 and LogicReg, respectively.

Predictive model using combined clinical and genetic variables(Mc)
First, logistic regression models (weighted and unweighted) were built using ge-

netic variables, as described above. The SNPs which appear in each model and the
clinical variables were combined to train logistic regression models in the evaluation
set. These models were then used to classify the validation subjects in the evalua-
tion set as having minimal or significant CHD. A similar procedure was performed
for each logic regression model.

Two-Stage Predictive model using the clinical and genetic models(Ms)
First, the trained clinical model was used to classify the subjects in the evaluation

set as having minimal or significant CHD. Next an SVM was constructed which
could discriminate the subspace of correctly classified samples from the subspace
of incorrectly classified samples. For those samples in the subspace of incorrectly
classified samples, the trained genetic models were applied to reclassify the subjects
into the minimal and significant CHD groups. This resulted in a set of two-stage
predictions, as described in Section 3.1 and Equation (3.3). SVMs were based on a
radial basis function kernel and computed using the R package e1071 [12, 23].

4.3. Results

Our interest is in classifying individuals as having non-significant CHD (Y = 0) or
significant CHD (Y = 1). A fitted or predicted probability of significant CHD Ŷi

from a logistic regression model for a given individual was considered an ‘accurate’
classification if Yi = 1 and Ŷi ≥ 0.5, or Yi = 0 and Ŷi < 0.5, and considered ‘inaccu-
rate’ otherwise. A fitted or predicted outcome Ŷi from a logic regression model for
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Table 2
Results of Clinical Model and Logic Regression Classification Models on Evaluation Data.

Training/Test Samples Validation Samples
Female, Controls vs Older Cases

Ŷe Ŷ1 Ŷc Ŷs Ŷe Ŷ1 Ŷc Ŷs

auROC 71.38 48.81 75.38 81.31 50.48 57.62 53.33 75.24
acc 71.93 50.88 66.67 82.46 50.00 68.18 54.55 81.82
fn 36.00 68.00 40.00 28.00 57.14 71.43 42.86 42.86
fp 21.88 34.38 28.13 9.38 46.67 13.33 46.67 6.67

Male, Controls vs Older Cases

Ŷe Ŷ1 Ŷc Ŷs Ŷe Ŷ1 Ŷc Ŷs

auROC 81.97 51.46 82.97 74.18 59.52 42.86 59.94 60.00
acc 78.48 73.42 78.48 87.34 51.72 41.38 83.47 58.62
fn 11.48 8.20 11.48 1.64 14.29 14.29 5.66 0.00
fp 55.56 88.89 55.56 50.00 80.00 100.0 93.33 80.00
Female, Controls vs Younger Cases

Ŷe Ŷ1 Ŷc Ŷs Ŷe Ŷ1 Ŷc Ŷs

auROC 80.80 50.15 80.80 86.53 63.81 50.00 63.81 85.71
acc 79.25 56.60 79.25 88.68 61.11 47.22 61.11 83.33
fn 33.33 80.95 33.33 23.81 42.86 66.67 42.59 28.57
fp 12.50 18.75 12.50 3.13 33.33 33.33 33.33 0.00

Male, Controls vs Younger Cases

Ŷe Ŷ1 Ŷc Ŷs Ŷe Ŷ1 Ŷc Ŷs

auROC 84.00 37.01 86.81 73.19 60.19 58.33 59.94 88.11
acc 83.17 46.53 83.17 88.12 81.82 52.07 83.47 94.21
fn 4.82 48.19 4.82 3.61 8.49 50.00 5.66 3.77
fp 72.22 77.78 72.22 50.00 86.67 33.33 93.33 20.00

a given individual was considered ‘accurate’ if Yi = Ŷi and considered ‘inaccurate’
otherwise. We considered overall model accuracy as well as the rate of false positive
(P (Ŷi ≥ 0.5|Yi = 0)) and false negative (P (Ŷi < 0.5|Yi = 1)) model results. In
an attempt to balance specificity and sensitivity we also calculated the area under
the receiver-operating characteristic (ROC) curve (auROC) for the results of each
model. The auROC is equal to the value of the Wilcoxon-Mann-Whitney statis-
tic and can be interpreted as the probability that the model will assign a higher
probability of significant CHD to a randomly selected positive sample than to a
randomly selected negative sample. The auROC calculations were performed with
the R package ROCR [34].

The results of the weighted logistic regression models and the logic regression
classification and logistic models for each gender and comparison (control vs. young
cases or control vs. older cases) on the evaluation set are presented in the Tables 4,
2, and 3. The results of the unweighted logistic regression models are not discussed
here due to their similarity to the results of the weighted models. In these Tables
Ŷe = clinical only model, Ŷ1 or Ŷ2 = SNP only model, Ŷc = Clinical+SNP model,
Ŷs = Two-Stage Predictions using SVM, acc = accuracy, fn = false negative rate,
and fp = false positive rate.

These tables show clearly that the two-stage predictions yield the best results.
In some cases the combined clinical+SNP models perform better on the training
set in comparison to the two-stage predictions, but their performance deteriorates
on the validation samples. This could be due to the fact that the clinical model and
the clinical+SNP model were trained on the training/test samples and tested on
the validation samples, while the SNP models were tested on both sets of samples
(having already been trained on the samples in the build set). This would also
explain the consistency of the SNP model results across both the training/test and
validation samples.

Interestingly the combined clinical+SNP models did not perform better than
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Table 3
Results of Clinical Model and Logic Regression Logistic Models on Evaluation Data.

