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Implications of Reference Priors for Prior 
Information and for Sample Size 

Bertrand CLARKE 

Here we use posterior densities based on relative entropy reference priors for two purposes. The first purpose is to identify data 
implicit in the use of informative priors. We represent an informative prior as the posterior from an experiment with a known 
likelihood and a reference prior. Minimizing the relative entropy distance between this posterior and the informative prior over 
choices of data results in a data set that can be regarded as representative of the information in the informative prior. The second 
implication from reference priors is obtained by replacing the informative prior with a class of densities from which one might 
wish to make inferences. For each density in this class, one can obtain a data set that minimizes a relative entropy. The maximum 
of these sample sizes as the inferential density varies over its class can be used as a guess as to how much data is required for the 
desired inferences. We bound this sample size above and below by other techniques that permit it to be approximated. 
KEY WORDS: Asymptotic normality; Experimental design; Information; Relative entropy. 

1. INTRODUCTION 

One way to evaluate a subjectively chosen prior is to as- 
sess the information that it contains. There are various ways 
to do this. One might search for an optimization procedure 
that resulted in that prior and then regard the prior as re- 
flecting the information in the constraints following Soofi, 
Ebrahimi, and Habibullah (1995) (see also Soofi 1995). Al- 
ternatively, one might compare the subjectively chosen prior 
to other priors, including "objective" priors. This was pro- 
posed by Bernardo (1979) when he introduced reference 
priors. Despite the terminology, the goal of comparing sub- 
jective priors to reference priors so as to evaluate their in- 
formation content can actually be done better by using pos- 
teriors, see Berger and Bernardo (1992). Here we compare 
a subjectively chosen density for a parameter to posteri- 
ors formed by updating a reference prior. In particular, we 
seek the data set that will make such a reference posterior 
as close as possible to the subjectively chosen density. The 
resulting data set can be regarded as representative of the 
information in the subjective density. 

There are two reasons for identifying the posterior that is 
closest to an arbitrary density for the parameter. First, the 
arbitrary density might be an informative prior. In this case 
we identify the data implicit in the informative prior. If this 
data set is unreasonable, then the prior does not summarize 
the experimenter's beliefs well. Second, the arbitrary den- 
sity might be a target density for inference. In this case we 
identify the data that would best permit the desired infer- 
ences. If the distance from the best approximation to the 
target density is large, then the inferences represented by 
the target density are unobtainable. Furthermore, we can 
consider a class of target densities. Because a sample can 
be associated to each member of the class, we can choose 
the largest of these sample sizes as a way to ensure that we 
will collect enough data to make inferences from a posterior 
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likely to be close to one of the target densities. This can be 
regarded as a Bayesian analog of sample size calculations 
for confidence intervals of prescribed length done from a 
frequentist standpoint by guessing the standard deviation. 

To fix ideas, suppose that we try to assess the informa- 
tion content of a subjective prior relative to iid data from a 
Poisson(O) distribution. To make calculations easy, let the 
conjugate prior r(1, 1) play the role of the objective prior 
and choose another conjugate prior, say a r1(10, 10), to be 
the subjectively chosen informative prior. If we form the 
posterior from n outcomes of a Poisson(O) random variable 
and the 1(1, 1) prior, it is seen to be a r(Lxi + I,n + 1) 
distribution. To evaluate the information in the r1(10, 10) 
prior, we might find the data set that would make the pos- 
terior as close as possible to the subjective prior. Thus we 
solve the pair of equations 10 = E xi + 1 and 10 = n + 1 
to see that E xi = 9 and n = 9. The information content 
of the r1(10, 10) prior relative to a Poisson(O) density and a 
1(1, 1) prior is seen to be nine data points that sum to nine. 
This is not surprising given the shapes of the 17(1, 1) and 
1(10, 10) densities; the former is an Exponential(1) density 
and the latter is peaked around 1 (see Bickel and Doksum 
1977). We see that the data set is not unique, as any data 
set of size nine summing to nine from a Poisson(O) will do 
because the sum is a sufficient statistic for 0. 

It is instructive also to consider the reverse case. That 
is, suppose that we let the r1(10, 10) prior play the role of 
the objective prior and we let the r1(1, 1) prior be the sub- 
jective prior. Then we try to solve the pair of equations 
1 = 10 + E xi and 1 = n + 10. But this gives E xi = -9 
and n = -9, neither of which is possible, because both n 
and E xi must be positive. This means that there is no data 
set from a Poisson(0) random variable that can be used to 
update a F(10, 10) prior so as to make it closer to a r(1, 1) 
prior than it already is. In short, a r1(10, 10) is already more 
informative than a r(1, 1), so we cannot make it less infor- 
mative by adding information. 
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In this example we began by regarding the 1(1, 1) as 
noninformative and the 7(10, 10) as informative. However, 
there is no reason to regard the 17(1, 1), or any member 
of the 1(p, A) family, as noninformative. We have merely 
assessed the information in an informative density for the 
parameter relative to a posterior formed from another den- 
sity for the parameter that happened to be less informative. 
To have a notion of the informativity of a subjective density 
for the parameter, we must use an objective density that is 
never more informative than any other density. That is, the 
objective prior must be noninformative in some meaning- 
ful sense, particularly because we expect a prior to contain 
information representable by a small sample size. 

It is only for likelihoods in exponential form that the 
use of conjugate priors is possible and, even in this setting, 
noninformative priors need not be conjugate to the like- 
lihood. Moreover, the subjective density that we assessed, 
the 1(10, 10), need not be one that really interested us. We 
might be interested in a density that is not readily approx- 
imable by any member of the conjugate family. For in- 
stance, one might wish to evaluate the information in a uni- 
form, or a density that had a polynomial tail. Such densities 
cannot be well approximated by an element of the P(p, A), 
because a polynomial tail reflects less information than an 
exponentially decreasing tail. Indeed, the tails of conjugate 
densities typically decrease exponentially, which is infor- 
mative. Subjectively chosen priors usually correspond to 
less information, which is better represented by a polyno- 
mial tail. 

From an experimental design perspective, we may want 
to identify the data that would best support inferences from 
a specific density for the parameter. Indeed, this can be done 
for classes of inferential densities, each member of which 
achieves a specified degree of concentration at a parame- 
ter value. Recall that posteriors are typically asymptotically 
normal independently of the likelihood and the prior and 
that the normal family is the easiest to use for experimen- 
tal design purposes. Now, from an experimental design per- 
spective, we virtually always want to know how much data 
must be collected when the subjective distribution varies 
over the normal family for a range of means and variances. 

