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resulting curve maximizes the functional. These are the only cases in which the
functional can be minimized.

(i) Elliptic function example, least constrained case: find x, and y, . Choosin
C=0 is equivalent to applying the second transversality condition. The first
transversality condition requires that y'(x,)=0. Using this with equation 12)
and taking C=0, requires that y, =0,+ 1 /\/E. First assume y, is not zero; later
it will be shown that if y, =0 then no solution exists. Solving equation (12) for
x, (Jordan and Smith, 1977) and writing y for ¢/2 we may write:

Xy = JWI 1/3/y*—y?) dy. (13) 8

y

3

Using the substitution \/§y= 1/cos ¢ one may easily show that:

xl=arccos(1/\/§y1)—arccos(l/\/)_)yo). (14) |

This may be rewritten to give:

Y= 1/{\/5 cos[x, + (arccos 1/\/;y0)]}. (15)

Deriving equation (15) did not require that y, not be zero. But, since cosine is a
bounded function, it does show that if y, is zero there is no extremal value
for x,.

Since the derivation of equations (14) and (15) was done formally it remains
to set bounds on their validity. Note that as ¢ varies over [0, n/2]u
[n/2, 7], y= 1/\/§ cos ¢ varies over [1/\/_, o0 ]u[—o0, — 1/\/;]. Ifly| < l/ﬁ

then gy* —y2 <0 so that (13) has a complex valued integrand. Thus, for a real
solution to exist one must require that |y0|>1/\/§ and that the domain of
integration in equation (13) excludes (— 1/\/;, 1/\/)7). This further explains
why y, =0 is impossible. It also shows that y, = 4+ l/ﬁ accordingly as the
solution is contained in (— oo, 1/\/ )—)) or (1/\/;, o0) and gives an end point
suggesting the limb grows so that |y| decreases to 1/,/.

(ii) Elliptic function example, epimorphic case: fix y,, find x,. The same
calculations as in case (i) may be performed so equation (14) remains valid.
Note that if we choose y, so that the second term in the argument of the RHS of
equation (15) is zero and fix y,, then y,= 1/(\/; cos x,) which forces

| y1| > 1/\/; so we see that no optimal value of x, can exist, in general, for curves
inside region P in Fig. 7.

(iii) Elliptic function example, morphallactic case: fix x,, find y,. The
transversality condition gives y'(x,)=0. Also, equation (12) holds but C is not
in general zero. Solutions must also satisfy:

—




AN EXTREMAL CRITERION FOR EPIMORPHIC REGENERATION 625

Y1
Xy = f 1/3/(C—y?+yy*) dy. (16)
Yo

The solution changes form depending on the size of C. Given C, y, can be
determined. Given a solution and therefore y,, one can impose y'(x,)=0 to
determine C. Thus finding C is equivalent to finding y, . Examination of the
forms of solution for all values of C will cover all possible values of y, . There are
four subcases: (1) C<0; (2) C=0; (3) Ce(0, 1/2¢); (4) C>1/2¢. In the first
subcase it can be shown that y(x) =y, /cn(x/g) where g is a constant determined
by transforming equation (16) to an elliptic integral (Byrd and Friedman,
1954). Details are in the Appendix. Now the transversality condition gives:

0=[sn(x,/g) dn(x,/g)}/en*[x,/9). (17)

Since g depends on C and x, is known, equation (17) and the boundary
condition will determine y, .

For subcase 2 the result is the same as in case (i) of this example.

For subcase 3 one may show that the form of solution is:

y(x)=/4 sn(/(eB)x), (18)

where 4 and B are functions of ¢ and C. Details are in the Appendix. So, the
transversality condition gives that:

0=./4en(\/(eB)x,) dn(/(eB)x,).
Since the elliptic function dn is always strictly positive the last equation means
that cn,/(eB)x, =0 and therefore x, € {2n+1)K//(¢B)|ne N}, where K is half
the period of dn (Bowman, 1961). This means one can find C, possibly many
values for C. Now, from equation (10) one calculates y, =\/Z . _
For subcase 4, the calculations were too difficult to complete because the

forms of solution involve a ratio of elliptic functions and a fractional linear
term. The form of solution was found and is given in the Appendix.