Training/Test Samples Validation Samples
Female, Controls vs Older Cases

Ŷe Ŷ1 Ŷc Ŷs Ŷe Ŷ1 Ŷc Ŷs

auROC 71.38 52.50 72.50 84.63 50.48 59.05 48.57 79.53
acc 71.93 49.12 63.16 84.21 50.00 54.55 31.82 72.73
fn 36.00 20.00 44.00 12.00 57.14 28.57 42.86 14.29
fp 21.88 75.00 31.25 18.75 46.67 53.33 80.00 26.67

Male, Controls vs Older Cases

Ŷe Ŷ1 Ŷc Ŷs Ŷe Ŷ1 Ŷc Ŷs

auROC 81.97 59.38 82.97 88.39 59.52 43.81 63.33 82.86
acc 78.48 49.36 82.28 91.14 51.72 44.83 51.72 82.76
fn 11.48 59.02 4.92 6.56 14.29 85.71 14.29 14.29
fp 55.56 22.22 61.11 16.67 80.00 26.67 80.00 20.00
Female, Controls vs Younger Cases

Ŷe Ŷ1 Ŷc Ŷs Ŷe Ŷ1 Ŷc Ŷs

auROC 80.80 52.60 81.40 80.21 63.81 50.00 64.13 80.95
acc 79.25 56.60 70.70 83.02 61.11 47.22 55.56 77.78
fn 33.33 66.67 47.62 33.33 42.86 66.67 47.62 38.10
fp 12.50 28.13 15.63 6.25 33.33 33.33 40.00 0.00

Male, Controls vs Younger Cases

Ŷe Ŷ1 Ŷc Ŷs Ŷe Ŷ1 Ŷc Ŷs

auROC 84.00 47.52 91.43 77.78 60.19 57.83 61.32 80.97
acc 83.17 49.50 81.13 92.08 81.82 57.20 78.51 91.74
fn 4.82 49.40 4.82 0.00 8.49 44.34 12.26 4.72
fp 72.22 55.56 50.00 44.44 86.67 40.00 86.67 33.33

Table 4
Results of Clinical Model and Weighted Logistic Regression Models on Evaluation Data.

Training/Test Samples Validation Samples
Female, Controls vs Older Cases

Ŷe Ŷ2 Ŷc ŶS Ŷe Ŷ2 Ŷc Ŷs

auROC 71.38 54.56 77.38 84.00 50.48 60.48 49.52 75.24
acc 71.93 56.14 70.18 85.96 50.00 72.73 50.00 81.82
fn 36.00 64.00 32.00 32.00 57.14 71.43 42.86 42.86
fp 21.88 28.13 28.13 0.00 46.67 6.67 53.33 6.67

Male, Controls vs Older Cases

Ŷe Ŷ2 Ŷc Ŷs Ŷe Ŷ2 Ŷc Ŷs

auROC 81.97 47.27 93.62 77.78 59.52 45.00 66.19 73.33
acc 78.48 65.82 88.61 89.87 51.72 51.72 48.28 72.41
fn 11.48 22.95 6.56 0.00 14.29 35.71 21.43 0.00
fp 55.56 72.22 27.78 44.44 80.00 60.00 80.00 53.33
Female, Controls vs Younger Cases

Ŷe Ŷ2 Ŷc Ŷs Ŷe Ŷ2 Ŷc Ŷs

auROC 80.80 45.47 83.33 81.77 63.81 52.38 49.52 78.57
acc 79.25 56.60 75.47 84.91 61.11 38.89 50.00 75.00
fn 33.33 100.0 33.33 33.33 42.86 95.24 42.86 42.86
fp 12.50 6.25 18.75 3.13 33.33 13.33 53.33 0.00

Male, Controls vs Younger Cases

Ŷe Ŷ2 Ŷc Ŷs Ŷe Ŷ2 Ŷc Ŷs

auROC 84.00 51.94 95.79 82.13 60.19 62.52 66.19 91.45
acc 83.17 47.62 93.07 92.08 81.82 50.41 48.28 95.04
fn 4.82 54.22 2.41 2.41 8.49 52.83 21.43 3.77
fp 72.22 44.44 27.78 33.33 86.67 26.67 80.00 13.33
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the clinical only or SNP only models on the validation samples. In many compar-
isons the clinical and clinical+SNP models performed comparably, with the SNP
models performing quite poorly. We surmise that the population under study is
quite heterogeneous, and that no one data type provides information predictive of
CHD in all subpopulations. The clinical data is predictive for some samples while
the genetic data is predictive for others. The results of a weighted average of the
predictions from the clinical only and SNP only models ( ¯̂

Y ; results not shown)
were not successful because both data types are not relevant for all samples; often
the data types provide conflicting information. The two-stage predictions are an
attempt to use an SVM to define subpopulations for which the clinical data or the
genetic data are predictive. Using the SVM results we can identify which data type
is predictive for a given sample, leading to more accurate predictions overall.

In Figure 2 we display the quality of the two-stage predictions on the evaluation
set (train/test subset or validation subset) for each model and each comparison.
No single model performs consistently best in all comparisons. By averaging the
performance measures (auROC or accuracy) on the validation samples across com-
parisons we find in terms of auROC the logic regression logistic models perform
1.43% better than the weighted logistic regression models, which in turn perform
2.38% better than the logic regression classification models. In terms of accuracy
the logic regression logistic models perform 0.19% better than the weighted logistic
regression models, which in turn perform 1.57% better than the logic regression
classification models. Hence we conclude that overall the logic regression logistic
models perform best, followed by the weighted logistic regression models and fi-
nally the logic regression classification models. However, the difference in average
performance between any two model types is quite small.