This complicates the problem of representing a subjec- 
tive density as a posterior from a noninformative prior, be- 
cause we can no longer assume that either density for the 
parameter is in the conjugacy class of the likelihood. Thus 
in general we cannot find a data set by solving equations 
and cannot obtain an exact match between the subjective 
and objective densities for the parameter. But we can still 
carry out this matching approximately by using techniques 
as described later. 

The article is organized as follows. In Section 2 we give 
a general framework in which one can match subjective pri- 
ors to data sets by minimizing the relative entropy distance 
between the subjective prior and a posterior formed from 
a noninformative prior. This minimization is over potential 
data sets. In Section 3 we verify that minimization is pos- 
sible in general, then present computations to show how 
the minimum behaves for several choices of the subjective 

density in the context of a Poisson(O) family. In Section 4 
we turn to implications for experimental design. We per- 
form the same minimization over a class of densities for 
the parameter and choose the largest of the sample sizes 
that result. After demonstrating existence of this maximal 
sample size for certain classes of inferential densities, we 
give bounds on it in terms of two other methods for select- 
ing a sample size. In Section 5 we summarize our results 
and give some possible extensions of the line of inquiry 
pursued here. 

2. STATEMENT OF THE PROBLEM 

We begin by choosing an objective prior to represent the 
absence of information. Compatible with this choice, we 
must match the information in a subjective prior to a pos- 
terior formed from this noninformative prior so as to find a 
data set that makes them close. We begin by setting up the 
problem and then turn to formalities. 

2.1 The Setting 

The notion of noninformativity for a prior can be inter- 
preted in diverse ways yielding diverse priors, each with 
some claim to noninformativity (see, e.g., Datta and Ghosh 
1994a,b, Ghosh and Mukerjee 1992, and Kass and 'Wasser- 
man 1993 for critical surveys). Here we choose the Jef-' 
freys prior as noninformative, because it can be justified 
by four distinct arguments. The first is invariance; the 
Jeffreys prior was originally proposed on the basis of in- 
variance (see Jeffreys 1961), even though this does not char- 
acterize the Jeffreys prior. George and McCulloch (1992) 
obtain the Jeffreys prior uniquely only by imposing an ex- 
tra condition. The second argument in favor of the Jeffreys 
prior is that using it results in estimation which corresponds 
to frequentist coverage probabilities (see Hartigan 1983). 
The third argument in favor of the Jeffreys prior is, that 
the formal' sense in which it is noninformative can be in- 
terpreted in terms of the rate of information accumulation 
(see Bernardo 1979 and Clarke and Barron 1994). Finally, 
the fourth argument is that the Jeffreys prior performs well 
in a practical sense (see Berger and Bernardo 1989). 

In the context of the third argument, Bernardo (1979) 
proposed reference priors obtained from a noninformativity 
principle based on maximizing the Shannon mutual infor- 
mation between the parameter and the sample over possi- 
ble choices of the density for the parameter. This can be 
expressed as the expected relative entropy' between a pos- 
terior and the prior from which it was formed. The prior 
asymptotically achieving the maximal value is the' prior that 
permits the most rapid accumulation of information from 
the data, on average. This sense of optimality is consistent 
with the way we assess the information content of an arbi- 
trary density for the parameter below. 

The Jeffreys prior is the normalized square root of the 
Fisher information. In the Poisson(O) example, for instance, 
the Jeifreys prior is proportional to -/V, which must be 
truncated to a compact set to yield a proper prior. No 
member of the conjugate family F(p, A) is the Jeifreys 
prior. Thus assessing the objective information content of 
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a F(10, 10), or of a normal distribution, requires compar- 
ing it to the posterior formed from a Poisson(O) likelihood 
and the Jeffreys prior. Unfortunately, comparing either of 
these densities for the parameter to the posterior formed 
using the Jeffreys prior does not reduce in any obvious way 
to solving equations. Nevertheless, we show that one can 
use approximate techniques to identify a data set from a 
Poisson(O) that can be used to update the Jeffreys prior so 
that it is as close as possible to the F(10, 10) or a given 
normal. 

In relative entropy we approximate an arbitrary density 
for the parameter by a posterior formed from a likelihood 
and a Jeffreys prior. Relative entropy is a strong measure 
of distance and thus may be difficult to use. But it is a 
natural choice for two reasons. First, the relative entropy 
has physical interpretations in terms of the redundancy of 
code lengths, and in terms of the rate of transmission across 
an information-theoretic channel (see Clarke and Barron 
1994). Thus the Jeffreys prior provides maximal data com- 
pression and the highest rate of data transmission, both sta- 
tistically desirable properties. Second, the relative entropy 
is the natural distance to use with the Jeffreys prior, be- 
cause it is the measure of distance with respect to which 
the Jeffreys prior is the reference prior. We remark that al- 
though the L1 distance may seem a more natural choice, no 
reference prior under L1 distance has been derived. 

Here we examine the relative entropy distance between 
the posterior formed from the Jeffreys prior and a known 
likelihood and an arbitrary density for the parameter. We 
seek the data set that makes this relative entropy distance 
as small as possible. The data set achieving this minimum 
represents the extra information in the arbitrary density. 

2.2 The Minimization 

Suppose that we have a parameterized class of densities 
pO (x) with respect to Lebesgue measure for a real, possibly 
vector-valued, random variable and that the experimenter 
wishes to estimate the parameter 0, assumed to vary over 
a parameter space Q contained in Rd. If the only informa- 
tion that an experimenter is willing to assume is the appro- 
priateness of the reference prior method, then the Jeffreys 
prior, denoted here by WN, must be used as the objective 
prior. Denote the arbitrary informative density elicited from 
the experimenter by w(0), with respect to d-dimensional 
Lebesgue measure. 

Given the likelihood po, we update WN with a data 
set xl = (x1, ... ., xn) to form the reference posterior 
WN (0Xn). If we choose w to be a subjective prior with 
the same support as WN, then we can formally diagnose 
what po data is implicit in w by minimizing 

D(WN( |Xn)IIw(.)) (1) 

over possible data sets Xn. Here D is the relative en- 
tropy, which for densities p, q with a common dominat- 
ing measure is defined by D(pllq) f plri4p/q); xnis an 
iid sample of size n drawn from pe; and wN(.IXn) is the 
posterior density equal to wN(O)p(XnlO)/m(Xn) in which 

m(xXh) = fQwN(O)p(xnIO)d6 is the marginal density for 
the data. Here In denotes the natural logarithm. 

Data sets xn achieving the minimum in (1) update WN by 
po so as to get a density for 0 as close as possible to w. It 
is in this sense that Xn is representative of the information 
implicit in w, the experimenter's subjective beliefs. This is 
a general form of the Poisson(0) - F(p, A) example exam- 
ined in closed form earlier. A posterior obtained by mini- 
mizing (1) does not generally equal w; it is only the poste- 
rior that is closest to w. 