3.3. Examining for Minimality. Since the method of vector calculus is quite
difficult even for the simplest of these solutions—either one must differentiate
something extremely complicated or one must know C as a function of y in
these cases the second variation formula will be applied. The coefficients of 6x 2,
dy?, and dx, dy, are, respectively:

yy(1—ey?), 0, 2y(ey*—1),

all evaluated at x,. The integral term appearing in the second variation is
present in all three cases. It is:
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j " (3ey?—1) 8y +y'? dx.

X0

In the least constrained and epimorphic cases after imposing the transvergg.

lity conditions one finds that y, =0, +./(2/¢). If y, =0 then all coefficients ar¢
zero so we can make no conclusion. So, assume y is not zero. In the leag
constrained case the coefficient of dy, dx, is not zero which means that the
extremal solution is neither 2 maximum nor a minimum. In the epimorphjc
case we have the integral term and the coefficient of 5x? which is:

Y (x)y,(1—eyf).

A solution can only exist if y?>2/e so (1—ey?)< —1. This means that 4
minimum exists if we choose y’(x,) and y, to be of opposite sign and force the
integral term to be positive, for example by choosing x,, y, and y, so that
y*>1/(3¢) on [x,, x,]. This can be done by using equation (12) with C=0 to
express y'(x,) in terms of y, . The ranges will depend on ¢. We did not carry this
out because it was complicated and all we wanted was the conclusion that a
minimizing solution exists. ,

In the morphallactic case we only have the integral term. Therefore we know
that on the interval the solution is 2 minimum but we have no information as to
whether or not it is a minimum with respect to variation of the boundary value.

We wanted to examine the stability of time dependent solutions which
obeyed a field dynamic. However the candidates for limiting solutions we
found were quite complicated. This meant it would be exceedingly difficult to
find a simple enough field dynamic that we could, on the basis of theoretical
calculations, determine uniform asymptotic stability. The simplest field
dynamic we could study would be essentially one which forced the
Euler-Lagrange equation to be time dependent, thus:

a — 3

ot y=y +ty—¢ey

could be chosen. In fact, the stability properties of this equation have been
determined (Chafee and Infante, 1974). There are several points which are
uniformly asymptotically stable, so no unique optimizing solution exists which
is stable for that choice of growth dynamic.

Now we summarize the results of this third example. The least constrained
and epimorphic cases both gave solutions. In the first of these cases the solution
was neither a maximum nor a minimum. In the second case the solution is a
minimum under complicated conditions on the initial conditions and the fixed
boundary value. In the morphallactic case we found four different forms of
solution, corresponding to different values of a parameter. We could not

_———#
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guarantee any of these were ever minimal. Whether or not a solution gives a
minimum depends on the boundary values in a complex way. We can only note
a necessary condition for an extremal in the least constrained and epimorphic
cases is that either y,>y, >./(2/e) or y,<y,<—./(2/e). The solutions
corresponding to phase curves in the region P of Fig. 7, a region not admitting
extremal solutions, were one of the two forms of solution to equation (11) that
were considered by Totafurno (1985).

This example was sufficiently complicated that we introduced the phase
portrait to enable us to picture what the solution curves looked like and to
know when to expect a solution. Because of the non-linearities we were unable
to make any statement about stability. However, many possible field dynamics
would be compatible with the solutions we found. Again, our purpose was only
to demonstrate the plausibility of a technique. So, we did not pursue a stability
result although we conjecture it could be done.

4. Discussion. We have assumed that developmental mechanisms generate an
axially symmetric cylindrical leg in which the length and the pattern of a state
variable are unique extremals of a time-independent functional. The functional
isan integral over proximo-distal positions, x, of a function of the state variable
y(x) and its gradient y’(x). These assumptions imply that if an axially
symmetric region of the leg is displaced to an abnormal proximo-distal level,
regeneration will restore the normal local pattern of y values. If a section of the
leg is deleted, it will regenerate (Fig. 1). If a grafting operation produces a
discontinuity of pattern, regeneration will eliminate the discontinuity (e.g.
Fig. 2). Thus the principle of continuity follows from the assumption that
pattern and form extremize an integral for which the integrand does not depend
directly on x.

As examples we have studied functionals which give three patterns of y(x)
that have been used to model regeneration—an exponential gradient, a
sinusoid, and a Jacobi elliptic function. Each of these patterns is obtained as a
solution of the Euler—Lagrange equation which results from setting the first
variation of a functional equal to zero. A transversality condition must also be
satisfied to provide extremals of unconstrained boundary values. When such
extremal values exist, a solution is obtained which is continuous and is
constructed of pieces of the pattern function. In each example we assumed that
the boundary values (x,, y,) at the base of the leg are given, and we sought
extremal values (x,, y,) at the distal end for three conditions.