The only comparison in which model performances are clearly distinguished is
the male controls vs. older cases comparison. The relatively poor performance of
the two-stage predictions from the logic regression classification models is striking;
the results in Table 2 reveal that the logic regression classification model had false
positive rates of 89% for the training/test patients and 100% for the validation
patients. Unfortunately the clinical model also had a high false positive rate of
80%. Both data types (and consequently the two-stage predictions) failed to predict
those with minimal CHD. This is possibly a result of SNP selection; of the 9, 8,
and 8 SNPs selected by the weighted logistic, logic regression classification and
logistic models, respectively, only 2 appear in all three models and no other SNPs
are shared by any two models. No definitive conclusions can be drawn without an
independent data set on which to validate our results.

5. Discussion

We have presented a two-stage approach to generating combined predictions from
models built from different data sources. One model is built on existing data of
multiple types (e.g., traditional clinical risk factors), while a second set of models are
built on newly available binary predictors only (in our case genetic SNP data). This
two-stage approach uses an SVM to distinguish the covariate subspaces on which
the existing data model generates accurate or inaccurate predictions. The existing
model is used to generate predictions for samples in the ‘accurate’ subspace while a
model built on the newly available data is used to generate predictions for samples
in the ‘inaccurate’ subspace. This approach appears to perform well in generating
predictions for a heterogeneous population for which no single data type provides
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predictive information for all samples.
As discussed briefly in Section 1 there exist modeling approaches other than lo-

gistic and logic regression models which could have been employed here. We chose
logic trees because of their ability to capture higher order interactions, an issue
of great importance in regression and a key to variable selection. However, similar
models could be constructed by Bayesian model averaging with lower-dimensional
logistic regression models that allow for interactions among covariates. We also
could have employed neural networks or projection pursuit models. These alterna-
tive approaches would require careful prior variable selection in any context where
n < p, but would be worth considering in future work.

Our modeling approach is similar in spirit to ensemble methods [11], learning
algorithms which construct a set of classifiers and then generate predictions by
taking a (weighted) average or vote of their predictions. One such approach is
boosting [13, 14, 32], a method for converting a weak learning algorithm into one
with high accuracy. This is done by training classifiers on weighted versions of the
training data, giving higher weight to misclassified samples, and forming the final
classifier as a linear combination of the training classifiers. This approach does
not apply different models to different covariate subspaces, but does attempt to
improve model performance in subspaces where the model performs poorly. Our
approach is a type of ensemble method in which each classifier gets either a single,
fully weighted vote or no vote depending upon the subspace in which the sample
of interest is located. It would be of interest to compare our two-stage predictive
approach to an approach aimed at building a boosted classifier from all available
covariates. The results of such a comparison would help in determining the necessity
of building a subspace-dependent classifier.

Several different model types were used in generating predictions from the newly
available binary data, including logistic regression and logic regression models. No
single model type performed significantly better than the others, although a slight
performance advantage was observed when using the two-stage predictions from
the logic regression logistic models. Across comparisons within gender and case the
best models generated two-stage predictions with validation accuracies between
81.82% and 94.21%. It should be noted, however, that the sizes of the validation
sets for some comparisons are quite small and all comparisons were conducted
within a single population (CATHGEN). Also, our inferences are done conditional
on a fixed chosen model; the variability of the models is not considered in the
inference procedure. This is a weakness in our approach as model uncertainty can
be substantial in high dimensional data contexts. Hence we regard our results as
a ‘proof-of-concept’ for our analysis approach. We are planning an analysis of a
second, independent population and await the results of such an analysis before
making any definitive conclusions regarding the predictive power of our method.
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Abstract: We prove that the maximum of the sample importance weights
in a high-dimensional Gaussian particle filter converges to unity unless the
ensemble size grows exponentially in the system dimension. Our work is mo-
tivated by and parallels the derivations of Bengtsson, Bickel, and Li (2007);
however, we weaken their assumptions on the eigenvalues of the covariance
matrix of the prior distribution and establish rigorously their strong conjec-
ture on when weight collapse occurs. Specifically, we remove the assumption
that the nonzero eigenvalues are bounded away from zero, which, although
the dimension of the involved vectors grow to infinity, essentially permits the
effective system dimension to be bounded. Moreover, with some restrictions on
the rate of growth of the maximum eigenvalue, we relax their assumption that
the eigenvalues are bounded from above, allowing the system to be dominated
by a single mode.
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1. Introduction

Bayesian filtering methods are a commonly employed tool for combing physical
models and data. The filters treat the unknown system state as a random variable
and resolve its probability density conditional on the data (and the system dynam-
ics) through Monte Carlo sampling techniques. When applied sequentially in time,
these methods are commonly referred to as particle filters ([8], [10]). For a diverse
collection of applications and an excellent introduction to the field in general, see
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the edited volume by Doucet [6]. The particle filter method relies heavily on a likeli-
hood based reweighting mechanism of the involved sample draws. This reweighting
scheme produces the so called importance weights, and these weights are the pri-
mary focus of our work. Specifically, in a Gaussian filter context, we examine the
behavior of the importance weights as a function of the system dimension and of
sample size.