Outside the case where WN and w are conjugate to pa, (1) 
will be strictly positive and bounded away from zero. Also, 
the minimal value of (1) is less than or equal to D(WNIIW). 
If equality is achieved, then no data can be added to the 
reference prior so as to give a posterior closer to w than 
WN already is. The smaller the minimal value of (1) is, the 
better w can be approximated by a posterior based on WN 
and po, and the more representative the minimizing Xn will 
be of the information implicit in w. If the minimal value 
is too large, then one cannot approximate w well by any 
posterior based on po and WN. In this case no information 
obtainable from po can justify the beliefs implicit in w. 

Note that the data implicit in w need not have originally 
come from po. In particular w may be a posterior based 
on a data set from a different likelihood and prior. The 
minimization in (1) still converts the information in w into 
equivalent data from po. 

In an experimental design context, one regards w as a 
target inferential density for 0. Data sets xn that minimize 
(1) identify the data that would best permit the inferences 
from w. If the minimal value of (1) were too large, then 
the inferences represented by w cannot be justified from 
po. In practice, w is not known, and one only has the goal 
of obtaining a small credible region that has high posterior 
probability. Thus one would be equally content to make 
inferences from any member of a class F of densities for 
0, where all the densities in F achieve a prescribed degree 
of concentration and could be well matched by minimiz- 
ing (1). 

For instance, let F be the collection of densities for 0 
with variance between two preassigned values. In this case 
one could minimize (1) for each w in F and so obtain a 
collection of data sets, say Xn(W) for w ranging over F. 
Let n* be the largest value of the n(w)'s. Using n* as a 
sample size ensures that for each element w of r there is 
at least one data set that might be realized and would give 
inferences as good as or better than w. Because we do not 
expect n* to be small, we can choose F to be the collection 
of Normal(,u, a2) distributions with a' between two preas- 
signed values. This is natural, because the posterior con- 
verges to a normal distribution concentrating at its mean at 
rate O(1/V/W) for large sample sizes. 

3. ASSOCIATING A SAMPLE TO AN 
INFORMATIVE PRIOR 

In this section we begin by demonstrating that in gen- 
eral one can find a data set that minimizes (1). First, con- 
sider a simple algorithm that could perform the minimiza- 
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tion. Choose a fixed noninformative reference prior WN 

and a likelihood and suppose that we are given a sub- 
jective density w. Then we know the relative entropy be- 
tween them, D(WNIIW). We can consider adding one data 
point x1 to WN to form WN(OIX1). Now we can evaluate 
D(WN(.IX1)11W(.)) for each x1 and compare it to D(WNlIW). 
If D(WN(.IX1)1IW(-)) is larger than D(WNIIW) for all values 
of x1, then we know that adding data to WN cannot move 
WN closer to w than it already is. So WN and w represent 
roughly equivalent information. If there is a value of x1, say 
x1, that minimizes D(WN( IX1)11W(.)) to give a value less 
than D(WN IIW), then we consider adding another data point 
X2. We evaluate D(WN('IX1,X2)IIW(')) for all pairs (x1,x2) 
to search for a pair (x1, x2)* that minimizes it. If this min- 
imal value is greater than D(WN(-IX*)llW(-)), then we say 
that x1 is the data set implicit in w. Otherwise, we continue 
and minimize D(WN(-.X1,X2,X3)l1W(-)) over all triples. We 
proceed in this way to find a value of Xn that mini- 
mizes (1). 

The intuition that this sort of minimization procedure will 
stop at a minimum is to recall that if n increases too much, 
then the posterior WN (QIXn) converges to a normal with vari- 
ance decreasing at rate 0(1/n). If this convergence obtains, 
then it forces the relative entropy between WN (QIXn) and w 
to become arbitrarily large, because the limiting normal is 
far from any fixed w. This is not a surprise, because the ex- 
pected value of the quantity in (1) under the marginal distri- 
bution of Xn is increasing with rate 0(ln n) (see Clarke and 
Barron 1994). The consequence is that a minimizing data 
set Xn must be obtained for a value of n that occurs before 
convergence of the posterior to normality pushes the poste- 
rior too far away from w. Our result shows that we can find 
a minimizing data set xn with high probability, as assessed 
in the marginal distribution for the data. 

The second part of this section examines the behavior of 
D(WN(l Xn)llW(.)) when the likelihood is Poisson(O) and 
WN is the corresponding Jeffreys prior. With this fixed 
prior-likelihood pair, we regard D(WN ( IXn) IIw (.)) as a real- 
valued function of n and the sufficient statistic E xi and 
generate three-dimensional graphs for various choices of 
w. These graphs reveal the typical shape of such surfaces 
and permit one to identify a minimizing data set. 

3.1 Existence of a Minimum 

Suppose that the likelihood p(xI1) admits at least two 
continuous derivatives in 0 for almost every x, that the 
Fisher information matrix I(0) is well defined and positive 
definite for every 0 in Q c Rd, and that the support of the 
prior density w is Q, a compact connected set that is the 
closure of an open set. 

We assume that there is a 6 = 6(0) > 0, so that for each 
i, j from I to d we have 

02 2 
Es sup aoao ln p(Xi IO') < x, (2) 

110-a'11 <E i 

and that for each i we have 

E6| lnp(Xij0)l <ox. (3) 

Also, we assume that po is soundly parameterized in the 
sense that convergence of a sequence of parameter values in 
Euclidean distance in Rd is equivalent to weak convergence 
of the distributions they index. Details on this assumption 
can be found in Clarke and Barron (1990). We write Mn 
to mean the probability defined by the mixture density mr. 
We denote the expectation with respect to p(. 10) by Eo, 
and the expectation with respect to m = mn by Em. For 
convenience, we write E when no confusion will result. 

Theoretical verification that the stepwise search de- 
scribed earlier will be successful rests on the asymptotic 
normality of the posterior density. Essentially, we show that 
as n increases, the Mn-probability that D(WN(lIXn)flW()) 
is large also increases. That is, we know D(WN11w), and our 
goal is to find a data set xn to minimize D(WN(.lXn)llW(.)) 
at a value strictly less than D(WN11w). Letting K be strictly 
positive, we restrict attention to data sets xn for which 
D(WN(IXn)llW(.)) is less than D(WNIIW)+K. Formally, we 
establish that there is a critical value no, so that for sample 
sizes n > no, the Mn probability of D(WN(.IXn)lIw(.)) be- 
ing larger than D(WN IIw) + K is at least 1 - c, for arbitrary 
preassigned E > 0. This means that it is essentially impos- 
sible to find data sets of arbitrarily large size that can mini- 
mize D(WN(.IXn)IIW(*)). In particular we restrict our search 
for a minimizing data set Xn to those data sets for which 
n < no, because consideration of sample sizes larger than 
no is pointless. It is appropriate to use the mixture proba- 
bility Mn because we choose priors pre-experimentally. 