(i) Find x, and y,. This might represent ontogenetic growth without
specification of a distal boundary condition. This is the least constrained case.

(i) Find x, given y, . This corresponds to ontogenetic growth or epimorphic
regeneration with the distal boundary condition specified. This is the
epimorphic case.
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(iii) Find y, given x,. In this case the size of the domain for regeneratiop is
fixed, but the distal boundary value is not specified. This might represens
morphallactic regeneration; we call it the morphallactic case.

In each case where an extremum was obtained, we inquired whether the
extremum was a minimum.

For the exponential, in the least constrained case we found an extremg]
solution but it was neither a maximum nor a minimum. The epimorphic cage
can be resolved into three subcases. An extremal solution exists for two of thege
but not for the third. For one of the former two subcases the solution is 4
minimum according to two criteria, but for the other subcase the two criterjs
disagree about the character of the extremum. In the morphallactic case 4
minimum of the functional was obtained when x; and y; were positive,
Furthermore, for the epimorphic and morphallactic cases we found 2
time-dependent Liapunov functional which converged to the steady state
functional, and a time-dependent dynamic which asymptotically produced the . ,
time-independent pattern.

For the sinuosid an extremal could only be found in the morphallactic case, ‘
and even then only under fairly stringent hypotheses. For the Jacobi elliptic
function, in the least constrained case there is an extremal solution which is not |
a minimum or a maximum. In the epimorphic case we were unable to
determine the character of the extremal solution. In the morphallactic case
solutions to the extremal problem could assume four distinct forms. Under
complicated conditions on the ranges of parameters and on x, and y, we were
able to argue that a minimizing curve existed. One of the four forms of solution
for the morphallactic case was the same form as Totafurno (1985; see also
Totafurno and Trainor, 1987) used to model epimorphic regeneration of
supernumerary legs in salamanders. One might object to the use of this
morphallactic solution on two grounds. The solution is periodic in space; the
number of periods to be intercalated is not uniquely defined. Also, although the
solution restores the continuity of pattern by the production of supernumerary
legs, the spatial scale of the pattern does not extremize the functional.

Totafurno (1985) considered a second form of solution to the Euler-
Lagrange equation. This form does not correspond to solutions for the least
constrained or epimorphic cases; it is unclear whether it corresponds to a
solution for the morphallactic case.

4.1. Generalizations. There are three obvious ways to generalize the
procedure for obtaining a time-independent pattern and form for a leg.

(i) Allow more state variables y,, . . . y, in the integrand. In an axisymmetric
leg, one of these might represent the distance from the surface of the leg to the
symmetry axis, so that non-cylindrical limbs could be treated. Other variables

_
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might be concentrations of interacting morphogens in a reaction—diffusjon
system.

(ii) Allow derivatives of higher order in the integrand. The dynamic for some

hysical processes, including elasticity, requires such derivatives (Shames and
Dym, 1985).

(iii) Treat a surface that is not axisymmetric by using two spatial parameters
(u, v) rather than the length x as the independent variables. The proximal
pboundary of the leg is a closed Jordan curve delimiting a region in the u—v plane.
Several state variables could be used, one to represent the shape of the surface
and others to represent the patterns of morphogens. For such cases the
Euler—Lagrange equations and a generalization of the transversality condi-
tions have been obtained (Courant and Hilbert, 1965). The theory of minimal
surfaces (Spivak, 1975) can be used to analyze this problem.

An issue which remains ambiguous is the choice of a functional to extremize,
given a dynamic expressed as one or more differential equations. Our examples
involve a class of reaction—diffusion equations in a single dependent variable.
We showed that for this class, the differential equation corresponds to a unique
functional. In general a given differential equation may be obtained as the
Euler-Lagrange equation from any functional in a large class (Rosen, 1967,
Chapter 5.3). Do all of these functionals, when extremized with variation of
boundary conditions, give the same boundary conditions? Is there a physical
principle which selects a particular functional as the appropriate one for
morphogenesis? Diverse extremal principles have been used to analyze
problems in structural mechanics (see discussion of Reissner’s principle by
Shames and Dym, 1985); the physical principles governing morphogenesis
might also admit diverse functionals for extremization. These issues seem
interesting and important, but they are beyond the scope of this work.