The popularity of the particle filter is no doubt due to the flexibility of the
model framework to handle both non-linear and non-gaussian structures. However,
in spite of its generality, the method is not without flaws: the particle filter is
known to require large Monte Carlo ensembles and frequent resampling to estimate
the desired densities (c.f., [9]). This drawback is particularly prevalent in higher
dimensional systems where the filter becomes unstable and quickly collapses onto
a single point mass. In recent work, for a single Bayes update step in a Gaussian
setting, Bengtsson, Bickel, and Li [3] give a derivation of the weight collapse as
a function of the system dimension and of sample size. To shed further light on
the weight collapse, this paper establishes conjectures (given in [3]) which make
their arguments fully rigorous. Just as significantly, we exhibit that collapse is a
function of the effective dimension (defined in Section 3), rather than the absolute
dimension. As in [3], our analysis is given in the context of a stylized Gaussian
example, but we conjecture (and simulations show) that our results are informative
for situations that depend on similarly defined reweighting schemes. The results
imply that to avoid collapse, the sample size must grow super-exponentially in the
effective dimension. We do not investigate refinements of particle filters methods,
such as simulated tempering [4], although our discussion in Section 2.1 suggests
that their approach is not a solution to avoid collapse in truly high-dimensional
settings.

Our work is outlined as follows. The next section describes the particle filter,
provides notation, and describes the use of the ensemble method for approximating
posterior densities. The main developments are then presented in Section 3, where
we give several results establishing the conditions under which the maximum sample
weight in a Gaussian particle filter converges to unity. All technical results are
proved in the Appendix. (We note that some material in Section 2.1 and Section 3
is given in [3], but is reproduced here for completeness.)

2. Model setting

2.1. The Particle filter

Let Xt represent the unknown system state at time t, Yt be a noisy data mea-
surement of Xt, and let Yt represent all data up to and including time t. Based
on the data Yt and (some) knowledge of the time-evolution of the system state
from Xt−1 to Xt, we seek the posterior distribution p(Xt|Yt). We assume we have
available a random sample {Xf

t,i} of size n from the prior distribution p(Xt|Yt−1).
Associated with the prior sample is a set of weights {wf

i }. We assume further that
the likelihood density p(Yt|Xt) is computable for arbitrary Xt.

The particle filter seeks to recursively in time estimate the probability distri-
bution of the unknown state Xt. At each time t, the probability distribution is
represented by the sample ensemble {Xf

t,i, w
f
i }, and the distribution can be prop-

agated forward one time-step by evolving each Xf
t,i using the system dynamics.

Once new data Yt is available, Bayes theorem is used to adjust the weights based
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on how ‘close’ the associated sample points are to the data. The following schematic
describes the particle filter:

p(Xt|Yt−1), Yt
Bayes−→ p(Xt|Yt)

G(·)−→ p(Xt+1|Yt), Yt+1
Bayes−→ p(Xt+1|Yt+1)

Here, at time t (on the left), Bayes theorem combines p(Xt|Yt−1) and Yt to produce
p(Xt|Yt). The system dynamics, in the above represented by G(·) (middle), is used
to propagate p(Xt|Yt) one time step and this yields p(Xt+1|Yt). Bayes theorem is
then again employed to find the posterior p(Xt+1|Yt+1) (right).

In a particle filter, the above schematic is straightforwardly implemented (at least
conceptually) using a random sample. We note first that the change-of-variables
problem represented by the propagation of p(Xt|Yt) can be solved by evaluating
G(·) at each sample point. We will not discuss the implementation of the forecast
step here; instead, our focus is on the Bayes update step. As mentioned, the par-
ticle filter implements the Bayes step by reweighting the prior sample according
to the likelihood. We note in passing that the particle filter may be derived as a
(sequential) importance sampler (e.g., [2]) where the proposal distribution is given
by the prior and the target distribution is given by the posterior. In the schematic
below, which describes a bootstrap-likelihood filter, the prior sample is ‘converted’
to a posterior sample by resampling (with replacement) each member Xf

t,i with
probability proportional to wf

i × p(Yt|Xf
t,i), i.e.,

prior ensemble︷ ︸︸ ︷
{Xf

t,1, . . . , X
f
t,n}, Yt

resample−→
posterior ensemble︷ ︸︸ ︷
{Xu

t,1, . . . , X
u
t,n} .

Although the particle filter has been successfully applied to a variety settings, it
often produces highly varying importance weights. Remedies to stabilize the filter
include resampling (renormalizing) the involved empirical measure at regular time
intervals [8, 9] and marginalizing or restricting the sample space by conditioning on
a larger information set [10, 11]. Another approach is given by simulated tempering
[4], which makes use of the regularized likelihood p(Yt|Xf

t,i)
α, where 0 < α < 1.

However, as can be seen from our derivations, e.g. Proposition 3.1, a fixed α does not
alter the conclusion of collapse. Moreover, for each time point, to obtain samples
from the target density, simulated tempering generates a sequence of ensembles
from kernels Ki(·), (i = 1, . . . , I) such that KI(·) approaches the desired kernel
K(·) associated with the posterior density. Unfortunately, for truly high dimensional
systems, we conjecture that the number of intermediate sampling steps I would be
prohibitively large and render it practically unfeasible. Thus, such remedies do not
fundamentally address performance when the filter is applied to very large scale
systems. For example, as noted by ([1], [13]), when applied in high dimensions,
the filter collapses to a point mass after a few (or even one!) observation cycles.
In particular, as will be shown in Section 3, it is the normalized quantity wi =
p(Yt|Xf

t,i)/
∑

j p(Yt|Xf
t,j) that behaves singularly.

The next section sets up the necessary notation and formalizes our problem.