In addition to (2) and (3), we assume the Wald (1949) 
hypotheses for consistency of the maximum likelihood es- 
timator (MLE). These can be compactly stated as three con- 
ditions: First, for each 00 there is a p = p(Oo) so large that 

Eoo sup i n p(Xl . 
P:IP-6oI>p p(X 10O) 

Second, for each 00 and for any 0, there is a 6 = 8(0) > 0 
small enough such that 

E ln p(Xl0o) <00. 

Third, for every x,p(xI0) -) 0 as 11011 oo. Now, our result 
is the following. 

Theorem 3.1. Assume Wald's hypotheses and let K > 0. 
For any preassigned E > 0, there exists an N = N, so that 
for all n > N6, 

Mn(D(wN( IXn)IIw(.)) > K) > 1- (4) 

where Mn is the probability measure associated to the den- 
sity m(.), and WN(.IXn) is a posterior based on a noninfor- 
mative prior WN(-). 

Proof. This is a special case of Theorem 4.1. 
We remark that any prior satisfying the formal conditions 

of this result can be used in place of ~WN. The difference 
in interpretation is any other prior zv would correspond to 
finding a data set that must be added to an informative prior. 
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3.2 The Poisson Example 

To understand how the quantity D(WN( IXn)IIw(.)) be- 
haves for various choices of prior w as we vary the data 
set Xn, we produce graphs of D(WN (IXn) lw(Q)) as a func- 
tion of the sample size and a summary statistic for the 
.Poisson(O) example that cannot be studied in closed form. 

Let the Xi's be iid Poisson(O) and let the parameter space 
be [1, 11]. Now the reference prior is 

WN(O) 1) 

where c f 1 l/V1-dO, (see Bemardo 1979, and Clarke 
and Barron 1994). The probability mass function for Xn is 

e nOOExi 
Pe(Xn) = fI X! (6) 

where the sum and product are over i = 1, . ., n. Mixing 
(6) with respect to (5) gives 

MrXn 
i e-nOoExi-l /2 

m(xn) = J 1 e lxi-/2d. 

So the posterior is 

WN (OIXn) = WN(O X ) = fXi e-noExi-1/2 dO, 

and (1) is 

D(WN X) W(.) = fll e-n6xi-1/2 

eX-n /2Ex-1/2 

X ln oExi1/2enO dO, (7) 
W(O) f1 e-nOOxi -1/2 dO 

where w(O) is any prior density continuous with respect to 
Lebesgue measure and strictly positive on [1, 11]. 

As a first example, choose w to be a Normal(6, 1) trun- 
cated to [1, 11] and renormalized. By direct calculation as 
described at the beginning of this section, one can use nu- 
merical integration to verify that 

rnii D(WN(. Xi) w(.)) = .01260359, (8) 

and this minimum occurs for n = 6, Exi = 37. This 
means that relative to the reference prior, this truncated 
normal prior implicitly assumes information equivalent to 
6 previous Poisson outcomes summing to 37. We see that 
37/6 = 6.1666 is close to the mean of w. Note that we only 
have a data set from a Poisson distribution; no statement 
about the value of the true parameter has been made. 

Figure 1 is the graph of (7) as a function of n and E xi 
when w is a Normal(6, 1), truncated to [1, 11], and renor- 
malized. This gives a surface in three dimensions. The min- 
imum of the surface is attained in the central portion of the 
valley in the diagram. Beyond this point, the valley is actu- 
ally increasing. 

To verify that the minimizing posterior density matches 
the subjective density, one can graph them to see how close 
they are on regions of the parameter space that are most 

important. Figure 2 shows the plot of the truncated Nor- 
mal(6, 1) for the parameter as a heavy line and its closest 
approximation as a thin line. It can be seen that the two are 
quite close in an LI sense. 

The height of the surface over the D = 0 plane indicates 
how good the approximation is at each point in the plane in 
relative entropy. The minimal value of D indicates how well 
the prior has been approximated. Because the relative en- 
tropy is the integral of the logarithm of a density ratio, it is 
very sensitive to tail behavior and can magnify small differ- 
ences. This makes the minimal value difficult to interpret. 
A crude bound on the L1 distance in terms of the relative 
entropy is IIf -gI1 ? 2D(f Ig)< (see Csiszar 1967). In this 
example the L1 distance between the truncated normal and 
its closest approximation is bounded by .1587677, at worst. 
But one can see graphically that the agreement between 
them is much closer than that bound would indicate. 

In principle, one can reverse the roles of the Jeffreys 
prior and the truncated normal prior. Solving the corre- 
sponding minimization problem would reveal what data 
a user of the Jeffreys prior is assuming relative to the 
normal prior. But as in the F(l, 1) - F(10, 10) example 
in Section 1, this data set would be void, because the 
Jeffreys prior is minimally informative. Because the rela- 
tive entropy is asymmetric, it only makes sense to put the 
posterior formed from the noninformative prior in the first 
entry and to put the subjective prior in the second entry. 

As an example of a poor fit, choose w(O) = .1, the uni- 
form prior on [1, 11]. Now, minimization as in (8) shows 
that the best approximation to the uniform prior is a poste- 
rior with n = 1 and xl = 7. The minimal value of the rela- 
tive entropy is .1823156. This gives a poor match, because 
the posterior WN(IX1 = 7) is unimodal with mode near 6.5. 
But it is the best match one can find. Consideration of the 
graphs of the uniform and of the closest posterior suggests 

CO 

Figure 1. The Surface Associated to a N(6, 1)[1,11]. Here we have 

plotted D(wN( IExd)ll N(6, 1J[1,11]J as a function of the sample size.n 
and0the value of the sufficient statistic, Exj. The axis to the lef 
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Figure 2. The Truncated Normal and Its Closest Approximation. The 
truncated normal of Figure 1 (heavy line) is seen to be close to the 
approximation given by exp(- 60)036.5 divided by its integral over [1, 1 1] 
(thin line). The slight shift between the two densities reflects the tail of 
the posterior. 

that the uniform prior represents information equivalent to 
one outcome, even if uniform inferences cannot reasonably 
be derived form a Poisson(0) with the Jeffreys prior. 

In general, graphs such as those in Figure I are qual- 
itatively similar for smooth priors. In the limit, as the 
pair (n, E xi) increases in any Euclidean norm, the surface 
height over the D = O plane increases. So the minimum of 
(7) is attained within a finite region in the positive quadrant 
of the D -O plane. Restricting to [O, nmax] x [O, (E Xi)max] , 
for instance, the surface can exhibit various shapes. Usually 
there is a valley that decreases to the minimal value and 
then increases as asymptotic normality dominates. In prac- 
tice, one can use ever larger sample sizes and values of the 
sum until the minimum occurs inside a rectangular block. 

