Review of Linear Mixed Models

y ~N(XB,Io?)
Objectives
e A sample model
e Parts of a model

e Estimation

— Fixed effects



— Variance
— Standard Errors
— Confidence Intervals

e Maximum Likelihood

e Hypothesis Testing



A simple model

o 2x3 FAT

e RCBD with 2 Replications

Systematic Random

Yijk :IL +a; + B + v + B;‘F’—@/ij?




e Mean (Fixed Blocks)

E(ywk) = U+ o+ Bj + Vij T By,
e Variance

V&I’(yijk) = 0'2

all other covariances are zero

e Distribution

Normal



Matrix Form
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y=Xou+Xia+ X8+ X3vy+ X4B+e



y=XB+e

E(y) = X3

var(y) = Io?

y ~N(X 3,107



Parts of a Model

. Location (Mean or Expected Value)

e Linear X3

. Variability (Variances and Covariances)

e Constant Variance
e Covariances zero

. Distribution

e Normal



Estimation

e Model — Framework to describe the process that generated the data
e Parameters — ldentify the specific process

e Estimation — Best guess of which specific process we have

— Certain level of uncertainty



Fixed Effects

e Point estimate

AN

B=(X'X)"X"y
| will restrict my attention to symmetric G-inverses

e Distribution

1. Linear function of a multivariate normal random vector = 3 is also
MVN

B~NI(X'X)"X'X8,(X'X)"X'X(X'X) c?)



2. If we assume that (X'X)™ is reflexive

AN

B~N(X'X)"X'X3,(X'X) 0%
3. If K'3 is estimable, then

K'B8~NK'B,K'(X'X) Ko?)

10



Variance

Y- X(X'X)" Xy
tr(I — X (X' X)~X")

e Quadratic Form (@ symmetric)

E(6?) = tr(QV) + 1'Qu = o*

var(c?) = 2tr(QVQV) + 4p/'QV Q
1

— 9204
T - X(X'X)-X)
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e Distribution

IQV = QVQV

U QY /6),ne)

y'(I — Mx)y

2
0-2 Xtr(I—MX)
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Standard Errors

VE (X'X) Ko?

, 2
N\ (I - My)
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o K'3

— Exact

— Approximately

Confidence Intervals

K/,B + tdfe,a/ga e

K3
df .o df .o
5 ! <o’ < 2f
dfe,1—a/2 Xdfe,a/2
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Maximum Likelihood

y ~N(XB,Io?)

1. Density — Likelihood
2. Natural Log
3. Score (First Partials)

4. Information (Second Partials)

15



L(B,0°y) = [27702]

Likelihood

_N/2

1(y — XB8)'(y— XB)

exp | —=
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Log Likelihood

0B, 0%y) = —%[N In(27) + N In(02) +

(y — XB8)'(y — XB)

0'2

)
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Score Function

or
8 X'(y - XB)/o?

ol N 1
ﬁ — _20_2 + 20_4(y - X/B>/(y - X/B)

e Set equal to zero and solve

1. Directly
2. lteratively
— Newton Raphson (-H)
— Fisher’s Scoring (I=-E(H))
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Hessian
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Information
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Estimation

e Newton Raphson

e Fisher's Scoring

(X’X /o2 0 ) (A
0 N
204
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e Likelihood evaluated at MLE

. |
6(1670-2|'y) — _5

[N In(27) + N In(c?) + N]
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Hypothesis Testing

e t-tests

e F-tests dfh = rank(K)

3 K(K'(X'X)"K) K'8/dfh

—

o2

o \? tests

~/

BK(K'(X'X) K) KB

o2
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e Wald Statistics (Approximately x? with df = dfh)

W= 6 (K 0 [(IO() I-(0) (K’ o)]l(

_BK(K'(X'X) K) KB

o2

K
0

)o
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e Likelihood Ratio Test (Approximately x? with df = rank(K))

N
BK(K'(X'X)"K)"Kp
+ N52
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e Likelihood Ratio Test when o2 is known

G=-2{(K'B=0)—/

= —2[—5{(y — XBr)'(y — XBr) — (y — XB)'(y — XB)}/o?
Yy X(X'X) K(K'(X'X) K) K'(X'X) X'y

o

BK(K'(X'X)" K) K'B
2

o
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