2.2. Monte Carlo Scheme

We formalize our problem as follows. Consider a set of n sample points X =
{X1, . . . , Xn}, where Xi ∈ <d and both the sample size n and system dimension d
are ‘large’. (To lighten notation, we have dropped the time subscript and the fore-
cast superscript.) We assume that the sample X is drawn randomly from the prior
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(or proposal) distribution p(X). New data Y is related to the state X by the condi-
tional density p(Y |X). For concreteness, a functional relationship Y = f(X) + ε is
assumed, and ε is taken to be independent of the state X. The goal is to estimate
posterior expectations using the importance ratio, i.e., for some function h(·), we
want to estimate

E(h(X)|Y ) =
∫

h(X)
p(Y |X)p(X)∫
p(Y |X)p(X)dX

dX,

and use

Ê(h(X)|Y ) =
n∑

i=1

h(Xi)
p(Y |Xi)∑n

j=1 p(Y |Xj)

as an estimator. Based on this formulation, the weights attached to each ensemble
member

(1) wi =
p(Y |Xi)∑n

j=1 p(Y |Xj)

are the primary objects of our study. As mentioned, in large scale analyzes, the
weights in (1) are highly variable and often produce estimates Ê(·) which are col-
lapsed onto a point mass with max(wi) ≈ 1. As illuminated in [3], this degeneracy
is pervasive for high-dimensional systems, and appears to hold for a variety of prior
and likelihood distributions.

We next consider the case when both the prior and the likelihood distributions
are Gaussian.

3. Gaussian Case

We assume a data model given by Y = HX + ε, where Y is a d× 1 vector, H is a
known d × q matrix, and X is a q × 1 vector. Both the proposal distribution and
the error distribution are Gaussian with p(X) = N(µX , ΣX) and p(ε) = N(0, Σε),
and the noise ε is taken independent of the state X. Since the data model can be
pre-rotated by Σ−1/2

ε , we set Σε = Id without loss of generality (wlog). Moreover,
since EY = EHX, we can replace Xi by (Xi − EXi) and Y by (Y − EY ) and
leave p(Y |X) unchanged. Hence, wlog we also set µX = 0. Further, define, for
conformable A and B, the inner product 〈A,B〉 = AT B (where the superscript T

denotes matrix transpose), and let ‖A‖2 = 〈A,A〉.
With p(Y |X) ∼ N(HX, Id), the weights in (1) can be expressed as

(2) wi =
exp

(− ‖Y −HXi‖2/2
)

∑n
j=1 exp

(− ‖Y −HXj‖2
/
2)

.

To establish weight collapse for high-dimensional Gaussian p(Y |X) and p(X), we
first write the exponent in (2) in terms of the singular values of cov(HX).

Let d′ = rank(H). With λ2
1, . . . , λ

2
d′ the singular values of cov(HX), define the

d′ × d′ matrix D = diag(λ1, . . . , λd′). Then, with Q an orthogonal matrix obtained
by the singular value decomposition of cov(HX), define the d′ × 1 vector V such
that

QT HX = DV.
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Note that Vi corresponding to Xi is N(0, Id′). Since Q is orthogonal, we can write

(3) ‖Y −HXi‖2 = ‖QT Y −DVi‖2 =
d′∑

j=1

λ2
jW

2
ij +

d∑

j=d′+1

ε20j ,

where, conditional on Y , [Wi1, . . . , Wid′ ]T is N(ξ, Id′), and where ε0j is the j:th
component of the observation noise vector ε. The mean vector ξ = [µ1, . . . , µd′ ]T is
given by

(4) ξ = D−1QT Y = V + D−1ε′,

where V and ε′ are independent N(0, Id′).
Now, for i = 1, . . . , n, define

(5) Si =

∑d′

j=1 λ2
j (W

2
ij − (1 + µ2

j ))(
2

∑d′
j=1 λ4

j (1 + 2µ2
j )

)1/2
.

Note that the second term in (3) is constant for every Xi, and will not influence
the weight wi.

By (2), we can express the maximum weight as

(6) w(n) =
1

1 + Tn,d′
,

where Tn,d′ =
∑n

`=2 e−σd′
√

d′(S(`)−S(1)) with σ2
d′ = 2

d′
∑d′

j=1 λ4
j (1 + 2µ2

j ). Thus, to
prove weight collapse, we need to show convergence of the denominator in (6) to
unity. We now state the following.

Proposition 3.1. Let Si, i = 1, . . . , n, be independent random variables with cumu-
lative distribution function (cdf) Gd(·) satisfying the conditions specified in Lemma
3.4 and Lemma 3.5 stated in the Appendix. Let S(1) ≤ · · · ≤ S(n) be the ordered
sequence of S1, . . . , Sn, and define, for some σ > 0, Tn,d =

∑n
`=2 e−σ

√
d(S(`)−S(1)).

Then, as, n, d →∞, if log n log d
d → 0, we have

√
σ2d

2 log n
E(Tn,d) → 1.

A proof of the result is provided in the Appendix. For the Gaussian case consid-
ered here, an immediate implication of Proposition 3.1 is weight collapse. Specifi-
cally, with two additional assumptions, we may assert the following.

Proposition 3.2. We assume, for the Gaussian case considered here,

A1: There is a positive constant δ such that 1
δ ≥ λ1, · · · , λd′ > δ; and

A2: τ2
d′ = 2

d′
∑d′

j=1(3λ4
j + 2λ2

j ) → σ2 > 0.

Then, if log n log d′

d′ → 0, we have w(n)
P→ 1.