We comment that if one evaluates the information in pri- 
ors that are not smooth, then the surface usually becomes 
irregular. Priors that are continuous but not differentiable 
are hard to match with a posterior based on the Jeffreys 
prior. Indeed, priors that are not continuous can generate a 
surface that only increases so that the void data set achieves 
the minimum. The lack of smoothness is hard to match in 
relative entropy; by the time asymptotic normality has be- 
come dominant, the data sets that would be representative 
have already been bypassed. Consequently, the minima for 
nonsmooth priors may occur closer to the origin than for 
smooth priors. Thus a smooth noninformative prior is al- 
ready almost as close as possible to nonsmooth inferences. 

As an example where matching is successful despite the 
lack of smoothness, choose w to be piecewise linear, as- 
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Figure 3. The Surface Associated to a Piecewise Linear Density. 
Here w is given by 

(f(6) 
+ .01)/3.6, where f is piecewise linear. The 

function f is zero for 0 < 3 or 0 > 9. on [5.5, 6.5], f(6) = 1; on [3, 5.5], 
f(O) = .40- 1.2; and, on [6.5, 9], f(6) = -.4x + 3.6. The surface is seen 
to be irregular but decreases to a minimum of .03839288 at n = 4 and 
Ex =24, after which it increases. 

proximation is good; the minimal relative entropy distance 
is .03839288, achieved for n = 4 and E xi = 24. 

Several observations can be made from the cases we 
have examined. First, the minimizing value of the suffi- 
cient statistic tracks the location of the subjective density 
for the parameter. Also, as the concentration of the subjec- 
tive density for the parameter increases, the value of Dmin 
decreases and the sample size at the minimum increases. We 
get a better fit for more highly concentrated w's, and the 
concentration of w represents sample size. This is used in 
the next section to give a design criterion. Third, it takes a 
larger sample size to get the same concentration as the true 
value shifts to regions where the Jeffreys prior is smaller 
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and symmetric priors tend to reflect a smaller sample size 
than priors that are not symmetric, the decrease tracking 
the loss of symmetry. This reflects asymptotic normality. 
Fourth, the best matches tend to be in the midrange of the 
parameter space rather than near the boundaries. Finally, 
the sample size of the best approximation can be unreason- 
ably low, particularly for nonsmooth w's, and the mean of 
the approximation can be shifted from the mean of w. This 
occurs when the tails match poorly, and may indicate the 
unattainability of the inferences represented by w. 

4. SAMPLE SIZE IMPLICATIONS 

Now, we regard w as an inferential density for the param- 
eter. That is, if we obtain w, then the inferences it would 
give would meet our estimation goal. The technique here 
for sample size selection ensures that for every member w 
of a class of inferential densities F there will exist a data 
set that would yield a posterior as close as possible to w. In 
fact, an experiment will yield only one data set. Considera- 
tion of alternative data sets ensures that we have collected 
enough data to achieve our estimation goal. 

Let w be a member of the class F. By the technique of 
Section 3, we match each w E F to a data set xl that would 
best permit the inferences represented by w. Then we scan 
the data sets obtained from all the w's and choose the largest 
of their sample sizes. We denote this maximum sample size 
by n*. 

For this to be successful, the minimum of D(WN( JXn) 

11w(.)) must be small enough so that approximating each 
w by a posterior will be meaningful. This is partially as- 
sured by the asymptotic normality of the posterior. Indeed, 
D(WN(jxIn)HlWn(.)) tends to zero in Po probability and in 
L1 when 0 is the true value and Wn is the limiting normal se- 
quence. Thus D(WN(.IXn)IIW(.)) will be small if F is a col- 
lection of normal densities with small variance. More gener- 
ally, if w is sufficiently concentrated and smooth, then there 
will typically exist a data set for which D(WN('IXn)IIW(.)) 
is meaningfully small. On the other hand, if this does not 
occur, then it may indicate that the inferences represented 
by w cannot be justified from the experiment. Use of such 
w's is inappropriate. 

Suppose that the set r = r(1, 62) consists of densi- 
ties for 6 that have variances between two small constants 
62 > E > 0. We consider three ways to choose a sample 
size. First is the inference-matching method, which uses 
the largest sample size n* of the data sets found by match- 
ing the inferences of all elements w of r. Second is the 
uniform method, which obtains the smallest sample size 
nu, that ensures all posteriors formed from at least nu data 
points achieve the preassigned posterior variance. Third is 
the sequential method, in which one accumulates data until 
the posterior variance drops below a threshold value. We 
write nr for this method and note that it is random. 

We illustrate these methods for three likelihoods: the nor- 
mal, the binomial, and the Poisson. They coincide for the 
normal but differ for the binomial and Poisson. For the nor- 
mal and binomial, all three methods can be used. For the 
Poisson, the uniform method cannot be applied. For the bi- 

nomial and Poisson, the sequential method has the problem 
that the posterior variance may increase when the sample 
size increases. In each case we use a conjugate prior in 
place of the noninformative prior WN for the convenience 
of closed-form solutions. Using a noninformative prior will 
give sample sizes that are somewhat larger, because it con- 
tains less information. 

First, for a normal likelihood with a normal prior all of 
the methods for selecting a sample size coincide, because 
the posterior variance is independent of the data. Indeed, 
let Xi . N (O a2) and for WN use 0 r- N(,u,T2), where 
I,) T2, and a2 are known. Then (1IXn) is a normal ran- 
dom variable with mean E(elXn) and variance given by 
var(EIXn ) = ((a2 /n),T2)/(T(2 + (a2 /n)). Now the posterior 
variance depends only on the sample size, and it is straight- 
forward to verify that var(elXTn) is strictly decreasing as a 
function of n. This means that adding more data always re- 
duces the posterior variance; that is, for all Xn for all xn+l, 
var(Oxln) > var(Olxn+l). 

Using the uniform method, one can find an nu to force the 
posterior variance to be uniformly small in particular, less 
than, say, el. If we choose F to be the set of normal densities 
with variance el then n* equals nu, because each member 
of F can be realized as the posterior from a data set of size 
nu. The sequential method is seen to give the same result as 
the uniform and inference matching methods, because the 
posterior variance is independent of the data apart from the 
sample size. 