The use of a Liapunov functional to characterize asymptotic stability of the
time-independent state suggests a further line of inquiry. It may be possible to
obtain the time-dependent dynamic for regeneration as Euler—Lagrange
equations from a time-dependent functional. If so, the same functional may be
a Liapunov functional for the dynamic, so that asymptotic convergence to a
time-independent state would be assured. However, it is noteworthy that there
are reaction—diffusion dynamics not known to be derivable from any stationary
principle, and without a known Lyapunov functional (Ben-Jacob et al., 1985,
Section 5.2).

4.2. Remarks on modelling surfaces which bear patterns of state variables. To
compare various models for the shaping of surfaces which bear positional
information, such as our model and the model of Cummings (1985), one must
note the distinction between the extrinsic geometry and the intrinsic geometry
of a surface, as made in differential geometry (Do Carmo, 1976; Lipschutz,
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1969). An abstract surface can be placed, or embedded, in Euclidean 3-space
(R?®)in many different ways; these embeddings are diffeomorphic to each other,
Intrinsic geometry is the study of those properties which are not affected by
changes of coordinates during the deformation of a surface without stretching
it or contracting it. Such a deformation is isometric; it preserves the distanceg
between points in the surface. Intrinsic parameters are invariant under
isometric diffeomorphisms. The first fundamental coefficients and the Gays.
sian curvature are intrinsic parameters. Since distances are measured by meang
of the first fundamental form, its preservation under isometries is not
surprising.

Extrinsic geometry characterizes the embedding which situates an abstract
surface in an ambient space. Among the extrinsic parameters which
characterize a local region of the surface are the principal curvatures and the
second fundamental coefficients. Clearly, the principal curvatures can be
affected by deformations which preserve the distances between points in the
surface. Since the second fundamental coefficients arise from the way a surface
is embedded in R? it is not surprising that they are extrinsic. It is remarkable
that the product of two extrinsic parameters, the principal curvatures, glves an
intrinsic parameter, the Gaussian curvature.

The class of possible embeddings includes many more realizations of an
abstract surface than are meant by “orientation in space” or “rigid motion”,
Some examples will show this (possibly unexpected) diversity of embeddings.
Consider a square in the Euclidean plane, with the Euclidean metric. Not only
can we translate and rotate the square without changing its intrinsic
parameters; we can deform it in many other ways. For instance, we might form
it into a wavy surface. So long as each ripple extends across the breadth of the
square, the pattern of waviness does not change the intrinsic parameters; but
the embedding of the abstract surface in R* has changed. Similarly, suppose a
cap of a sphere is cut off at a colatitude less than 90°. Its intrinsic parameters are
unchanged by pressing along its rim and so deforming its boundary from a
circle to an ovoid; but its embedding has changed.

To characterize the changes in shape which a surface undergoes during
development, knowledge of extrinsic parameters as well as intrinsic parameters
is necessary in general. Models such as ours, which try to predict the extrinsic
geometry of a limb, use both types of parameters. Limited progress is possible
from information about intrinsic parameters: if one assumes that growth is
isotropic and that a condition on the smooth spatial variation of the local
growth rate is valid, this rate can be inferred from the relation between the
Gaussian curvature and the first fundamental coefficients (Todd, 1985a,b).
However, efforts to model the shape of a surface and the pattern of state
variables on it without using extrinsic parameters are likely to encounter
difficulties. Cummings (1985) has made such a model. He assumed that growth
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is isotropic and that the Gaussian curvature is a scalar function of a state
variable which obeys the Helmholtz equation (the spatial part of the linear
wave equation). He used the Helmholtz equation, and the relation between the
Gaussian curvature and the first fundamental coefficients, as two equations to
solve for the geometry of the surface and the pattern of the state variable.

It is not clear under what circumstances this model will generate a unique
surface with a unique pattern of the state variable. The eigenvalue used in the
Helmholtz equation might correspond to more than one eigenfunction; if so,
which eigenfunction should be used? If the surface is not complete one must
assume boundary values and show that they are compatible with the coupled
partial differential equations. The fundamental theorem of surfaces (Lipschutz,
1969) provides such a compatibility condition. The geometry of the boundary
curve, together with the intrinsic geometry of the surface determined from the
model, may define its extrinsic geometry uniquely. This is true for the square
and for the cap of a sphere discussed above. However, it is not true in general;
there may be many ways to embed the abstract surface in R*, or there may be
no embedding at all, as for a Klein bottle. As they devise models for the
morphogenesis of surfaces in ontogeny and regeneration, theoreticians must
deal with these issues in order to provide experimenters with unequivocal
inferences.
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Stephanie Alexander, Dr Richard Bishop, Dr Nigel Goldenfeld, Dr Robert
Haber, Dr John Mitchell, Mohan Ramachandran, and Dr Michael Stone. We
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supported by N.I.LH. grant HD16577 to J.E.M.