Proposition 3.2 follows by Lemma 3.6 (Appendix) and Proposition 3.1.
The above result implies that, unless n grows super-exponentially in d′, we have

weight collapse. We note that Proposition 3.2 is a sharpening of the convergence
rate as compared to that implied by Section 3.1 of [3]. The log d′ term appears only
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because max |µj | = Op(
√

log d′), and we need to make our analysis conditional on
the {µj}.

The results in Proposition 3.2 suggest that large d′ leads to collapse. However,
we argue now that what really matters is the effective dimension of X, defined as
the sum of the singular values of cov(HX). We shall assume that

B : λ1 ≥ λ2 ≥ · · · ≥ λd′ ≥ · · · are part of an infinite sequence.

Our arguments can be modified to the case where {λj : 1 ≤ j ≤ d′} is a double
array, but we eschew this complication.

There are two possibilities,

(i)
∞∑

j=1

λ2
j < ∞, or (ii)

∞∑

j=1

λ2
j = ∞.

We claim that if (i) holds, there is no weight collapse. That is, if, say, g : R 7→ R is
bounded and continuous,

(7)
n∑

i=1

wig(X∗
i ) P→ Eg(X|Y ).

In the above, X∗
i is drawn from the empirical measure

∑n
j=1 wiδ(Xi), where δ(·)

represents the delta function, and where, as before, the wi represents the likelihood-
defined weights.

To verify the convergence in (7), note that

wi = Ui/

n∑

j=1

Uj ,

where

(8) Ui = c−1
d′ exp{−1

2

d′∑

j=1

[
λ2

j (Z
2
ij − 1) + 2λ2

jµjZij

]}.

In (8), the Zij ’s are i.i.d. N(0, 1) and

cd′ = E
[
exp{−1

2

d′∑

j=1

[
λ2

j (Z
2
ij−1)+2λ2

jµjZij

]}] = Πd′
j=1

[
(1+λ2

j )
−1/2eλ2

j/2e

λ4
j

µ2
j

2(1+λ2
j
) ]

.

Now, since (i) implies that Πd′
j=1(1 + λ2

j )
−1/2eλ2

j/2 converges and

E
[ ∞∑

j=1

λ4
jµ

2
j

1 + λ2
j

]
=

∞∑

j=1

λ4
jE(µ2

j )
1 + λ2

j

=
∞∑

j=1

λ2
j ,

we have E(U1) = 1 and cd′ → c (with c a constant).
Arguing as in Proposition 4.1 in [3], we can show that

V ar
[ 1
n

n∑

i=1

Uig(Xi)
] ≤ 1

n
E

[
U2

1 g2(X1)
] → 0,

since a straightforward computation shows that E(U2
1 ) ≤ M < ∞ for all d′. Thus,

under (i), the importance weights have the correct expectation and vanishing vari-
ance.

On the other hand, if (ii) holds, we can state the following proposition.
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Proposition 3.3. Under B, if
∑∞

j=1 λ2
j = ∞ and (log n log d′)/τ2

d′ → 0, we have

τd′√
2 log n

E(Tn,d′) → 1.

We note that our conditions imply that

max1≤j≤d′λ
2
j (1 + y2

0j)
τ2
d′

→ 0

so that asymptotic normality holds. The proof requires Lemma 3.4 and Lemma 3.6.
The form reveals that it is possible to have much slower collapse than what

Proposition 3.2 suggests. For instance, if λ2
j = 1/j, B holds but τ2

d′ = log d′(1+o(1)).
In fact, the requirement that the λj form an infinite sequence as above can be
weakened to requiring simply that the λj be bounded above uniformly, and this
can be verified using a subsequence argument.

In conclusion, on the basis of Proposition 3.3, provided that the nonzero λj ’s are
commensurate, it seems reasonable to define

∑d′

j=1 λ2
j as the effective dimension.

We note that the form of the effective dimension also plays a crucial role in the work
of [7], who study Monte Carlo sample size requirements in the ensemble Kalman
filter framework.

Appendix

We first introduce two lemmas that pertain to Edgeworth expansion type uniform
normal approximations of the distribution (the cdf and the density respectively)
of independent sums of random variables. The two lemmas lay the groundwork for
the proof of Proposition 3.1. Valid for moderately large deviations, the first result
(Lemma 3.4) is a special case of Theorem 2.5 in [12], and is stated here without
proof.

Lemma 3.4. Let ξ1, . . . , ξd be independent random variables with Eξj = 0 and
σ2

j = V ar(ξ2
j ) < ∞. Set

Sd =
1

Bd
(ξ1 + · · ·+ ξd),

where B2
d =

∑d
j=1 σ2

j , and define the Lyapunov quotients

Lk,d =
1

Bk
d

d∑

j=1

E
∣∣ξj

∣∣k, k = 1, 2, . . . .

We also suppose |E(Zk
j )| ≤ k!γk−2

j σ2
j , k ≥ 3, where γ1, . . . , γd are constant terms.

With these conditions, as d →∞, there exist analytic functions Pd(x) =
∑∞

k=3 λk,dx
k

with |λk,d| ≤ Ackd−
k−2
2 for some A, c and all d, such that the cdf of Sd, denoted

Gd(·), satisfies,

1−Gd(x) = (1− Φ(x))exp(Pd(x))(1 + o(1)),

Gd(−x) = Φ(−x) exp(Pd(−x))(1 + o(1))
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uniformly for all x ≥ 0 and x = o(Bd/Kd), where Kd = max1≤j≤d{γj , σj}. Fur-
thermore, Pd satisfies

(9) |Pd(x)| ≤ cx3/Bd

for some constant c > 0. We use c generically as a constant independent of d.