Second, suppose that Xi - Bernoulli(p), so that Yn 
En-1 Xi is Binomial(n,p), and let w(p) be a conjugate 

Beta(a, 3) prior. Now the density of (PIYn),W(PIYn) is 
Beta(y + a, n - y + /), so the variance is not a decreas- 
ing function of sample size and depends on more than just 
n. In this case the three methods will not be equivalent. 
Because the Xi's are bounded, supxn var(OlXn = Xn) de- 
creases monotonically at rate 0(1/n). As a consequence, 
one can identify a value nu that will guarantee a small 
posterior variance. But this value will typically be greater 
than the value of nr because the posterior variance obtained 
may decrease much faster than the supremum over all pos- 
sible posterior variances. The inference-matching method 
gives results between the sequential method and the uni- 
form method. 

As a final example let Xi - Poisson(O) and, for conve- 
nience, use the conjugate prior Gamma(a,,/). Given data 
xn, the posterior density, w(Olxn), is Gamma(nx + a, 
n + /3) with variance (nx + a)/(l + n)2. Because the 
supremal posterior variance is infinite, the uniform method 
will not work. The sequential and inference-matching meth- 
ods will give distinct nontrivial results, with n* > n? for 
appropriately chosen F's. 

4.1 The Inference-Matching Method 

Let F be a set of smooth densities representing the infer- 
ences that we wish to entertain. For instance, we might use 
F(61, 62) as earlier. Whatever the definition of F, Theorem 
2.1 guarantees that for each w E F, there will exist a data 
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set xT(w) achieving 

X'(w) = argmin D(WN(.IXT)HIW(Q)), 

with sample size denoted by n,. For smooth, sufficiently 
concentrated w, this infimum should be meaningfully small, 
as noted earlier. Also, it is often the case that when a suf- 
ficient statistic such as X exists, D(WN(IX)jIIW(.)) gives a 
convex surface as a function of n and x, thereby guaran- 
teeing the existence of a minimizing data set. Moreover, 
although it is conceivable that the infimum might not be 
attained by any data set, there will exist data sets for which 
it is attained to any specified degree of approximation. 

Here we give a result that ensures the existence of a min- 
imizing data set in a marginal probability sense. Heuristi- 
cally, we can also give a nonprobabilistic argument based 
on a strong form of the asymptotic normality of the pos- 
terior in relative entropy. Let ? > 0 and suppose that there 
exists an NE so that for n > NE the relative entropy dis- 
tance between a posterior based on n observations and its 
limiting normal is less than e. Next, choose e so small that 
all the limiting normals, with variances 0(1/n), are further 
away from w than WN is for n > N. Now we can re- 
strict to samples of size less than N. For bounded random 
variables, we are minimizing a continuous function on a 
compact set, so the minimum must occur in that set. If the 
random variables are unbounded, then we use the fact that 
p(xj0) -> 0 as x -? oc. Thus as any xi increases without 
bound, the posterior must shift, thereby increasing the rela- 
tive entropy between the posterior and w. So the xi's must 
remain within a compact set on which a minimum must be 
attained. This argument can be formalized in some cases 
where a sufficient statistic for the parameter is present. 

Once we have assigned a data set n (w) to each member 
w of F, we may choose 

n* = max{n(w)Ix(w)n(w) 
argmax D(WN(. IXn)IIW(.)),W E F} (9) 

Xn 

as a sample size. This n* guarantees that every inferential 
density in F has a good approximation by a posterior based 
on a sample of size not more than W*. It does not guar- 
antee that every posterior based on a sample of size n* is 
a member of F. We call the choice of n* given in (9) the 
inference-matching method. 

Clearly, the inference-matching method depends on the 
choice of F. If F consists of all densities for 0 with variance 
less than some e, then the method gives n* = oc. If F is 
too small, then it may exclude densities that concentrate 
at parameter values we want to consider and thus give an 
unrealistically small value for nW. Indeed, if F is a singleton 
set {w}, then n* = n(w). Neither extreme is a realistic 
formulation of the sample size problem. We suggest that the 
best choice for F in general is F(El, 62) or its intersection 
with normal densities having variances in (61,62). 

The method is conservative because, provided that F is 
well chosen, we are assured that any element of F can be 
approximated by a posterior formed from a data set we 
might get, with the exception that for certain potential in- 

ferences we have obtained a bit more data than we require. 
Specifically, if some members of r are best approximated 
by using a sample of size n < n*, then the extra n* - n data 
points that we have collected will result in a degree of pre- 
cision greater than the minimum that we actually required. 
This form of conservatism can be reduced only by using 
a smaller class of inferential densities; that is, by having a 
better idea of what conclusions to anticipate in advance of 
experimentation. 

Our first result is a theorem giving conditions under 
which n* is well defined. For generality, we choose the set 
r to be the class of all continuous densities for E supported 
on the same set as WN, and denote this by rl. The result 
states that for n sufficiently large, the marginal probabil- 
ity that D(WN(.IXn)IIW(.)) is large can be made uniformly 
close to unity, where the uniformity is over w in rl. Apart 
from the uniformity over rl, this is the same statement as 
Theorem 3.1. Indeed, if r is a singleton set, then Theorem 
4.1 reduces to Theorem 3.1. 

The uniformity is possible because we are evaluating 
probabilities in the mixture distribution with respect to a 
fixed proper prior WN. In effect, this means that we can 
reduce the domain of the mixture to a compact set in the 
parameter space with high WN probability on which the 
Fisher information is bounded away from zero. As a conse- 
quence, certain convergences used in the proof are uniform 
in Po for 0 in the compact set. Densities for the parameter 
that assign little mass to the compact set therefore do not 
matter. 

In practice, Qne would choose a finite set of densities in 
r so that no member of r is too far from at least one ele- 
ment of the finite set. Then for each member w of the finite 
class, one can find n(w) and thereby obtain a suitable value 
for nW. 

Theorem 4.1. Assume the Wald (1949) hypotheses for 
consistency of the maximum likelihood estimator 0 and let 
K > 0. For any preassigned E > 0, there is an NE so that 
for all n > N, 

inf Mn(D(WN( IXn)IIW(.)) > K) > 1-?. (10) 
wErl 

Proof. See Appendix A. 
This result shows that n* is well defined in a sense similar 

to that used in Theorem 3.1. Uniformly over w E rl, the 
Mn probability that the minimal value of D(WN(' IXn)11W) 
is achieved for n < N(e) is large. That is, if we have N(e) 
such that infwMn(D(wN( IXn)IIw) > K) > 1 - , then 
n > N(s) means that, uniformly in w and with high Mn 
probability, we have that D(WN(jIXn)IIW) > K. Thus it is 
likely that for all w, n(w) occurs for n < N(e), implying 
that n* < N(e). 