APPENDIX

On the Forms of Solutions in Example Three. To develop the forms of solution some preliminary
calculations are required.

LEMMA 1. eC<1/4 implies there exist A, B such that C—x*+ex*=¢(4 —x?) (B—x?).

Proof. Tt is sufficient to show C=¢AB and 1=¢(4+ B) admit simultaneous solutions. If
eC<1/4 then 0=¢eB?— B+ Chas two real roots. Let B be one of them. Now 1 =¢e[ B+ C/(¢B)], so
choose 4 =C/(eB). ]

Note that if y is a root of C—x? +¢ex* so is —y. The roots of C—x?+gx* are either purely
imaginary or real, for eC<1/4. If e¢C<1/4 the sign of C determines the nature of the roots: if
C>0, then A4 and B have the same sign and in particular positive, in which case the roots are all
real. If C <0, then 4 and B have opposite signs and there are two real roots and two imaginary
roots.
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LEMMA 2. eC>1/4 implies C—x*+ex* has no real roots. |
Proof. Note that for Fy(x)=C—x?+ex* C represents a shift up or down. If eC= 1/4 the

Fp(x)=e[x2—1/(2e)]*. F.=0 forces x=0, +1/./(2¢). The graph of F_ is above the horizontg

axis and as C increases it ceases to touch the horizontal axis so there can be no real Solutions_

These two calculations were used to identify which values of the parameter correspond :)

which regions of the phase portrait. It can be shown that the two saddle points lie on the phase

curve corresponding to C=1/(2¢). If C>1/(2¢) then by lemma 2 the phase curves must pe in

region R. If C <0, then by lemma 1 the phase curves must lie in region S for they admit only twq

y-intercepts. If Ce(0, 1/(2¢)) then by lemma 1 and Fig. 7 there are four y-intercepts, so these

curves have one component in each of the regions Q1, P, and Q2.

LEMMA 3. 6C>1/4 implies F has no purely imaginary roots.

Proof. By way of contradiction if iy is a root of ¢ then y is a root of ex*+x? +C. But eC> 1/4
implies C>0 which means ex*+x2=C <0 which has no real roots. N

Since, any integral which has the square root of a quartic in the denominator of its integranqg
can be expressed in terms of elliptic functions we apply the above observations to the integra]
which appears in equation (16). We see that it will assume one of the following forms:

(1) If 6C< 1/4 and C>0, then it is: !

[ 1//(@*=x?) (b*—x?)] dx. ‘

(2) If C=0 we obtain case (i) of example 1.
(3) If eC<1/4 and C<O0 then it is:

§1/3/l@®+x%) (x*—b?)] dx.
(4) If eC>1/4 then it is:

§ U/[(x—a) (x—a*) (x—b) (x—b*)] dx, |
where * indicates the complex conjugate and the limits of integration must be allowed to vary.
These forms can be found in integral tables for certain domains of integration, those which
exclude points for which the integrand becomes infinite.

For the first case three forms of solutions can be found by using 216, 219, and 220 (Byrd and
Friedman, 1954). They are:

(1) For yo=a and y, >a>b>0, and g=1/a one can show that:
y1(x;)= £[b2+ (b> —a?)/(sn*(x,/g)—1)].
(2) For a>b>y,>0, and g=1/a one can show that:
Y1(x,)=bsnx,/g.
(3) For a>b=y,>y,>0, and g=1/a one can find y,(x,) from:
sn’x,/g=[a’(b*~y3))/[b*@*~ y})].

For the third case entry 211 gives that for y, >b=y,>0 and g?>=1/(a?+b?) that:

y1{x4)=b/en(x,/g).
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For case four, entry 267 gives, for parameters g, g, , a,, and b, defined in terms of a and b that:

sn(x,/g)/en(x,/g)=(y, _b”"alg])/(‘ll +4,b,—9,y)),

from which one can solve for y,(x,).

These formulae are the analytic forms of solutions in the phase portrait. It remains to show
that they satisfy the differential equation. This hasn’t been done yet but if the derivation is correct
then they must be solutions.
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