Lemma 3.4 gives a normal approximation for the cdf of independent sums, and
serves as the basis for the normality conditions of Proposition 3.1. Next we give a
lemma for a normal approximation of the density of independent sums, which can
be directly derived from Proposition 2 and Theorem 3 of [5].

Lemma 3.5. With the same notation and conditions as in Lemma 3.4, we assume
ξj,d has density gj,d such that supx{|gj,d(x)| : 1 ≤ j ≤ d} ≤ M < ∞. Then, as
d →∞, the density of Sd, gd(·) = Gd(·), satisfies

gd(x) = φ(x)exp(Pd(x))(1 + o(1))

gd(−x) = φ(−x)exp(Pd(−x))(1 + o(1))

uniformly for all x ≥ 0 and x = o(Bd/Kd), where Kd = max1≤j≤d{γj , σj}.
We note in passing that the condition of uniform boundedness of the gj,d does not

hold for Zj , the Gaussian–Gaussian case. However, the sum of λ2
1Z

2
1 +λ2

2Z
2
2 , where

λ1, λ2 > 0 and Z1, Z2 are independent Gaussian, does indeed satisfy the condition.
This may be verified by a direct calculation of the density of the convolution.

The next Lemma is given for the purpose of verifying the Lyapunov quotients
conditions appearing in Lemma 3.4 and Lemma 3.5.

Lemma 3.6. Let Zj , Vj , εj , j = 1, . . . , d, be iid N(0,1). Let λ1 ≥ λ2 ≥ · · · where∑∞
j=1 λ2

j = ∞. Then, given µj ≡ Vj + εj

λj
, for all j, we have

(10)

λ2k
j E

(|(Zj + µj)2− (1 + µ2
j )|k

∣∣µj

) ≤ Op(
√

log d)k

k!
ρkλ4

jE
(
(Zj + µj)2− (1 + µ2

j )
∣∣µj

)
,

for k ≥ 3.

Thus, given the mean vector ξ = [µ1, µ2, · · · , µd] defined in (4), Lemma 3.6 states
that the Lyapuanov conditions required by Lemma 3.4 hold, with probability tend-
ing to 1. We note that our argument also implies Lemma 3.4.

Proof of Lemma 3.6. Since (Zj + µj)2 − (1 + µ2
j ) = (Z2

j − 1) + 2µjZj , it is enough
to bound

λ2k
j E

(|(Z2
j − 1) + 2µjZj |k

∣∣µj

) ≤ 2k
(
λ2k

j E|Z2
j − 1|k + 2k(|µj |λ2

j )
kE|Zj |k

)
.

By standard properties of the Gaussian moments, for some positive constant C,

E|Z2
j − 1|k ≤ Ckk!, and E|Zj |k ≤ Ckk! .

Since E(Z2
j − 1 + 2µjZj)2 = 2 + 4µ2

j we see that (10) follows from the bound

λ2k
j |µj |k ≤ λ2

jµ
2
j max{|λ2

`µ`|k−2 : 1 ≤ ` ≤ d} =
(
Op(

√
log d)

)k−2
,

since the λ2
jµj are independent N(0, λ2

j + λ4
j ) so that

max{|λ2
`µ`| : 1 ≤ ` ≤ d} ≤ (λ2

j + λ4
j )

1/2 max{|V`| : 1 ≤ ` ≤ d}
where the V` are i.i.d. N(0, 1). The lemma follows.
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The remainder of the Appendix is devoted to the proof of the main result given
in Proposition 3.1.

Proof of Proposition 3.1. Let Sj (j = 1, . . . , n) be as defined in the Proposition and
let S(1) be the minimum. Note that

(11) E(Tn,d|S(1)) =
(n− 1)

∫∞
S(1)

exp
(− τd(z − S(1))

)
dGd(z)

Ḡd(S(1))
,

since, given S(1), the remaining (n − 1) observations are i.i.d. with cdf equal to
Gd(z)/Ḡd(S(1)), z ≥ S(1).

Let εd be a sequence of constants such that εd → 0 and εdτd/
√

2 log n → ∞ as
n, d →∞. We first define, for x < εdτd,

(12) hn,d(x) :=
∫ ∞

x

exp
(− τd(z − x)

)
dGd(z).

To evaluate hn,d(x), we break the integral into two parts: the first part yields the in-
tegral from x to x+εdτd, and the second part yields the tail integral from x+εdτd to
∞. By using the normal approximations of Lemma 3.4 and 3.5, under the assump-
tion that (log n)/τ2

d → 0, one can show that the second part is o
(√

2 log n/nτd

)
.