This result is anomalous, because n* will be infinite for 
any choice of r that includes densities of arbitrarily high 
concentration. The anomaly is resolved by observing that 
the result uses the marginal density for the data that is 
the mixture of the likelihood with respect to 'WN. Indeed, 
consider a density w in F1 that is highly concentrated at 
a parameter value 0'. For choices of 0 that are outside a 
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small neighborhood of 0', the Po probability of the event 
{D(WN(.IXn)tIW) > K} will increase, roughly uniformly 
in 0 as n increases. In contrast, the Po probability of that 
event will decrease to zero for values of 0 in a shrinking 
neighborhood of 0'. But the prior probability of such neigh- 
borhoods of 0' will be arbitrarily small, so those 0's do not 
contribute much to the marginal probability. In particular, 
the Po probability can be very small for some 0's, provided 
that the rest of the 0's have WN measure near 1 and the Po 
probability is large for them. 

For contrast, suppose that one were to assess probability 
in Po0 for a fixed value 00 instead of in Mn. Now consider 
Po (D(WN (. IXXn) W(.)) > K) for various choices of w. For 
any fixed w and K > 0, one can prove that this probabil- 
ity will go to unity uniformly over Oo's in a compact set. 
But uniformity over w fails. Indeed, posterior normality 
guarantees that for each 00 there exists a sequence Wn of 
densities for the parameter that concentrates at 00, so that 
D(WN(jlXn)IIWn(.)) converges to zero in P0o. If Wn is not 
permitted to depend on the data, then D(WN(' Xn)HlWn(.)) 
converges to a constant rather than to infinity. If probability 
is assessed in PFo, then it is only possible to prove a result 
when the variances of the densities in r are bounded away 
from zero. 

4.2 Properties of the Methods 

First, we formally define the uniform and the sequen- 
tial methods. The uniform method chooses sample size nu 

=nu(e) to be the least value of n satisfying 

supvar(E|xX') < E (11) 
X/WN 

for n' > n. That is, as soon as n' exceeds n, varWN (Exln') 

< e for all Xn As noted in the Poisson(0) example, nu(e) 
may not exist. The sequential method collects data until the 
posterior variance varWN (OIXk) falls below ?. That is, we 
choose n = n, (e) to be the first value of k that satisfies 

var(EIxk1) > e, var(E)xk) < E. (12) 
WN WN 

The expected value of this stopping time is En, 
= -1 kP (stop at k). The consistency of the posterior 

implies the existence of n,. 
Now we can provide bounds on n* in terms of these two 

methods. 

Proposition 4.1. Bounds on n*: Let n* be obtained from 
the class of densities F F(El, E2) for E. Then 

n,(E2) n* < nu(El). (13) 

Proof. See Appendix B. 

Proposition 4.2. Assume that f 04w(0) dO < oo and for 
a, b > 0. Let ,u be the number of upcrossings of [a, b] by 
var(E)IX). If Wald's hypotheses for consistency hold (see 
Thin. 3.1), then 

-im b 1 limEu l?blh_ ?l( 1+ -t/b) 

Proof See Appendix B. 
Together, these results show that n* is bounded above by 

the uniform method and below by the sequential method, 
and that the lower bound is not too loose in that the poste- 
rior variance will not increase very often. Thus n* is a com- 
promise between a method that cannot always be applied, 
and one that may give unrealistically small sample sizes. In 
addition, these bounds may be used to approximate n*, and 
they provide a comparison of three Bayesian techniques for 
sample size selection based only on the posterior. 

5. DISCUSSION 

The point of this article is to demonstrate that the opti- 
mality property satisfied by a reference prior permits one to 
associate to any other density for the parameter a data set 
that represents the information it contains. This information 
may be pre-experimental in the sense of Section 3, or in the 
sense of Section 4. In the latter case, consideration of a large 
class of inferential densities justifies a sample size proce- 
dure. We comment that the main quantity relates data to 
inferences and so can be used for calibration. For instance, 
one can convert a posterior based on dependent data to a 
posterior based on independent data that would give equiv- 
alent inferences, and one can combine the data sets from 
priors reflecting independent pre-experimental beliefs. 

A potential paradox may arise from multidimensional pa- 
rameters. If 0 is multidimensional, then it may be possible 
to use the formulation given here to evaluate how hard it is 
to estimate parameters. Indeed, there may be in some exam- 
ples a sort of "antagonism" between parameters. Consider 
0 = (01,02) and let 

nl,2 = argmin D(WN (01, 02 1Xn) flW(01)W(02)), 

the version of (1) that one would examine for joint estima- 
tion of (01, 02), where w is a joint density for the parame- 
ters. Now let 

ni = argmin D(WN (01 |Xn)11w(01)) 

and 

n2 = argmin D(WN (02 1Xn) ||W(02)); 

these are the quantities that one would examine for esti- 
mating 01 and 02 separately-and for determining how hard 
they were to estimate to a specified degree of accuracy. One 
would say that 01 and 02 are antagonistic if nl,2 > ni + n2; 

that is, it takes more data to estimate the parameters to- 
gether than to estimate them individually. Indeed, one might 
take this a step further and seek a sort of "uncertainty prin- 
ciple" in which the sort of data that permit good estimation 
of one parameter prevent good estimation of another. 

APPENDIX A: PROOF OF THEOREM 4.1 

Fix any w E r and K > 0, and write 

( = n d/2I (0) 1/2 -(/)(-)()( (Al 1) 
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where 0 is the posterior mean using the prior WN and I(0) is the 
Fisher information matrix for pa (.). Now we have 

Mn(D(wN(.IXn)IIw(_)) > K) 

= Mn (J wN(lnO)ln WNz(ljXn) dO 

+ wN (GlXn)l ln bj (0) d6 

-WJ WN(lXnX)ln w(6) dG > K) 

> Mn(J WN (IXn)Dln q$ (0) d6 

JWN(OlXn)l1nw() dO > K), (A.2) 

because Kullback-Leibler numbers are nonnegative. The last 
bound is 

Mn (2 In (2 )+ i2ln 1I(6)1 - 2 tr(I(N)var(e1XT)) 

WJWN(OlXn)ln w(O)dO > K) (A.3) 

Note that 0 converges to 00 and n tr(I(0)var(06XXn)) converges 
to d in Poo, uniformly for Oo in any compact set in the parameter 
space. (These are standard results and straightforward to prove un- 
der the stated hypotheses; see, for instance, Clarke 1989.) Choose 
a compact set C in the parameter space that has WN probability 
at least 1 - ?/2. Now we can write Mn explicitly as a mixture 
and get a lower bound given by 

WN(0O)POo (JWN(1Xn )1n w(G) dG 

< - in n-K- ) d)o. (A.4) 

For given w c r, let A = /A\w = {w > B}, where B is a 
large positive constant. Now the Lebesgue measure of A is A(A) 
? 1/B, independently of w, so we can bound (A.4) from below. 
First, bound the integral in the event in (A.4) by using the upper 
bound B on A' and the inequality In w(6) < w(6) on A. Second, 
restrict the domain of integration in the mixture to AC (which has 
large Lebesgue measure). The result is that 

WN(00)POO (j wN(GIXn )w(G) dO 

d 
< - Inn-K- -B dOo (A.5) 2 

is a lower bound for (A.4). Note that in (A.5) the inner integral is 
over A, which is a small set, but that the parameter value indexing 
the probability is an element of the complement AC, a large set. 
We lower bound (A.5) by taking a supremum of the posterior over 
A. This gives 

jW WN(OO)Po (jW(O)dO? < l n n-K-e-B and 

SUp WN (OlX ) ?1 dOo. (A.6) 

Because the first condition in the event is satisfied for n large 
enough, and B can be allowed to increase (at a rate o(ln n)), the 
result will be demonstrated provided that 

PoO(suP wN(GIX ) ? i) - 1 (A.7) 

for all values of 00 in a large subset of A'. We choose a subset 
of A' so that all elements of it are at least q > 0 away from 
every element of A. Because B may be allowed to increase, we 
can choose a subset of AC with WN probability arbitrarily close to 
unity. This follows from the boundedness of WN and the fact that 
A has small Lebesgue measure. Now suppose that a value Oo in 
this subset is true. Then there is an open set containing Go which 
does not intersect A, the set over which the supremum in (A.7) is 
taken. Using this fact and the boundedness of WN, it is sufficient 
to show that for each Go and any rj > 0, 

PO0 SUP M(Xn) >) ) -4 0. (A.8) 

From Clarke and Barron (1990, eqn. 6.5) we have that for any 
r' >0, 

P (O( w(G)p(x J0) d/ > e p(xnIGo)) = 1 - ( 

Thus, rearranging and increasing the domain in the integral gives 

.(p(xfnl/Go) nr"\ 
pO (M(xn) < e = 1 - 0(1/n). (A.9) 

From Wolfowitz (1949), we have that there exists an r > 0 so that 

(OE B (00, ) c p (Xn Io 0) )(.lO 

Using (A.9) and (A.10) in (A.8), we see that the latter is 

P0O ( SUp p(xnJO) p(Xn Go) > 
\OEB(0o,7)c p(XnIGo) m(Xn) 

< () + PO0O ( SUp I( r ) 
e > 

a) (A.11) u OEBc P(xo 

by intersecting with the event {poo /mn < enr } and its comple- 
ment. Because the second term is less than e for r' < r, (A.9) is 
established. 

APPENDIX B: PROOFS OF PROPOSITIONS 
4.1 AND 4.2 

Next we turn to providing a proof that n* can be bounded above 
and below by nu and nu. 

Proof of Proposition 4.1 

We start with the first inequality in (13). Suppose that in the 
sequential method, we stop after having gotten xk. Then we know 
that varwN (E(x ) < 62 SO that WN(GEX) C r(?1,e2). Thus 

WN(I ik) is one of the choices of w used to obtain u*. Indeed, 

D(WN(. x)wN(.) IIWNx ( Xk))Ixn=xk 0 

-an 

Because u* is the supremum over the argmins, we have that u* 

? u8as in(13). 
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For the second inequality in (13), note that the sample size 
nu (61) is the least value of n so that 

sup var (EIxn') < 1 
n' n>n WN 

and 

nr ) = sup{nw I argmin D(WN(.jXn)I)w(.)) = nw. 
wE1(I e2 ) 

Now for w c rF,12 there is an xk, so that w(6) = wN(OIXk) and 
hence 

nw = argmin D(WN (.IXn)IIW(.)) = k. 

Because varw(E) = varrWN(EIxk) C (61,62), we have that nw 
< nu(e1), and thus the second inequality in (13) follows. 

Finally, we prove the result giving bounds on the upcrossings 
of the posterior variance. 

Proof of Proposition 4.2 

First, note that the density ratio P(xn)/m(xn) is an m- 
martingale. Indeed, 

EPO(xn)xn-1) P (X n) m(xnIxn-1) dX 
M(Xn) / m(xn) 

Similarly, OkW(O)p(Xnl)/m(Xn.) is an m-martingale for any k, 
as is E(OklXn): 

E(E(Ek lXn) lXn-1) 

A 
f fS6k Po 

(XZ) w(O) dOm(xn |Xn- 1) dxn 

j X A Po(Xnh) m(xlXn-1) dxnOkw(O)dO 

= E(e)k|Xn). 

The posterior variance is E(E2IXn) - (E(ElXn))2, in which the 
first term is a martingale. Because the function x2 is convex and 

Em(E(Elxn)2) < EmE(E2IXn) = J02w(O)de < 00, 

theorem 35.1 of Billingsley (1986, p. 487) implies that E(6tXn)2 
is a submartingale. So, -var(EIXn) is the difference between 
a submartingale and a martingale; that is, the posterior variance 
-var(EIXn) is a submartingale also. 

Let i be the number of upcrossings of [-b, -a] by -var(EIjXn); 
then, by the upcrossing inequality (see Hall and Heyde 1980, p. 
15), 

(-a + b)Ev < E(-var(EjXXn) + b)+ - E(-var(EjX1) + b). 

Note that v is also the number of downcrossings of [a, b] by 
var(EIlXn) and ,u < v + 1. Consequently, 

EIL < I + E(-var(EIXXn) + b)+ - E(-var(EjX1) + b)+ 

E(-var(ejXtm) ? b)+ 
? 1?+ (b - a) 

< 1?+ b + Emvr(eJxty ) 
- b-a b-a 

To complete the proof, we show that as n -* o0, the third term 
goes to zero. First, note that 

Emvar(ElXn)2 

- Em ( 02W(OlXn) dO- (J Ow(OlXn) do)) 

< 2Em(J 02W((OXn ) do) ? 2Em ( Ow(OlXn ) do) 

< 4Em J 4w(lX ) dO = 4J w w(0) dO, 

so that supn Emvar(ElXn)2 < oo. Recall that for any po, 

n var(EJXn) I(O) -. (This is standard and straightforward to 
prove under the stated hypotheses; see, for instance, Clarke 1989, 

p. 71). So, var(EX) O 0. For any E > 0, we have 

M(var(OJXXn) > e) = Jw(0)Po(var(OIXn) > 6)dO, 

in which the probability in the integrand goes to zero pointwise as 
n -* oo. By the bounded convergence theorem, the left side also 
goes to zero. Thus var(EjXXn) -* 0 in Mn probability. So, by the 
corollary to theorem 25.12 of Billingsley (1986, p. 348), we have 
that E var(EIXXn) -* 0, and the proposition is proved. 

[Received March 1994. Revised May 1995.] 
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