To deal with the first part, we shall show that as x → −∞ and x > −εdτd,

(13)
∫ x+εdτd

x

exp
(− τd(z − x)

)
dGd(z) =

1
τd

φ(x) exp
(
Pd(x)

)
(1 + o(1))

To this end, applying Lemma 3.5 with ` = 3, we obtain,

Rd(x) :=
∫ x+εdτd

x

exp
[− τd(z − x)− 1

2
(z2 − x2) + Pd(z)− Pd(x)

]
dz(1 + o(1))

=
∫ ∆n,d

0

exp
[− τdv − 1

2
((x + v)2 − x2)

+
∞∑

k=3

λk,d((x + v)k − xk)
]
dv(1 + o(1))

=
1
|x|

∫ |x|εdτd

0

exp
[− (−1 +

τd

|x| )w − w2

2|x|2

+
∞∑

k=3

λk,d

k∑

j=1

(−1)k−jCk,j |x|k−2jwj
]
dw(1 + o(1))

=
1
|x|

∫ |x|εdτd

0

exp
[− b1w − b2w +

∞∑

j=3

bjw
j
]
dw(1 + o(1)),(14)

where

b1 =
σ
√

d

|x| − b∗1 = −1 +
τd

|x| −
∞∑

k=3

(−1)k−1Ck,1λk,d|x|k−2,

b2 =
1

2|x|2 − b∗2 =
1

2|x|2 −
∞∑

k=3

(−1)k−2Ck,2λk,d|x|k−4, and

bj =
∞∑

k=j

(−1)k−jCk,jλk,d|x|k−2j .
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Note |λk,d| ≤ Ack
0τ
−(k−2)
d and Ck,j < ck, for some constants A, c0, c where µj =

Vj + εj/λj . Hereafter, we use c as a generic positive constant that does not depend
on x and d. Under the assumptions that x → −∞, |x| < εdτd (hence |x|/τd → 0),
and |x|∆n,d →∞, we have, firstly,

b∗1 ≤
∞∑

k=3

Akck
0τ
−(k−2)
d |x|k−2

= Ac2
0

[
3(c0|x|/τd)/(1− (c0|x|/τd)) + (c0|x|/τd)2/(1− (c0|x|/τd))2

]

= o(1),(15)

secondly,

(16) b∗2 ≤ x−2
∞∑

k=3

c(c|x|/τd)k−2 = |x|−2(c|x|/τd)/(1− c|x|/τd) = o(|x|−2),

and thirdly,

bj ≤ (
2j−1∑

k=j

+
∞∑

k=2j

)A(cc0)kτ
−(k−2)
d |x|k−2j

=
2j−1∑

k=j

A(cc0)k(|x|/τd)k−j |x|−jτ
−(j−2)
d +

∞∑

k=2j

A(cc0)k(|x|/τd)k−2jτ2−2j
d

≤ |x|−2(c|x|τd)−(j−2) + cτ2−2j
d

≤ 2|x|−2(c|x|τd)−(j−2).(17)

Since w/(|x|τd) ≤ εd → 0, we can further derive

∞∑

j=3

bjw
j ≤ 2(w/x)2(cw/(|x|τd))j−2 = 2(w/|x|)2cw/(|x|τd)/

[
1− cw/(|x|τd)

]

= o(|x|−2)w2.

Combining (14), (15), (16), and (18) yields

(18) Rd(x) =
1
|x|

∫ |x|∆n,d

0

exp
[− (−1 +

τd

|x| )(1 + o(1))w − (
w2

2|x|2 )(1 + o(1))
]
dw

The o(1)’s appearing in the last expression are uniform as w varies over the integral
interval. Now, the bounded convergence theorem ensures Rd(x) = (1/τd)(1+ o(1)),
which establishes (13). Taking into account the remainder term, we conclude that

(19) hn,d(x) =
1
τd

φ(x) exp
(
Pd(x)

)
(1 + o(1)) + o

(√2 log n

nτd

)
.

Our target (τd/
√

2 log n)E(Tn,d) can now be written as
(20)

τd√
2 log n

E(Tn,d) =
τd(n− 1)√

2 log n
E

[hn,d(S(1))
Ḡd(S(1))

]
=

τdn√
2 log n

∫ ∞

−∞
hn,d(x)Ḡn−2

d (x)dGd(x).

We decompose the preceding integral into three parts

(21)
τd√

2 log n
E(Tn,d) = In,d + IIn,d + IIIn,d
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where In,d, IIn,d, and IIIn,d represent the integral of (11) over the intervals [−∞,−εdτd],
(−εdτd,−(log n)1/4), and [−(log n)1/4,∞), respectively. The preceding discussion,
combined with the approximation gd(x) = xGd(x)(1 + o(1)) as x → −∞ and
|x| = o(τd), implies that the dominating part is the quantity represented by IIn,d.
We have,

IIn,d =
n(n− 1)√

2 log n

∫ −(log n)1/4

−εdτd

xGd(x)Ḡn−2
d (x)dGd(x)(1 + o(1))

=
1√

2 log n

∫ nGd(−(log n)1/4)

nGd(−εdτd)

G−1
d (w/n)w(1− w/n)ndw(1 + o(1))

=
1√

2 log n

∫ nGd(−(log n)1/4)

nGd(−εdτd)

√
−2 log(w/n)we−wdw(1 + o(1))

=
∫ ∞

0

we−wdw(1 + o(1))− 1√
2 log n

∫ ∞

0

w log we−wdw(1 + o(1))

= 1 + o(1).(22)

To arrive at (22) we have used the approximation G−1
d (z) =

√−2 log z(1+o(1)) for
z → 0 in light of Lemma 3.4 and Mill’s ratio.

For the remaining two parts, we use Mill’s ratio and obtain

In,d + IIIn,d ≤ τd√
2 log n

(n− 1)
[
P (S(1) ≤ −εdτd) + P (S(1) ≥ −(log n)1/4)

]

=
τd√

2 log n
(n− 1)

[
1− Ḡn

d (−εdτd) + Ḡn
d

(− (log n)1/4
)]

≤ τd√
2 log n

(n− 1)
[
nGd(−εdτd) + Ḡn

d

(− (log n)1/4
)]

→ 0.(23)

Finally, combining (21), (22), and (23), yields the desired result.
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